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Forword

This handout is a resource on key Linear algebra concepts, focusing on several fundamen-
tal topics in mathematical algebra and the theory of matrices.

This handout is intended for first-year Computer Science student. It is also a valuable
reference for first-year science and technology students, and for anyone wishing to become
familiar with basic mathematical methods in linear algebra and matrix theory.

I have endeavored to write the chapters of this handout in an accessible way, concentra-
ting on the important themes of the curricula.

Firstly, I wanted this handout to be directly usable by a first-year Computer Science
student.

The author hopes that this document, despite its imperfections, will be useful to students
and readers. It was written and published for this purpose.

Dr : Ahmed Azzi
University of Tindouf

Mars 2026
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Chapitre 1
Vector Spaces

[Cherney] Linear algebra is the study of vectors and linear functions.

Many difficult problems can be handled easily once relevant information is organized in a
certain way. This text aims to teach you how to organize information in cases where certain
mathematical structures are present. Linear algebra is, in general, the study of those struc-
tures. Namely.

In broad terms, vectors are things you can add and linear functions are functions of vectors
that respect vector addition. The goal of this text is to teach you to organize information
about vector spaces in a way that makes problems involving linear functions of many va-
riables easy. (Or at least tractable.)

To get a feel for the general idea of organizing information, of vectors, and of linear
functions this chapter has brief sections on each. We start here in hopes of putting students
in the right mindset for the odyssey that follows ; the latter chapters cover the same material
at a slower pace. Please be prepared to change the way you think about some familiar
mathematical objects and keep a pencil and piece of paper handy !
1.1 Vector Spaces

Definition 1.1.1. Let (F, +, ·) be a field, and V be a set of objects on which two opera-
tions are defined :

∗ : V× V −→ V
and scalar multiplication

⊙ : F× V −→ V
V is called a vector space over a field V(F) if all the following are satisfied :
1- (V, ∗) is an Abelian group (commutative group)
2- ∀u, v ∈ V, ∀α, β ∈ F

a- α⊙ (u ∗ v) = α⊙ u ∗ α⊙ v

b- (α + β)⊙ u = α⊙ u ∗ β ⊙ u

c- α⊙ (β ⊙ u) = (α · β)⊙ u

1



1.1. VECTOR SPACES CHAPITRE 1. VECTOR SPACES

d- 1F ⊙ u = u

Example 1. Let + and · be a standard operations.
1. (R, +, ·) is a R-vector space,
2. (C, +, ·) is a R-vector space,
3. (C, +, ·) is a C-vector space,
4. (Rn, +, ·) is a R-vector space, (n ∈ N∗),
5. Let n ≥ 0 be an integer and let Pn = Rn[X] the set of all polynomials of degree at

most n. Members of Pn have the form

p(t) = a0 + a1t + a2t
2 + · · ·+ antn

where : a0, a1, · · · , an are real numbers and t is a real variable. The set Pn = Rn[X]
is a real vector space.

6. Let F(R) = F(R;R) be a set of all functions from R to R, define addition and scalar
multiplication of functions by :

∀f, g ∈ F(R), ∀α ∈ R; (f + g)(x) = f(x) + g(x), (αf)(x) = αf(x)

The function space F(R) is real vector space.

Example 2. Check whether the set V = {x, y , z ∈ R : 2 + 3y3 − 4z2 = 0} is vector space
or not ?
Solution : Given V = {x, y , z ∈ R : 2 + 3y3 − 4z2 = 0}.

So, take u1 = (2, 0, 1), u2 = (8, 0, 2) ∈ V , but u1 + u2 = (10, 0, 3) /∈ V

Because 2(10) + 3(0)3 − 4(2)2 = −36 ̸= 0. i.e. additive vector (10, 0, 3) does not belongs
to V.

Therefore. set V is not a vector space.

Exercise 1. Check whether the set V = {(x, y , z) ∈ R3 : (x− y)z = 0} is vector space
or not ?

Solution 1. Given V = {(x, y , z) ∈ R3 : (x− y)z = 0}.

So, take u1 = (1, 1, 2), u2 = (2, 5, 0) ∈ V , but u1 + u2 = (3, 6, 2) /∈ V

Because (3− 6)2 = −6 ̸= 0. i.e. the closure property is not satisfied .

Therefore. set V is not a vector space.

Exercise 2. Show that R2 is not vector space over R under the addition and scalar
multiplication defined by :

∀(x, y), (x′, y′) ∈ R2; ∀α ∈ R : (x, y)⊕ (x′, y′) = (0, y + y′), α⊙ (x, y) = (αx, αy)

Azzi Ahmed 2 University of Tindouf



1.1. VECTOR SPACES CHAPITRE 1. VECTOR SPACES

Solution 2. R2 is not vector space under the compositions ⊕ and ⊙, because
(α + β)⊙ (x, y) = ((α + β)x, (α + β)y) , α⊙ (x, y)⊕ β ⊙ (x, y) = (0, αy + βy)

and

(α + β)⊙ (x, y) ̸= α⊙ (x, y)⊕ β ⊙ (x, y)
1.1.1 Subspaces

Vector spaces may be formed from subsets of other vectors spaces. These are called sub-
spaces.

Definition 1.1.2. Let V be a vector space over a field F. If W ⊂ V such that W is a
vector space over F with respect to the operations of V restricted to W then we say W is
a subspace of V and write W ≤ V .

Theorem 1.1.1. A subspace of a vector space V is a subset H of V that has three pro-
perties :

1. The zero vector of V is in H.
0V ∈ H

2. For each u and v are in H, u + v is in H. (In this case we say H is closed under
vector addition.)

∀u, v ∈ H, u⊕ v ∈ H
3. For each u in H and each scalar c, cu is in H.(In this case we say H is closed under

scalar multiplication.)
∀u ∈ H, ∀, α ∈ K, α⊙ u ∈ H

If the subset H satisfies these three properties, then H itself is a vector space.

Recap
1. To show that H is a subspace of a vector space, use Theorem 1.1.1
2. To show that a set is not a subspace of a vector space, provide a specific example

showing that at least one of the axioms 1, 2 or 3 (from the definition of a subspace) is
violated.

Example 3.
1. {0V} is called the trivial subspace. and V is the subspace of V.
2. If V = R3 then :

— {(0, 0, 0)} is a subspace,
— any line through the origin is a subspace,
— any plane through the origin is a subspace.

3. The function space F(R) has many subspaces.
— continuous functions : C(R)
— differentiable functions : C1(R)
— smooth functions :C∞(R)
— polynomial functions (which are naturally identified with R[x]

Azzi Ahmed 3 University of Tindouf
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Example 4. Let H = {(x, 0, z) : x, y ∈ R}. Show that H is a subspace of R3.

Solution : Verify properties of the definition of a subspace.
1. The zero vector of V = R3 is in H (let x = z = 0 ).
2. Adding two vectors in H always produces another vector whose second entry is and

therefore the sum of two vectors in H is also in H.

(x, 0, z) + (x′, 0, z′) = (x + x′︸ ︷︷ ︸
x′′

, 0, z + z′︸ ︷︷ ︸
z′′

) ∈ H (H is closed under addition)

3. Multiplying a vector in H by a scalar produces another vector in H (H is closed under
scalar multiplication).
Since properties 1, 2, and 3 hold, H is a subspace of R3.
Note : Vectors (x, 0, z) in H look and act like the points (a, b) in R3.

Example 5. Let S = {(x, x + 1) : x ∈ R}. Does S a subspace of R2 ?

Solution : S is not a subspace of R2 because 0R2 = (0, 0) /∈ S

Example 6. Let V = {f : [0, 1] −→ R} subspace of the vector space F(R) and

U = {f ∈ V | f(1/3) = f(1/2) = 0} , W = {f ∈ V | f(2/3) = 0}

Prove that V is subspace of V

Solution : Let f, g ∈ U and α ∈ R, we have
1. 0(1/3) = 0(1/2) = 0, thus zero function 0U in U
2. (f + g)(1/3) = f(1/3)︸ ︷︷ ︸

=0

+ g(1/3)︸ ︷︷ ︸
=0

= 0 and (f + g)(1/2) = f(1/2)︸ ︷︷ ︸
=0

+ g(1/2)︸ ︷︷ ︸
=0

= 0, thus

f + g ∈ U
3. (αf)(1/3) = α f(1/3)︸ ︷︷ ︸

=0

= 0 and (αf)(1/2) = α f(1/2)︸ ︷︷ ︸
=0

= 0, thus (αf) ∈ U.

Therefore U is subspace of V.
The sum is

U + W = {f + g | f ∈ U, g ∈W}

Exercise 3. Let V =
{
f ∈ F(R) |

∫ 1
−1 f(x)dx = 0

}
. Is V a real subspace ?

Solution 3. 1. The zero function 0(x) = 0 is in V since∫ 1

−1
0(x)dx =

∫ 1

−1
0dx = 0

2. Let f, g ∈ V, use linearity property of the definite integral to calculate∫ 1

−1
(f(x) + g(x))dx =

∫ 1

−1
f(x)dx +

∫ 1

−1
g(x)dx = 0 + 0 = 0,

thus f + g ∈ V
3. Let f ∈ V, α ∈ R ∫ 1

−1
αf(x)dx = α

∫ 1

−1
f(x)dx = α0 = 0

Azzi Ahmed 4 University of Tindouf



1.1. VECTOR SPACES CHAPITRE 1. VECTOR SPACES

thus αf ∈ V. Therefore V is real subspace

Theorem 1.1.2. An arbitrary intersection of subspaces i.e. the intersection of any family
of subspace of a vector space is a subspace.

If (Vi)i∈I are vector spaces⇒ V =
⋂
i∈I

Vi is subspace

Proof Let V be a vector space over a field F and Vi ⊂ V be a subspaces of V.

1. Since, 0V ∈ Vi, ∀i ∈ I, then 0V ∈
⋂

i∈I
Vi Hence, ⋂

i∈I
Vi ̸= Φ

2. Let x, y ∈ ⋂i∈I Vi and α, β ∈ F , then x, y ∈ Vi, ∀i ∈ I since every Vi is a subspace of V.

Consequently,
αx + βy ∈ Vi, ∀i ∈ I ⇒ αx + βy ∈

⋂
i∈I

Vi

Hence, ⋂i∈I Vi is a subspace of V.

Theorem 1.1.3. The union of two subspace is a subspace if and only if one contains the
other

If V1, V2 are vector spaces, V1 ∪ V2 is a vector space⇔ V1 ⊂ V2 or V2 ⊂ V1

Proof :
Let V be a vector space over a field F and V1, V2 be two subspaces of V.
Firstly let us suppose V1 ⊂ V2 or V2 ⊂ V1, then V1 ∪ V2 = V2 or V1 ∪ V2 = V1.

Therefore V1 ∪ V2 is also a subspace of V since V1, V2 are subspaces.

conversely, let V1 ∪ V2 be a subspaces of V, then we are to prove V1 ⊂ V2 or V2 ⊂ V1.

We shall prove it by contradiction.

Suppose that V1 is not a subspace of V2 and V2 is not a subspace of V1

Since
V1 ⊈ V2 ⇒ ∃x ∈ V1 and x /∈ V2, (1.1)
V2 ⊈ V1 ⇒ ∃ y ∈ V2 and x /∈ V1, (1.2)

Now from (1) and (2), we get
x ∈ V1 ⇒ x ∈ V1 ∪ V2 and y ∈ V2 ⇒ y ∈ V1 ∪ V2.

Again since V1 ∪ V2 is a subspace and so we have
x, y ∈ V1 ∪ V2 ⇒ x + y ∈ V1 ∪ V2 ⇒ x + y ∈ V1 or x + y ∈ V2.

If x + y ∈ V1, then (x + y) − x = y ∈ V1 since V1 is a subspace and y ∈ V1. But from (2),
we see that y /∈ V1, which is contradiction .
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Hence either V1 is a subspace of V2 or V2 is a subspace of V1.
1.1.2 Product Space of vector spaces :

Lemma 1.1.1. Product Space of vector spaces is vector space

If V1 and V2 are both vector spaces over a field F then,

V = V1 × V2 = {(x, y) | x ∈ V1, y ∈ V2}

Forms a vector space over F subject to : ∀(x, y), (x′, y′) ∈ V1 × V2, ∀α ∈ F

(x, y)⊕ (x′, y′) := ( x + x′︸ ︷︷ ︸
addition inV1

, y + y′︸ ︷︷ ︸
addition inV2

), α⊙ (x, y) = ( αx︸︷︷︸
multiplication inV1

, αy︸︷︷︸
multiplication inV2

)

Example 7. R is real vector space, then R2 = R× R is also real vector space

1.1.3 Linear combinations of vectors

Definition 1.1.3. In a vector space V over a field F we are free to form F-linear combi-
nations of vectors, we say v is a linear combination of v1, v2, · · · , vp ∈ V if there exist
scalars α1, α2, · · · , αp ∈ F, such that :

v =
p∑
1

αivi = α1v1 + α2v2 + · · ·+ αpvp

Example 8. Let x1 =

 0
2
4

 , x2 =

 3
5
1

 , x3 =

 2
−4
1

. Is u =

 −7
−15

6

 a linear

combination of x1, x2, x3 ?
Solution :

u a linear combination of x1, x2, x3 ⇔ ∃α, β, γ ∈ R : u = αx1 + βx2 + γx3

So,

u = αx1 + βx2 + γx3 ⇔

 −7
−15

6

 = α

 0
2
4

+ β

 3
5
1

+ γ

 2
−4
1


⇔


−7 = 3β + 2γ
−15 = 2α + 5β − 4γ
6 = 4α + β + γ

We get α = 2, β = −3, γ = 1, therefore u is linear combination of x1, x2, x3.

Exercise 4. Let x1 =

 0
2
4

 , x2 =

 3
5
1

 , x3 =

 3
7
5

. Is u =

 1
2
3

 a linear

combination of x1, x2, x3 ?

Azzi Ahmed 6 University of Tindouf
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Solution 4.
u a linear combination of x1, x2, x3 ⇔ ∃α, β, γ ∈ R : u = αx1 + βx2 + γx3

So,

u = αx1 + βx2 + γx3 ⇔

 1
2
3

 = α

 0
2
4

+ β

 3
5
1

+ γ

 3
7
5


⇔


1 = 3β + 3γ
2 = 2α + 5β + 7γ
3 = 4α + β + 5γ

No solution

Therefore, u is not a linear combination of x1, x2, x3.

Exercise 5. Let x1 =

 1
2
3

 , x2 =

 2
−1
−2

 , x3 =

 3
1
1

 , x4 =

 4
0
2

. Is u =
 13

8
13

 a linear combination of x1, x2, x3, x4 ?

Solution 5. yes u is a linear combination of x1, x2, x3, x4, we get 13
8
13

 = 0

 1
2
3

− 3

 2
−1
−2

+ 5

 3
1
1

+ 1

 4
0
2


1.1.4 Linearly independent vectors, Linearly dependent vectors

Definition 1.1.4. Let V be a vector space over a field F . A finite set {u1, u2, · · · , un}
of vectors of V is said to be linearly independent if every relation of the form

∀α1, α2, · · ·αn ∈ F, α1u1 + α2u2 + · · ·+ αnun = 0V ⇒ αi = 0F for each 1 ⩽ i ⩽ n

Definition 1.1.5. Let V be a vector space over a field F . A finite set {u1, u2, · · · , un} of
vectors of V is said to be linearly dependent if there exist scalar α1, α2, · · · , αn ∈ F
not of them 0F (some of them may be zero) such that

α1u1 + α2u2 + · · ·+ αnun = 0V

An infinite set of vectors of V is said to be linearly independent if its every finite subset
is linearly independent, otherwise it is linearly dependent.

Example 9. Find whether the set of vectors : x1 =

 1
2
1

 , x2 =

 3
1
5

 , x3 =

 3
−4
7


is linearly independent or dependent.
Solution : Let α, β, γ be three scalars such that

αx1 + βx2 + γx3 = 0R3

Azzi Ahmed 7 University of Tindouf



1.1. VECTOR SPACES CHAPITRE 1. VECTOR SPACES

Thus

(αx1 + βx2 + γx3 = 0R3)⇔ α

 1
2
1

+ β

 3
1
5

+ γ

 3
−4
7

 =

 0
0
0


⇔


α + 3β + 3γ = 0
2α + β − 4γ = 0
α + 5β + 7γ = 0

We get, α = −3, β = 2, γ = −1. Hence the set of vectors {x1, x2, x3} are linearly dependent.

Example 10. Show that the set {1, x, 1 + x + x2} is linearly independent set of vectors
in the vector space of all polynomial over the real number field.

Solution : Let α, β, γ be three scalars(real numbers) such that
α(1) + β(x) + γ(1 + x + x2) = 0R = 0

We have
α(1) + β(x) + γ(1 + x + x2) = 0 ⇒ (α + γ) + (β + γ)x + γx2 = 0,

,⇒


α + γ = 0
β + γ = 0
γ = 0

,⇒ α = β = γ = 0.

Therefore the vectors 1, x, 1 + x + x2 are linearly independent over a field of real numbers.

Exercise 6. Are the vectors x1 =


2
2
2
4

 , x2 =


2
−2
−4
0

 , x3 =


4
−2
−5
2

 , x4 =


4
2
1
6


linearly independent or dependent.

Solution 6. Let α, β, γ, δ be three scalars(real numbers) such that
αx1 + βx2 + γx3 + δx4 = 0R4

We have

αx1 + βx2 + γx3 + δx4 = 0R4 ⇒ α


2
2
2
4

+ β


2
−2
−4
0

+ γ


4
−2
−5
2

+ δ


4
2
1
6

 =


0
0
0
0



,⇒


2α + 2β + 4γ + 4δ = 0
2α− 2β − 2γ + 2δ = 0
2α− 4β − 5γ + δ = 0
4α + 2γ + 6δ = 0

,⇒


2α + 2β + 4γ + 4δ = 0
0α− 4β − 6γ − 2δ = 0
0α + 0β + 0γ + 0δ = 0
0α + 0β + 0γ + 0δ = 0
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The system of equations will have 4− 2 = 2, non-zero solutions and hence the set of vectors
are linearly dependent. Hence given vectors are not linearly independent.
1.1.5 Spanning sets and subspaces

Definition 1.1.6. Let u1, u2, · · · , up be p vectors in V. Define the set W as the collection
of all linear combination of u1, u2, · · · , up

W = {the collection of all linear combination of u1, u2, · · · , up} ,

=
{

u ∈ V | u =
p∑
1

αiui, αi ∈ F, i = 1, 2, · · · p

}
⊆ V

Theorem 1.1.4. W = {u ∈ V | u = ∑p
1 αiui, αi ∈ F, i = 1, 2, · · · p} is subspace of V

over a field F.

Proof : In order to verify this, check properties of definition of a subspace.
1. 0V ∈ V since if (αi = 0F, ∀i = 1, 2, · · · , p), we have u = 0Fu1 + 0Fu2 + · · · + 0Fup =

0V ∈W
2. W is closed under addition since

∀αi, βi, ∈ F, i = 1, 2, · · · p ∈ F,
p∑
1

αiui +
p∑
1

βiui =

 p∑
1

(αi + βi)︸ ︷︷ ︸
γi∈F

ui

 ∈W

3. W is closed under scalar multiplication since

∀ β, αi ∈ F, i = 1, 2, · · · p ∈ F, β

( p∑
1

αiui

)
=

 p∑
1

βαi︸︷︷︸
βii∈F

ui

 ∈W

Since properties of definition of a subspace hold. span {u1, · · · , up} is a subspace of W.
W is called the span of u1, u2, · · · , up and denoted W = span {u1, u2, · · · , up}

Definition 1.1.7. Let S = {u1, u2, · · · , up} be a finite srt of vectors in vector space
V over a field F then Span (or linear closure) is defined to be the set of all F-linear
combinations of S.

span(S) =< S >= {αu1 + αu2 + · · ·+ αpup | α1, α2, · · ·αp ∈ F}

If V = span(S), then we say that S is a generating set or spanning set for V. We also
say S spans V.

Finally, span(Φ) = {0V} (convention)

Remark 1.1.1. span {u1, · · · , up} is a subspace of V. It is the smallest subspace of V
which contains S. In this sense that if H is any subspace which includes u1, u2, · · · , up,
then spanS ⊂ H.
Results of definition :
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1. span(S) is always a subspace of V (the smallest subspace of V)
2. If a vector u ∈ span(S), then u is a linear combination of S

3. If u is a linear combination of S, then u ∈ span(S).

Example 11. Find the subspace of V that is spanned by

S =

u1 =

 1
1
3

 , u2 =

 −1
0
2


 .

Solution : Let v =

 x
y
z

 ∈ R3, then

v ∈ span(S)⇔ ∃α, β ∈ R : v = αu1 + βu2,

⇔

 x
y
z

 = α

 1
1
3

+ β

 −1
0
2

 , α, β ∈ R,

⇔


x = α− β
y = α
z = 3α + 2β

⇔


α = y
x = y − β
z = 3y + 2β

⇔ 2x− y + z = 0

Hence the vector space V is the set of vectors defined by

V = span(S) =


 x

y
z

 x, y, z ∈ R| 2x− y + z = 0


V is a plane through the origin

Example 12. Find the subspace of R4 that is spanned by :

S =

u1 =


1
1
1
1

 , u2 =


2
2
2
0

 , u3 =


0
0
0
3

 , u4 =


3
3
3
4



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Solution : Let v =


x
y
z
t

 ∈ R4, then

v ∈ span(S)⇔ ∃α, β, γ, δ ∈ R : v = αu1 + βu2 + γu3 + δu4,

⇔


x
y
z
t

 = α


1
1
1
1

+ β


2
2
2
0

+ γ


0
0
0
3

+ δ


3
3
3
4

 , α, β, γ, δ ∈ R,

⇔


x = α + 2β + 3δ
y = α + 2β + 3δ
z = α + 2β + 3δ
t = α + 3γ + 4δ

⇔ x = y = z, and t free variable

Hence the vector space V is the set of vectors defined by

V = span(S) =




x
y
z
t

 x, y, z, t ∈ R | x = y = z

 =




x
x
x
t

 x, t ∈ R


Exercise 7. Find the subspace of V that is spanned by

S =
{
u1 = 3 + x, u2 = 2 + x2, u3 = x3

}
.

Solution 7. Let P ∈ Pn = Rn[X], we have

P ∈ span(S)⇔ ∃α, β, γ ∈ R, P (x) = αu1 + βu2 + γu3,

⇔ P (x) = α(3 + x) + β(2 + x2) + γx3, α, β, γ ∈ R,

⇔ P (x) = γx3 + βx2 + +αx + 3α + 2β, α, β, γ ∈ R

Hence the vector space V is the set of vectors defined by

V = span(S) =
{
P (x) ∈ R3[X] |P (x) = γx3 + βx2 + +αx + 3α + 2β, α, β, γ ∈ R

}
Important note : V ̸= R3[X]. Not all polynomials of degree 3 belong to the set V.

Let’s check. If P (x) = x3 + x2 + 1 ∈ R3[X]

P (x) ∈ span(S)⇔ ∃α, β, γ ∈ R, P (x) = γx3 + βx2 + +αx + 3α + 2β,

⇔ x3 + x2 + 1 = γx3 + βx2 + +αx + 3α + 2β,

⇔


γ = 1
β = 1
α = 0
3α + 2β = 1

No solution

Thus P (x) /∈ span(S)
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Exercise 8. Let u1 =
(

1
1

)
, u2 =

(
1
−2

)
. Does {u1, u2} span R2 ?

Solution 8. Let
(

a
b

)
∈ R2. Can we write

(
a
b

)
= x1

(
1
1

)
+ x2

(
1
−2

)
??

So, we have (
a
b

)
=
(

x1 + x2
x1 − 2x2

)
⇒
{

a = x1 + x2
b = x1 − 2x2

we get {
x1 = 2

3a + 1
3b

x2 = 1
3a− 1

3b

Therefore, {u1, u2} span R2

e.g Let
(

a
b

)
=
(

4
−2

)
, we have

{
x1 = 2

34 + 1
3(−2) = 2

x2 = 1
34− 1

3(−2) = 2

Then, (
4
−2

)
= 2

(
1
1

)
+ 2

(
1
−2

)

Exercise 9. Let u1 =
(

1
−2

)
, u2 =

(
−2
4

)
. Does {u1, u2} span R2 ?

Solution 9. Let
(

a
b

)
∈ R2. Can we write

(
a
b

)
= x1

(
1
−2

)
+ x2

(
−2
4

)
??

So, we have (
a
b

)
=
(

x1 + 2x2
−2x1 + 4x2

)
⇒
{

a = x1 − 2x2
b = −2x1 + 4x2

No solution

Therefore, the vectors u1, u2 do not span R2.
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♢ Determining if vector belongs to span
Let V be a vector space over a field F, S = span {u1, u2, · · · , up} and u ∈ V.

u ∈ span(S) ⇔ u, u1, u2, · · · , up are linearly dependent
⇔ u is linear combinition of u1, u2, · · · , up

⇔ ∃αi ∈ R, i = 1, 2, · · · , p, u =
p∑
1

αiui

Example 13. Let S =

u1 =

 −3
1
−1

 , u2 =

 5
−2
1


. Is the vector u =

 1
−1
−1

 in

span(S) ?

Solution :

u ∈ span(S) ⇔ u, u1, u2 are linearly dependent
⇔ u is linear combinition of u1, u2

Can u be written as u = αu1 + βu2 where α, β ∈ R.

So are there α, β ∈ R such that 1
−1
−1

 = α

 −3
1
−1

+ β

 5
−2
1


Is there a solution to 

−3α + 5β = 1
α− 2β = −1
−α + β = −1

The system has one solution (single solution) α = 3, β = 2 therefore u ∈ span(S). 1
−1
−1

 = 3

 −3
1
−1

+ 2

 5
−2
1


Exercise 10.

Let S =

u1 =


2
1
0
3

 , u2 =


3
−1
5
2

 , u3 =


−1
0
2
1


. Is the vector u =


2
3
−7
3

 in

span(S) ?
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Solution 10.

u ∈ span(S) ⇔ u, u1, u2, u3 are linearly dependent
⇔ u is linear combinition of u1, u2, and u3

⇔ ∃α, β, γ ∈ R, u = αu1 + βu2 + γu3,

⇔


2
3
−7
3

 = α


2
1
0
3

+ β


3
−1
5
2

+ γ


−1
0
2
1

 , α, β, γ ∈ R,

⇔


2 = 2α + 3β − γ
3 = α− β
−7 = 5β + 2γ
3 = 3α + 2β + γ

⇔ α = 2, β = −1, γ = −1 One solution

The system has one solution, therefore u ∈ span(S).

Exercise 11.
Prove that 

2
14
−3
−15
−2

 ∈ span




1
2
1
3
7

 ,


1
1
−3
−5
−6

 ,


1
−1
−2
2
0

 ,


1
−3
−1
2
−1




Solution 11. We get

2
14
−3
−15
−2

 = 2


1
2
1
3
7

+ 3


1
1
−3
−5
−6

−


1
−1
−2
2
0

− 2


1
−3
−1
2
−1

 .

1.1.6 Basis and Dimension

Definition 1.1.8. Any subset B of a vector space V over a field F is called basis of V
if :

1. B is linearly independent
2. B generates V i.e. V =< B >= span {B} (B is span of V)

A basis of a vectors space V is a linearly independent set which spans V.
In other words B is a basis of V if each vector in V is uniquely expressed as a linear
combination of the basis vector

Example 14.

1. B1 =
{(

1
0

)
,

(
0
1

)}
is the standard basis of the space vector R2

2. B2 =


 1

0
0

 ,

 0
1
0

 ,

 0
0
1


 is the standard basis of the space vector R3
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3. In general B =




1
0
:
:
0

 ,


0
1
:
:
0

 , · · · ,


0
0
:
:
1




is the standard basis of the space

vector Rn.
4. Pn the set of all polynomials of degree at most n. Members of Pn have the form

Pn =
{
p(x) = a0 + a1x + a2x

2 + · · ·+ anxn, deg(p(x)) ≤ n
}

where : a0, a1, · · · , an are real numbers and x is a real variable. B =
{1, x, x2, · · · , xn} is standard basis of Pn

Exercise 12. Show that the set of vectors


 1

0
0

 ,

 1
1
0

 ,

 1
1
1


 form a basis for R3.

Solution 12. Let B =


 1

0
0

 ,

 1
1
0

 ,

 1
1
1




1. Linearly independent ?.

α

 1
0
0

+ β

 1
1
0

+ γ

 1
1
1

 =

 0
0
0

⇔
 α

0
0

+

 β
β
0

+

 γ
γ
γ

 =

 0
0
0


⇔


α + β + γ = 0
β + γ = 0
γ = 0

⇔ α = β = γ = 0.

Hence vectors are linearly independent
2. B generates R3 ?

B generates R3 if ∀u ∈ R3, ∃α, β, γ ∈ R such that

u = α

 1
0
0

+ β

 1
1
0

+ γ

 1
1
1


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Let u =

 x
y
z

 be an arbitrary vector in R3,

u =

 x
y
z

 = α

 1
0
0

+ β

 1
1
0

+ γ

 1
1
1

⇔
 x

y
z

 =

 α
0
0

+

 β
β
0

+

 γ
γ
γ


⇔


x = α + β + γ
y = β + γ
z = γ

⇔


α = x− y
β = y − z
γ = z

Therefore B generates R3 . Hence B is a basis of R3

Exercise 13. Consider B = {(t + 1)2, t + 1, 1}. Calculate the coordinate vector of
u = t2 with respect to basis B
.

Solution 13. Let

 α
β
γ

 be the coordinate of the vector u with respect to basis B, so

t2 = u = α(t + 1)2 + β(t + 1) + γ

= αt2 + (2α + β)t + α + β + γ

Thus 
α + β + γ = 0
2α + β = 0
α = 1

=⇒


α = 1
β = −2
γ = 1

=⇒ [u]B =

 1
−2
1


Definition 1.1.9. The number of element in the finite basis of a vector space V is called
the dimension of the vector space. It is denoted by dim(V ) and if dim(V ) = n, then V is
called n-dimensional vector space.

1. Finite Dimensional Vector Space (FDVS) : A vector space V is said to be
finite dimensional vector space if it has a finite basis.

2. Infinite Dimensional Vector Space (IDVS) : A vector space V is said to be
infinite dimensional vector space if it has a infinite basis.

Example 15.
1. C over a field R is a vector space of dimension of two (2) as its basis is B = {1, i}

as ∀z ∈ C : ∃a, b ∈ R; z = a + bi

2. C over a field C is a vector space of dimension of one (1) as its basis is B = {1}
3. In general : Dimension of field F over itself F is always one as basis B = {1}
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4. Dimension of R2 over R is two (2) as basis B =
{(

1
0

)
,

(
0
1

)}
as

∀u =
(

x
y

)
∈ R2 : u = x

(
1
0

)
+ y

(
0
1

)
.

5. In general : Dimension of vector space F n over F is n-dimensional space as its

standard basis will be B =




1
0
:
:
0

 ,


0
1
:
:
0

 , · · · ,


0
0
:
:
1




6. C over Q and R over Q are of infinite dimensional vector spaces.
7. Dimension of Pn over R is n + 1 as basis B = {1, x, x2, · · · , xn}

Convention :
dim({0V}) = 0

Example 16. Show that the following set B of R3 from a basis for R3 :

B =

u1 =

 1
2
1

 , u3 =

 2
1
0

 , u2 =

 1
−1
2




Express each of the standard basis vectors {e1, e2, e3} as linear combination of the above
basis vectors.
Solution :

1. We Know that the set of the vectors

e1 =

 1
0
0

 , e2 =

 0
1
0

 , e3 =

 0
0
1


 form a

basis of R3. Therefore dim(R3) = 3. Further, we know that any set of n linearly inde-
pendent vectors of n-dimensional vector space V form a basis for V, so that in order
to show that B forms basis for R3 it is just sufficient to show that the set B is linearly
independent. Now since.

Let α, β, γ ∈ R, and

αu1 + βu2 + γu3 = 0R3 ⇔ α

 1
2
1

+ β

 2
1
0

+ γ

 1
−1
2

 =

 0
0
0


⇔


α + 2β + γ = 0
2α + β − γ = 0
α + 2β = 0

⇔ α = β = γ = 0

Therefore, the se B is linear independent. Hence B forms a basis of R3.
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2.

e1 =

 1
0
0

 = a

 1
2
1

+ b

 2
1
0

+ c

 1
−1
2

 ,

=

 a + 2b + c
2a + b− c
a + b + 2c

 .

So, we have 
a + 2b + c = 1
2a + b− c = 0
a + b + 2c = 0

⇔


a = 2/9
b = 5/9
c = 1/6

Thus showing that e1 can be expressed a linear combination of elements of B.

Similarly

e2 = 4
9u1 −

1
9u2 −

2
9u3,

e3 = 1
3u1 −

1
3u2 + 1

3u3.

Exercise 14. Find the co-ordinate vector of u =

 3
1
−4

 . relative to the basis

B =

u1 =

 1
1
1

 , u3 =

 0
1
1

 , u2 =

 0
0
1




Solution 14. Let α, β, γ ∈ R such that
u = αu1 + βu2 + γu3

We get
α = 3, β = −2, γ = −5

Thus the coordinate vector of u relative to the given basis is [u]B =

 3
−2
−5


B

1.1.7 Spanning and dimension
Question :

Let V be a vector space and S = {u1, u2, · · · , up} ⊂ V . Does span(S) = V .

Solution : Let dim(V ) = n

1. If p < n then, span(S) ̸= V

2. If p = n then, span(S) = V ⇔ S linearly independent
3. p > n then, we must solve the systems v = ∑p

1 αiui, (v ∈ V )

Azzi Ahmed 18 University of Tindouf



1.1. VECTOR SPACES CHAPITRE 1. VECTOR SPACES

Example 17. Let S


 1

2
1

 ,

 0
−1
2


. Does span(S) = R3 ?

Solution : we have dim(span(S)) = 2 < dim(R3) = 3 thus, span(S) ̸= R3,

Example 18. Let S {3 + x, x2, x3}. Does span(S) = P3 = R3[X] ?

Solution : First we see that 3 + x, x2, x3 ∈ P3.
we have

dim(span(S)) = 3 < dim(P3) = 3 + 1 = 4
thus, span(S) ̸= P3,

Example 19. Let S {u1 = 2− x + 3x2, u2 = 4 + x + 2x2, u3 = 8− x + 8x2}. Does
span(S) = P2 ?

Solution :
First we see that 2− x + 3x2, 4 + x + 2x2, 8− x + 8x2 ∈ P2, we have

dim(span(S)) = 3 = dim(P2) = 2 + 1 = 3

So,

span(S) = P2 ⇔ u1, u2, u3 Linearly independent
⇔ (αu1 + βu2 + γu3 = 0⇒ α = β = γ = 0, α, β, γ ∈ R)
⇔ α(2− x + 3x2) + β(4 + x + 2x2) + γ(8− x + 8x2) = 0, α, β, γ ∈ R

⇔


2α + 4β + 8γ = 0
−α + β − γ = 0
3α + 2β + 8γ = 0

⇔ α = −2, β = −1, γ = 1.

More than just the trivial solution, therefore u1, u2, u3 are not linearly independent (linearly
dependent). Thus span(S) ̸= P2.

Example 20. Let S {u1 = 1− x + 2x2, u2 = 3 + x, u3 = 5− x + 4x2, u4 = −2− 2x + 2x2}.
Does span(S) = P2 ?

Solution :
First we see that u1, u2, u3, u4 ∈ P2, we have

dim(span(S)) = 4 > dim(P2) = 2 + 1 = 3

So,
span(S) = P2 ⇔ ∀P ∈ P2, ∃α, β, γ, δ ∈ R, P (x) = αu1 + βu2 + γu3 + δu4

Let P (x) = a + bx + cx2 ∈ P2, we get

P (x) ∈ span(S)⇔ ∃α, β, γ, δ ∈ R, P (x) = αu1 + βu2 + γu3 + δu4

⇔ a + bx + cx2 = α(1− x + 2x2) + β(3 + x) + γ(5− x + 4x2) + δ(−2− 2x + 2x2),

⇔


α + 3β + 5γ − 2δ = a
−α + β − γ − 2δ = b
2α + 4γ + 2δ = c

⇔ a− 3b− 2c = 0.
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Thus span(S) is the vector space defined by

span(S) =
{
P (x) = a + bx + cx2 | a− 3b− 2c = 0

}
̸= P2

1.1.8 Sum and Direct sums of subspaces

Definition 1.1.10. Let V be vector space over field F, U and W be two subspaces of V.
The sum of U and W is the following set :

U + W {u + w | u ∈ U, w ∈W}

— The sum U + W is a subspace of V
— If U and W are subspaces of a finite dimensional vector space V , then

dim(U + W) = dim(U) + dim(U)− dim(U ∩W)

In general : If Vi, i = 1, 2, · · · , p are subspaces of V, the sum of Vi i = 1, 2, · · · , p is the
subspace

V1 + V2 + · · ·+ Vp = {v1 + v2 + + · · ·+ vp |vi ∈ Vi, i = 1, 2, · · · , p}

Example 21. In R3, let V =


 0

0
t

 , t ∈ R

 and W =


 t

2t
0

 , t ∈ R

,

V and W are two subspaces of R3 and we have

V + W =


 0

0
α

+

 β
2β
0

 , α, β ∈ R

 =


α

 0
0
1


︸ ︷︷ ︸

u1

+β

 1
2
0


︸ ︷︷ ︸

u2

, α, β ∈ R


So, V + W = span {u1, u2}, the vectors u1, u2 are linearly independent, thus {u1, u2}
forms a basis of V + W.

Geometrically :
V and W are two lines through the origin and V + W is a plane and passing through the
origin and generated by the two vectors u1, u2.
Example 22. Let

V = {(x, 0), x ∈ R} and W = {(0, y), y ∈ R}

It is clear that
V + W = {(x, y), x, y ∈ R} = R2

Definition 1.1.11. The sum U + W is called direct, if for each x ∈ U + W there exist
uniquely determined u ∈ U and w ∈W, such that x = u + w.
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Notation of a direct sum : U⊕W

U⊕W = {x ∈ V | ∃! u ∈ U, ∃! w ∈W, x = u + w}

Example 23. Let V and V be two subspaces of R3 such that

V =


 0

0
c

 , c ∈ R

 , W =


 a

b
0

 , a, b ∈ R


Prove that R3 = V⊕W.
Solution : any vector in R3 can be written as a

b
c

 =

 0
0
c

+

 a
b
0

 ∈ V + W in a unique way

Thus, R3 = V⊕W

Example 24. Let V and V be two subspaces of R3 such that

V =


 0

c
d

 : c, d ∈ R

 , W =


 a

b
0

 : a, b ∈ R


We have,

V + W =


 a

b + c
d

 : a, b, c, d ∈ R


There is no longer a unique way to write elements 1

2
3

 =

 0
0
3

+

 1
2
0

 =

 1
0
0

+

 0
2
3


Thus, R3 ̸= V⊕W

Proposition 1.1.1. Let U, W be subspaces of V. The following statements are equivalent :
1. The sum of V and W is direct U⊕W
2.

u1 + w1 = u2 + w2 ⇒ u1 = u2 and w1 = w2, (ui ∈ U, wi ∈W, i = 1, 2.)
3.

∀(u, w) ∈ U×W, u + w = 0V ⇒ u = w = 0V

4.
V ∩W = {0V }

5.
dim(U + W) = dim(U) + dim(W)
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6. If BU is basis of subspace U and BW is basis of subspace W, then BU ∪BW is basis of
subspace U + W

Result :
The necessary and sufficient conditions for a vector space V to be direct sum of

its subspaces U and W are

V = U + W and U ∩W = {0V}
Example 25. Let

V = {(x, 0), x ∈ R} and W = {(0, y), y ∈ R}

It is clear that
V⊕W = {(x, y), x, y ∈ R} = R2

Example 26. Let V and V be two subspaces of R3 such that

V =


 2y

y
0

 , y ∈ R

 , W =


 x

0
y

 , x, y ∈ R


Prove that R3 = V⊕W.
Solution : From the previous example (22), we get V+W = R3 and we have V∩W {0R3},

thus R3 = V⊕W

Example 27. (24) Let V and V be two subspaces of R3 such that

V =


 0

c
d

 : c, d ∈ R

 , W =


 a

b
0

 : a, b ∈ R


Solution : We have,

V + W =


 a

b + c
d

 : a, b, c, d ∈ R


We know from the previous example (24) that R3 ̸= V ⊕W. Let’s make sure the property
V ∩W ̸= {0R3} is correct.

Let

 x
y
z

 ∈ R3, then

 x
y
z

 ∈ V ∩W⇔

 x
y
z

 ∈ V and

 x
y
z

 ∈W,

⇔


x = 0
y = α
z = 0

α ∈ R
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For example

 0
1
0

 ,

 0
3
0

 ∈ V ∩W, thus V ∩W ̸= {0R3}.

Definition 1.1.12. The vector space V is the direct sum of its subspaces U and W if
V = U⊕ U.

In the finite-dimensional case :

V = U⊕ U ⇔ dim(V) = dim(U) + dim(W)
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Chapitre 2
Linear maps

2.1 Linear maps (Linear transformations)
Definition 2.1.1. Let U and V be two vectors spaces over a field F. A function T :
U −→ V is called a linear map or linear transformations if it satisfies

1. ∀u, v ∈ U, T (u + v) = T (u) + T (v) T is additive or T preserves addition
2. ∀u ∈ U, ∀α ∈ F T (αu) = αT (u) T is preserves scalar multiplication

— An operator on a vector space U is a linear map from U to itself
— The set of all linear transformations from U to V is denoted L(U, V). Also, L(U, U) =
L(U) and T ∈ L(U) is called a linear transformation on U .

Example 28.
— The zero function ∀u ∈ U, 0(u) = 0V is a linear map it called trivial transforma-

tion pr trivial linear map
— The identity function ∀u ∈ U, Id(u) = u is a linear map

Example 29. Let

T : R2 −→ R2

(x, y) 7−→ (2x + y, −y)

Let’s verify That the map T is indeed a linear map.

1. ∀u = (x, y), v = (x′, y′) ∈ R2,

T (u + v) = T ((x + x′, y + y′)) = (2(x + x′) + (y + y′), −(y + y′))
= ((2x + y) + (2x′ + y′), −y − y′)
= (2x + y, −y) + (2x′ + y′, −y′)
= T (u) + T (v)

24
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2. ∀u = (x, y) ∈ R2, ∀α ∈ R,

T (αu) = (α(x, y)) = (αx, αy)
= (2αx + αy, −αy)) = α(2x + y, −y))
= αT (u)

Example 30. Let

T : R3[x] −→ R3[x]
P (x) 7−→ T (P (x)) = P ′(x)

The map T is linear since
1.

∀p(x), q(x) ∈ R3[x], T (p(x) + q(x)) = (p(x) + q(x))′ = p′(x) + q′(x)
= T (p(x)) + T (q(x))

2.
∀p(x) ∈ R3[x], ∀α ∈ R, T (αp(x)) = (αp(x))′ = αp(x)′ = αT (p(x)).

Example 31. Let

T : R2 −→ R2

(x, y) 7−→ (x, 1)

This is not a linear map.

Theorem 2.1.1. If T : U −→ V is a linear map then :
1. T (0U) = 0V

2. T (−u) = −T (u), ∀u ∈ U

Proof :

We know by definition that : ∀u ∈ U, ∀α ∈ F, T (αu) = αT (u). In particular,
— if α = 0F.

T (0U) = T (0Fu) = 0FT (u) = 0V

— if α = −1.
T (−u) = −T (u)

Theorem 2.1.2. T : U −→ V is a linear map if and only if

∀u, v ∈ U, ∀α ∈ F, T (αu + v) = αT (u) + T (v)

Proof : Easy to proof it

Theorem 2.1.3. Let T ∈ L(U, V). If S is linearly dependent then T (S) is linearly
dependent
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Proof :

Suppose there exists α1, α2, · · · , αp ∈ F for which ∑p
1 αivi is a linear dependence in S.

Calculate,

T

( p∑
1

αivi

)
=

p∑
1

αiT (vi).

2.1.1 kernel and Image of a linear map

Definition 2.1.2. Let U, V be vector spaces over a field F and T ∈ L(U, V) then

ker(T ) = {u ∈ U | T (u) = 0V} and Im(T ) = {T (u) ∈ V | u ∈ U}

Example 32. Let

T : R2 −→ R2

(x, y) 7−→ T ((x, y)) = (x + 2y, −y)

ker(T ) =
{
u ∈ R2 | T (u) = 0R2

}
=
{
(x, y) ∈ R2 | (x + 2y, −y) = (0, 0)

}
= {(0, 0)}

Im(T ) =
{
T (u) ∈ R2 | u ∈ R2

}
=
{
(x + 2y, −y) ∈ R2 | (x, y) ∈ R2

}
We have

(z, t) ∈ Im(T )⇔ ∃x, y ∈ R s.t; (z, t) = (x + 2y, −y)

⇔
{

z = x + 2
t = −y

x, y ∈ R

⇔
{

x = z − 2
y = −t

Therefore Im(T ) = R2

Example 33. Let

T : R3[x] −→ R3[x]
P (x) 7−→ T (P (x)) = P ′(x)

Ker(T ) =
{
p(x) ∈ R3[x] | T (p(x)) = 0R3[x]

}
=
{
p(x) ∈ R3[x] | p′(x) = 0R3[x] = 0

}
= {p(x) ∈ R3[x] | p(x) = costant polynomials}
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Im(T ) = {T (p(x)) ∈ R3[x] | p(x) ∈ R3[x]}
= {p′(x) ∈ R3[x] | p(x) ∈ R3[x]}
= R3[x]

♢Some geometric examples
Example 34.

1. Let
P(xy) : R3 −→ R3 x

y
z

 7−→ P(xy)

 x
y
z

 =

 x
y
0


Verify that P(xy) is linear map, P(xy) is called a projection on the plane (xy) and
we have

Ker
(
P(xy)

)
=


 0

0
z

 , z ∈ R

 , Im
(
P(xy)

)
=


 x

y
0

 , x, y ∈ R


2. Let

P(xz) : R3 −→ R3 x
y
z

 7−→ P(xz)

 x
y
z

 =

 x
0
z


Verify that P(xz) is linear map, P(xz) is called a projection on the plane (xz) and
we have

Ker
(
P(xy)

)
=


 0

y
0

 , z ∈ R

 , Im
(
P(xy)

)
=


 x

0
z

 , x, y ∈ R


3. Let

P(yz) : R3 −→ R3 x
y
z

 7−→ P(yz)

 x
y
z

 =

 0
y
z


Verify that P(yz) is linear map, P(yz) is called a projection on the plane (yz) and
we have

Ker
(
P(xy)

)
=


 x

0
0

 , z ∈ R

 , Im
(
P(xy)

)
=


 0

y
z

 , x, y ∈ R


4. Let

Ref(yz) : R3 −→ R3 x
y
z

 7−→ Ref(yz)

 x
y
z

 =

 −x
y
z



Azzi Ahmed 27 University of Tindouf



2.1. LINEAR MAPS (LINEAR TRANSFORMATIONS) CHAPITRE 2. LINEAR MAPS

Verify that Ref(yz) is linear map, Ref(xy) is called a reflection with respect to
the (yz) plane and we have

Ker
(
Ref(xy)

)
=


 0

0
0


 , Im

(
Ref(xy)

)
= R3

Similarly we define the reflection with respect to the (xz) and (xy) planes
5. Let

Rotθ : R2 −→ R2(
x
y

)
7−→ Rotθ

(
x
y

)
=
(

x cos θ − y sin θ
x sin +y cos θ

)
, 0 ≤ θ ≤ 2π

Verify that Rotθ is linear map, Rotθ is called a rotation it rotates by θ counter-
clockwise and we have

Ker (Rotθ) =
{(

0
0

)}
, Im (Rotθ) = R2

Remark 2.1.1.
a) If θ = 0, we have Rot0 = IdN2 identity map on plane
b) If θ = π, we have Rotπ = Ref(0) reflection with respect to the origin

Properties 2.1.1. Let T ∈ L(U, V),
1. Ker(T ) is a subspace of U
2. Im(T ) is a subspace of V
3. T is one-to-one (Injective) if and only if : Ker(T ) = {0U}
4. T is onto (surjective) if and only if : Image(T ) = V

Proof :
1. Ker(T ) is a subspace of U ? . We have

— T (0U) = 0V thus 0U ∈ Ker(T )⇒ Ker(T ) ̸= ∅
— Let u, v ∈ Ker(T ) and α ∈ F, we have

T (αu + v) = α T (u)︸ ︷︷ ︸
=0V

+ T (v)︸ ︷︷ ︸
=0V

= 0V ⇒ (αu + v) ∈ Ker(T )

Thus Ker(T ) is a subspace of U.

2. Im(T ) is a subspace of V ? We have
— T (0U) = 0V thus 0V ∈ Im(T )⇒ Im(T ) ̸= ∅
— Let w, t ∈ Im(T ) and α ∈ F, we have

w, t ∈ Im(T )⇒ ∃u, v ∈ U, w = T (u), and t = T (v)
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then

αw + t = αT (u) + T (v) = T (αu + v︸ ︷︷ ︸
∈U

), BecauseU is V-S and T is L-Map

So, αw + t ∈ Im(T ). Thus Im(T ) is a subspace of V.
3. T is one-to-one (Injective) if and only if : Ker(T ) = {0U} ?

— First we will provethat : Ker(T ) = {0U} ⇒ T is one-to-one.

Let Ker(T ) = {0U} and u, v ∈ U s.t T (u) = T (v), then

T (u) = T (v)⇒ T (u)− T (v) = 0V

⇒ T (u− v) = 0V

⇒ (u− v) ∈ Ker(T )
⇒ u− v = 0U

⇒ u = v ⇒ T is one-to-one.

— Now we will provethat : T is one-to-one ⇒ Ker(T ) = {0U}.

It is known that T is one-to-one if and only if

∀u, v ∈ U, T (u) = T (v)⇒ u = v

Let T be one-to-one map, we have.

u ∈ Ker(T )⇒ T (u) = 0V = T (0U) ⇒ u = 0U

Thus Ker(T ) = {0U}.
4. T is onto (surjective) if and only if : Im(T ) = V ?

— First we will provethat : Im(T ) = V ⇒ T is onto map.

Let Im(T ) = V that mains ∀w ∈ V = Im(T ), ∃u ∈ U, st T (u) = w. Thus T is
onto map.

— Now we will provethat : T is onto ⇒ Im(T ) = V.

It is known that : Im(T ) ⊂ V.....(1) and T is onto map if and only if

∀w ∈ V, ∃u ∈ U, w = T (u).

Let T be onto map, we have.

∀w ∈ V ⇒ ∃u ∈ U, w = T (u)⇒ w ∈ Im(T )....(2)

From (1) and (2), we get Im(T ) = V.
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Theorem 2.1.4. Let T ∈ L(U, V) :
1. If W is subspace of U, then T (W) is subspace of V.
2. If H is subspace of V, then T −1(H) is subspace of U

Proof : Easy

Theorem 2.1.5. Let T ∈ L(U, V) :
If {u1, u2, · · · , up} spans U then {T (u1), T (u2), · · · , T (up)} spans Im(T ) ⊂ V .

Proof : Let U = span {u1, u2, · · · , up}, and w ∈ V

w ∈ Im(T )⇔ ∃ui ∈ U, ∃αi ∈ F, (i = 1, 2, · · · , p), w = T

( p∑
1

αiui

)

⇔ w =
p∑
1

αiT (ui), ui ∈ U, αi ∈ F (i = 1, 2, · · · , p)

Thus : Im(T ) = span {T (u1), T (u2), · · · , T (up)}.

Example 35. Let

T : R4 −→ R2[x]
a
b
c
d

 7−→ (a + b) + (c + 2d)x + (2c + 4d)x2

Verify that T is linear map

Ker(T ) =

u =


a
b
c
d

 ∈ R4 |T (u) = 0R2[x]


T (u) = 0R2[x] ⇔ (a + b) + (c + 2d)x + (2c + 4d)x2 = 0

⇔


a + b = 0
c + 2d = 0
2c + 4d = 0

⇔ a = 1, b = −1, c = 1, d = −1/2
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Thus

Ker(T ) =




a
−a
c

−(1/2)c

 | a, c ∈ R


=

a


1
−1
0
0

+ c


0
0
1

−(1/2)

 | a, c ∈ R



= span




1
−1
0
0


︸ ︷︷ ︸

u1

,


0
0
1

−(1/2)


︸ ︷︷ ︸

u2


u1 and u2 are linear independent and thus basis therefore dim(Ker(T )) = 2.

Let’s find Im(T ) : It’s known that the basis of R4 is :

B =




1
0
0
0


︸ ︷︷ ︸

e1

,


0
1
0
0


︸ ︷︷ ︸

e2

,


0
0
1
0


︸ ︷︷ ︸

e3

,


0
0
0
1


︸ ︷︷ ︸

e4


T of these ill give a spanning set for the subspace Im(T ).

T (B) = {T (e1), T (e2), T (e3), T (e4)}
=
{
1, 1, x + 2x2, 2x + 4x2

}
=
{
1, x + 2x2

}
show that x + 2x2, 2x + 4x2 are L-dependent

Thus
Im(T ) = span

{
1, x + 2x2

}
and {1, x + 2x2} is basis for Im(T ). which get dim(Im(T ) = 2
2.1.2 Rank of linear map

Definition 2.1.3. Let T be a linear map. The rank of T is a positive real : r(T ) =
dim(Im(T ))

Azzi Ahmed 31 University of Tindouf



2.1. LINEAR MAPS (LINEAR TRANSFORMATIONS) CHAPITRE 2. LINEAR MAPS

Example 36. Let (previous example)

T : R4 −→ R2[x]
a
b
c
d

 7−→ (a + b) + (c + 2d)x + (2c + 4d)x2

The rank of T is r(T ) = dim(Im(T ) = 2

Proposition 2.1.1. Let L(U, V), then :

dim(U) = dim(Ker(T )) + dim(Im(T ))

Proof : Denote n = dim(U), k = dim(Ker(T )), we’ll prove that dim(Im(T )) = n− k.

Let {u1, u2, · · · , uk} be a basis for Ker(T ) and n = dim(U), k = dim(Ker(T )) for
Ker(T ). Complete it to form a basis for U,

{u1, u2, · · · , uk, uk+1, · · · , un}

We know that

T (u1) = T (u2) = · · · = T (uk) = 0V, since u1, u2, · · · , uk ∈ Ker(T ).

Also,

T (u1)︸ ︷︷ ︸
=0V

, T (u2)︸ ︷︷ ︸
=0V

, · · · , T (uk)︸ ︷︷ ︸
=0V

, T (uk+1) · · · , T (un)

 spans Im(T ), which leads

{T (uk+1), T (uk+2) · · · , T (un)} , spans Im(T )

In order to complete the proof, we need to show that it is linear independent.

Let αi ∈ F, (i = (k + 1), (k + 2), · · · , n)

αk+1T (uk+1) + αk+2T (uk+2) + · · ·+ αnT (un) = 0V ⇒ T (αk+1uk+1) + T (αk+2uk+2) + · · ·+ T (αnun) = 0V

⇒ T (αk+1uk+1 + αk+2uk+2 + · · ·+ αnun) = 0V

⇒ (αk+1uk+1 + αk+2uk+2 + · · ·+ αnun) ∈ Ker(T )

That means a vector αk+1uk+1 + αk+2uk+2 + · · ·+ αnun is a combination of basis for Ker(T )

αk+1uk+1 + αk+2uk+2 + · · ·+ αnun = α1u1 + α2u2 + · · ·+ αkuk, for some α1, · · · , αk

Therefore

α1u1 + α2u2 + · · ·+ αkuk − αk+1uk+1 − αk+2uk+2 − · · · − αnun = 0V

All α’s and in particular αk+1uk+1, αk+2uk+2, · · · , αnun are 0F Then,T (u1)︸ ︷︷ ︸
=0V

, T (u2)︸ ︷︷ ︸
=0V

, · · · , T (uk)︸ ︷︷ ︸
=0V

, T (uk+1) · · · , T (un)


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is linear independent and thus a basis for Im(T ) with n−k vectors so, dim(Im(T )) = n−k.

Corollary 2.1.1. Let T ∈ L(U, V) is one-to-one and onto (bijection) then dim(U) =
dim(V)

Proof : We know that :

T is one-to-one ⇔ Ker(T ) = {0V} ⇔ dim(Ker(T )) = 0
T is onto ⇔ Im(T ) = V⇔ dim(Im(T )) = dim(V)

and

dim(U) = dim(Ker(T )) + dim(Im(T ))
= 0 + dim(V) = dim(V)

Corollary 2.1.2. Let T ∈ L(U, V). If dim(U) = dim(V) then :

T is one-to-one ⇔ T is onto

Proof :
— Let : dim(U) = dim(V) and T be one-to-one map (dim(Ker(T )) = 0).

We have :

dim(U) = dim(Ker(T ))︸ ︷︷ ︸
=0

+dim(Im(T ))

but : dim(U) = dim(V), thus Im(T ) = V wish leads T is onto map.

— Let : dim(U) = dim(V) and T be onto map (Im(T ) = V).

We have :

dim(U) = dim(Ker(T )) + dim(Im(T ))︸ ︷︷ ︸
=dim(V)

but : dim(U) = dim(V), thus dim(Ker(T )) = 0 or Ker(T ) = {0U} wish leads T is
one-to-one map.

2.1.3 Operations on linear maps

Theorem 2.1.6. If T, S ∈ L(U, V) then T + S, αT ∈ L(U, V), α ∈ F.

Proof Easy to proof it
Example 37. Let

T : R2 −→ R2 is linear map
(x, y) 7−→ T ((x, y)) = (x + 2y, −y)
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S : R2 −→ R2 is linear map
(x, y) 7−→ S((x, y)) = (3x− 2y, x + 3y)

we have
(T + S) : R2 −→ R2 is linear map

(x, y) 7−→ (T + S)((x, y)) = (4x, x + 2y)
Also

αT : R2 −→ R2 is linear map
(x, y) 7−→ (αT )((x, y)) = (αx + 2αy, −αy)

2.1.4 Composition of linear maps

Definition 2.1.4. Let T ∈ L(U, V) and S ∈ L(V, W), we define the map S ◦ T as

(S ◦ T ) : U −→W
u 7−→ (S ◦ T )(u) = S(T (u))

S ◦ T is the composition of S and T ,

Claim 2.1. S ◦ T is linear map

Proof Let u, v ∈ U and α ∈ F, we have
(S ◦ T )(αu + v) = S(T (αu + v)) = S(αT (u) + T (v)), because T is linrar

= αS (T (u)) + S (T (v)) , because S is linrar
= α(S ◦ T )(u) + (S ◦ T )(v), by definition.

Thus S ◦ T is linear map.
Example 38. Let

T : R2 −→ R2

(x, y) 7−→ T (x, y) = (x + 2y, −y)

S : R2 −→ R2

(x, y) 7−→ S(x, y) = (3y, x− y)

we have
(TS)(x, y) = T (S(x, y)) = T (3y, x− y)

= (3y + 2(x− y), −(x− y))
= (2x + y, y − x)

Thus
(TS) : R2 −→ R2

(x, y) 7−→ (TS)(x, y) = (2x + y, y − x)
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Example 39. Let

S : R4 −→ R4
x
y
z
t

 7−→


x + y
0

z + t
0



T : R4 −→ R3[t]
a
b
c
d

 7−→ b + dt2 + (b + d)t3

we have

(T ◦ S)


a
b
c
d

 = T

S


a
b
c
d




= T


a + b

0
c + d

0


= 0 + 0t2 + 0t3 = 0

Thus T ◦ S is the zero map.
Example 40. Let

T = Proj : R3 −→ R3 Projection x
y
z

 7−→
 x

y
0



S = Ref : R3 −→ R3 Reflection x
y
z

 7−→
 −x

y
z


We have

(T ◦ S)

 x
y
z

 = T

S

 x
y
z


 = T

 −x
y
z

 =

 −x
y
0


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Also

(S ◦ T )

 x
y
z

 = S

T

 x
y
z


 = S

 x
y
0

 =

 −x
y
0


In this example we get S ◦ T = T ◦ S, but in general S ◦ T ̸= T ◦ S

2.1.5 Inverse of a map

Definition 2.1.5. Let T ∈ L(U) be one-to-one and onto (bijection) as a function T has
an inverse, denoted T −1 satisfying

T ◦ T −1 = T ◦ T −1 = IdU

Claim 2.2. T −1 is a linear map

Proof : Let T ∈ L(U) and α ∈ F, so let u, v, w, t ∈ U such that w = T (u), and t = T (v),

We have :
w = T (u)⇔ T −1(w) = u, t = T (v)⇔ T −1(t) = v

Then,

T −1(αw + t) = T −1(αT (u) + T (v), such that w = T (u), t = T (v)
= T −1(T (αu + v)), because T is linear
=
(
T −1T

)
︸ ︷︷ ︸

IdU

(αu + v)), by definition

= αu + v = αT −1(w) + T −1(t)

Therefore T −1 is linear
Example 41.

Rotθ : R2 −→ R2 is linear and one-to-one and onto(
x
y

)
7−→ Rotθ

(
x
y

)
=
(

x cos θ − y sin θ
x sin +y cos θ

)
, 0 ≤ θ ≤ 2π

The inverse of a rotation Rotθ is a rotation Rot(−θ),i.e Rot−1
θ = Rot(−θ)

Rot−1
θ : R2 −→ R2(

x
y

)
7−→ Rot−1

θ

(
x
y

)
=
(

x cos θ + y sin θ
−x sin θ + y cos θ

)
, 0 ≤ θ ≤ 2π
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It is easy to see that Rot−1
θ Rotθ = IdR2 (where Rot−1

θ Rotθ = Rot−1
θ ◦Rotθ ), in fact

(Rot−1
θ Rotθ)

(
x
y

)
= Rot−1

θ

(
Rotθ

(
x
y

))

= Rot−1
θ


x cos θ − y sin θ︸ ︷︷ ︸

x′

x sin θ + y cos θ︸ ︷︷ ︸
y′


=
(

x′ cos θ + y′ sin θ
−x′ sin θ + y′ cos θ

)

=
(

(x cos θ − y sin θ) cos θ + (x sin θ + y cos θ) sin θ
−(x cos θ − y sin) sin θ + (x sin θ + y cos θ) cos θ

)

=
(

x(cos2 θ + sin2 θ)
y(cos2 θ + sin2 θ)

)

=
(

x
y

)

Thus Rot−1
θ Rotθ = IdR2 (Similarly RotθRot−1

θ = IdR2 ).

Remark :
RotθRotθ′ = Rot(θ+θ′).

Example 42.

T : R2 −→ R2(
x
y

)
7−→ T

(
x
y

)
=
(

x + 2y
−y

)

T is linear and one-to-one and onto. Find T −1

Solution : We have
T

(
x
y

)
=
(

x + 2y
−y

)
Let (

w
t

)
=
(

x + 2y
−y

)
we get (

x
y

)
=
(

w + 2t
−t

)
Thus

T −1 : R2 −→ R2(
w
t

)
7−→ T −1

(
w
t

)
=
(

w + 2t
−t

)
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Theorem 2.1.7. Let T ∈ L(U) then

(T is invertible) ⇔ (T is onto) ⇔ (is one-to-one)

Proof : we had a theorem that if dim(U) = dim(V) then

(T is onto) ⇔ (is one-to-one)

Theorem 2.1.8. If T, S are invertible then T ◦ S is invertible, and

(T ◦ S)−1 = S−1 ◦ T −1

Proof The proof cams from the proprieties of functions composition. We have

(T ◦ S) ◦ (S−1 ◦ T −1) = T ◦ (S ◦ S−1) ◦ T −1 = T ◦ (IdU) ◦ T −1 = T ◦ T −1 = IdU, (◦ Ass)

and

(S−1 ◦ T −1) ◦ (T ◦ S) = S−1 ◦ (T ◦ T −1) ◦ S = S−1 ◦ (IdU) ◦ S = S−1 ◦ S = IdU

Thus (T ◦ S)−1 = S−1 ◦ T −1

Exercise 15. Let T be a map such that

T : R2[x] −→ R[x]
(a + bx + cx2) 7−→ T

(
(a + bx + cx2)

)
= a(x + 1) + cx + b

1. Prove that a map T is linear
2. Find Ker(T ) and Im(T )
3. Find Rank(T )

Solution 15.
1. For polynomials p = a + bx + cx2, q = a′ + b′x + c′x2 and scalar λ :

T (p + q) = (a + a′)(x + 1) + (c + c′)x + (b + b′) = T (p) + T (q),

T (λp) = λa(x + 1) + λcx + λb = λT (p).
2. Write

T (p) = ax + a + cx + b = (a + c)x + (a + b).
So

T (p) = αx + β with α = a + c, β = a + b.

Kernel :
KerT = {p ∈ R2[x], p = 0}

thus
p = 0⇒ a + c = 0 and a + b = 0.

Hence
b = −a, c = −a.
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So
p = a− ax− ax2 = a(1− x− x2).

Thus
ker(T ) = span{1− x− x2},

and
dim(ker(T )) = 1.

3. Image : any linear polynomial rx+s can be obtained. We need a+c = r and a+b = s.
Choose a = 0, then c = r, b = s gives

p = sx + rx2.

So image is all of R1[x] (degree ≤ 1). Thus

Im T = R1[x]

and
dim(Im T ) = 2.

we can use the rank theorem

dim(R2[x])︸ ︷︷ ︸
=3

= dim(ker(T ))︸ ︷︷ ︸
=1

+ dim(Im T )⇒ dim(Im T ) = 3− 1 = 2

4.
rank T = dim(Im T ) = 2.

2.1.6 Isomorphism

Definition 2.1.6. Let U and V be two vectors spaces over F.
U and V are called isomorphic if there exists a linear map T : U −→ V which is
one-to-one and onto. T is called an isomorphism

Notation : in this case we write U ∼= V
Example 43.

T : R4 −→ R3[x]
a
b
c
d

 7−→ T


a
b
c
d

 = a + bx + cx2 + dx3

T is linear, one-to-one and onto, thus R4 ∼= R3[x].
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Claim 2.3. Using the linear map :

T : Rn+1 −→ Rn[x]
a1
a2
...

an

a(n+1)

 7−→ T


a1
a2
...

an

a(n+1)

 = a1 + a2x + a3x
2 + · · · a(n+1)x

n

we can prove that
Rn[x] ∼= Rn+1

Remark 2.1.2. Isomorphism of vector spaces is an equivalence relation.
1. Reflexive : U ∼= U
2. Symmetric : U ∼= V ⇒ V ∼= U
3. Transitive : U ∼= V, V ∼= W ⇒ U ∼= W

Theorem 2.1.9.
U ∼= V ⇔ dim(U) = dim(V)

Proof :
1. (⇐) Suppose that : dim(U) = dim(V) and let {u1, u2, · · · , un} be a basis for U and
{v1, v2, · · · , vn} be a basis for V. Then

T (α1u1 + α2u2 + · · ·+ αnun) = α1v1 + α2v2 + · · ·+ αnvn

is linear, one-to-one and onto by a previous theorem, and hence implements an isomor-
phism T : U −→ V

2. (⇒) Suppose that : U ∼= V and let {u1, u2, · · · , un} be a basis for U, denote

A = {T (u1), T (u2), · · · , T (un)} ⊆ V

where T is an isomorphism T : U −→ V.

By a previous theorem A spans Im(T ) = V (since T is onto). A is linear independent.
So, if α1T (u1) + α2T (u2) + · · ·+ αnT (un) = 0V then T (α1u1 + α2u2 + · · ·+ αnun) = 0V
so α1u1 + α2u2 + · · · + αnun = 0U (since T is one-to-one Ker(T ) = {0U}). and thus
α1 = α2 = · · · = αn = 0F

Corollary 2.1.3. Every vector space of dimension n over F is isomorphic to Fn

U is vector space over F ⇒ U ∼= Fn

.
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Proposition 2.1.2. Let U be a vector space and B = {ei}1≤i≤n a basis of U then,

∀u ∈ U,∃(xi)1≤i≤n ∈ F : u =
i=n∑
i=1

xiei

The scalars xi are called the components of u, and we wirte :

u = [u]B =


x1
x2
...

xn


2.1.7 Hom(U, V)

Definition 2.1.7. Let U and V be two vectors spaces over F. The collection of all linear
maps from U and V is called Hom(U, V)

Theorem 2.1.10. Hom(U, V) is a vector space over F with respect to addition of linear
maps and scalar multiplication.

recall that if T, S : U −→ V are two linear maps and B is a basis for U, B′ is a basis for
V, then

[T + S]B
′

B = [T + S]B′

B

[αT ]B
′

B = α[T ]B′

B

This means that the map that sends T to [T ]B′
B is linear.

The map φ : Hom(U, V) −→Mm×n(F) such that φ(T ) = [T ]B′
B is a linear map !

We will show that φ is one-to-one and onto, and conclude that

Hom(U, V) ∼= Mm×n(F)

or equivalently :
dim(Hom(U, V)) = dim(U)dim(V)

φ is one to one : We will show that Ker(φ) = {0} (0 map).

Let T ∈ Ker(φ), so φ(T ) = 0 i.e. [T ]B′
B = 0 (0 matrix) recall :

T (u1) = 0v1 + 0v2 + · · ·+ 0vm = 0V

T (u2) = 0v1 + 0v2 + · · ·+ 0vm = 0V

:
:

T (un) = 0v1 + 0v2 + · · ·+ 0vm = 0V
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Thus
T (u) = T (α1u1 + α2u2 + · · ·+ αnun) = 0V, ∀u ∈ U

φ is onto. Let Am×n(F) be a matrix. let’s find a T ∈ Hom(U, V) s.t

φ(T ) = [T ]B′

B = A = (aij),

define :

T (u1) = a11v1 + a21v2 + · · ·+ an1vm

T (u2) = a12v1 + a22v2 + · · ·+ an2vm

...

...
T (un) = a1nv1 + a2nv2 + · · ·+ amnvm

and then indeed T gives rise to a linear map by

T (u) = T (α1u1 + α2u2 + · · ·+ αnun) = α1T (u1) + α2T (u2) + · · ·+ αnT (un)

whose matrix representation is A.

Exercise 16. Let T : R5 → R4 be a linear transformation such that dim ker T = 2. What
is the dimension of Im T ? Can T be surjective ? Can T be injective ?

Solution 16. By the rank–nullity theorem,

dim ker T + dim Im T = dimR5 = 5.

Thus
dim Im T = 5− 2 = 3.

Since the codomain R4 has dimension 4, the image is a 3-dimensional subspace, so T is not
surjective. It is not injective because ker T ̸= {0} (dimension 2).

Exercise 17. Let f : R3 −→ R3 be the linear map defined as

f

x
y
z

 =

 x− y
x + 2y + 3z

y + z


1. Compute a basis of ker(f) and a basis of Im(f),
2. Determine if these two subspaces are in direct sum..

Solution 17. 1.

f

x
y
z

 =

 x− y
x + 2y + 3z

y + z

 .

Kernel :
ker(f) =

{
u ∈ R4, f(u) = oR3

}
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Solve 
x− y = 0
x + 2y + 3z = 0
y + z = 0

⇒


x = y

x + 2y + 3z = 0
y = −z

⇒


0 · x = 0
y = x

z = −x

.

Automatically. So free variable x. Then y = x, z = −x.
Kernel basis :

ker(f) = span


 1

1
−1


 ,

 1
1
−1

 ̸= 0R3

So. dim ker(f) = 1. Image :

Im(f) =
{
f(u) ∈ R3, u ∈ R3

}
Using rank’s theorem

dim(R3) = dim(ker(f)) + dim(Im(f))⇒ dim(Im(f)) = 3− 1 = 2

We have

f(u) =

 x− y
x + 2y + 3z

y + z

 =

 x− y
(x− y) + 3(y + z)

y + z

 = (x− y)

1
1
0

+ (y + z)

0
3
1


So

Im(f) = span


1

1
0

 ,

0
3
1


 . These two are independent.

Basis :


1

1
0

 ,

0
3
1


. So dim(Im(f)) = 2.

2. We compute ker(f) ∩ Im(f)

w ∈ ker(f) ∩ Im(f)⇔ w = α

 1
1
−1

 and w = β

1
1
0

+ γ

0
3
1



⇔


α = β

α = β + 3γ

−α = γ

⇔ α = β = γ = 0

Thus ker(f) ∩ Im(f) = {0R3}. So the two subspaces ker(f) and Im(f) are in direct sum.

R3 = ker(f)⊕ Im(f)

Exercise 18. Let f : R3 −→ R2 be a linear map such that

f

 1
2
3

 =
(

2
1

)
and f

 2
3
4

 =
(

2
4

)
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(-) Compute f

 8
14
20


Solution 18.

(-)

f

 8
14
20

 = f

4

 1
2
3


+ f

2

 2
3
4


 = 4

(
2
1

)
+ 2

(
2
4

)
=
(

12
12

)

Exercise 19. Let f : R3 −→ R3 be a linear map such that

f

 0
0
1

 =

 2
3
4

 , f

 0
2
0

 =

 4
2
6

 and f

 1
0
0

 =

 −1
2
0



(a) Compute f

 1
1
1


(b) Compute the dimensions of kerf and Imf .

Solution 19.
(a) We have

f

 0
0
1

 =

 2
3
4

 , and f

 1
0
0

 =

 −1
2
0


and

f

 0
2
0

 = 2f

 0
1
0

 =

 4
2
6

⇒ f

 0
1
0

 =

 2
1
3


So, the matrix of f with respect to standard bases is

A =

−1 2 2
2 1 3
0 3 4

 .

Thus,

f

 1
1
1

 =

−1 2 2
2 1 3
0 3 4


1

1
1

 =

3
6
7


(b) Kernel and Image :

ker(f) =
{
u ∈ R3, f(u) = Au = oR3

}
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Let u =

x
y
z

 ∈ R3

u ∈ ker(f)⇔ Au = oR3

⇔


−x + 2y + 2z = 0
2x + y + 3z = 0
3y + 4z = 0

⇔ u = oR3

Therfore
ker(f) = {oR3} ⇒ dim(ker(f)) = 0

Using Rank’s theorem

dim(R3) = dim(ker(f)) + dim(Im(f))

we get
dim (Im(f)) = 3− 0 = 3

Exercise 20. Let T : Q[x]≤3 −→ Q3 be a linear map such that

f(ax3 + bx2 + cx + d) =

 a + b
c + d

a + b + c + d


(-) Compute a basis of ker(T ) and a basis of Im(T )

Solution 20.
(-) Kernel and Image :

ker(f) = {P ∈ Q[x]≤3, f(p) = oQ3}

Let p(x) = (ax3 + bx2 + cx + d) ∈ Q[x]≤3

p ∈ ker(f)⇔ f(p) = oQ3

⇔


a + b = 0
c + d = 0
a + b + c + d = 0

⇔


a = −b

c = −d

0 = 0

Thus
p ∈ ker(f)⇔ p(x) = ax3 − ax2 + cx− c = a(x3 − x2) + c(x− 1)

So,

ker(f) = span
{
x3 − x2, x− 1

}
, These two vectors are independent.

Therefore {x3 − x2, x− 1} , basis of ker(f) and dim(ker(f)) = 2.
Using rank’s theorem, we get

dim(Q[x]≤3) = dim(ker(f)) + dim(ker(f))⇒ dim(Im(f)) = 4− 2 = 2
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We have, for all vector w ∈ Q3.

w ∈ Im(f)⇔ w =

 a + b
c + d

a + b + c + d


⇔ w = (a + b)

 1
0
1

+ (c + d)

 0
1
1


So,

Im(f) = span


1

0
1

 ,

0
1
1

 .

 , These two vectors are independent.

Thus


1

0
1

 ,

0
1
1

 .

 basis of Im(f)

Exercise 21. Let L : Q4 −→ Q[x]≤3 the linear map defined by

L


a
b
c
d

 = (a + b)x3 + (c + d)x2 + 2cx + 2d

(-) Compute a basis of ker(L) and a basis of Im(L)

Solution 21.
(-) Kernel and Image :

ker(L) =
{
u ∈ Q4, L(u) = oQ[x]≤3

}

Let u =


a
b
c
d

 ∈ Q4

u ∈ ker(L)⇔ L(u) = oQ[x]≤3

⇔ (a + b)x3 + (c + d)x2 + 2cx + 2d = oQ[x]≤3

⇔


a + b = 0
c + d = 0
2c = 0
2d = 0

⇔


a = −b

c = −d

c = 0
d = 0

Thus
u ∈ ker(L)⇔ p(x) = 0Q[x]≤3

So,
ker(L) =

{
0Q[x]≤3

}
⇔ dim(ker(L)) = 0
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Using rank’s theorem, we get

dim(Q4) = dim(ker(f)) + dim(Im(f))⇒ dim(Im(f)) = 4− 0 = 4

We have Im(L) = Q[x]≤3 So, we can take {x3, x2, x, 1} basis of Im(L).
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Chapitre 3
Matrices and Determinants

3.1 Matrices
Definition 3.1.1. A matrix over a field F is a chart of elements of F arranged in rows
and columns.

Example 44.

A =
(

0 i π
4
√

2 −2i

)
is a matrix over a field C, B =

 1
0
−1

 , is a matrix over a field R.

In general

A =


a11 a12 a13 · · · a1n

a21 a22 a23 · · · a2n

a31 a32 a33 · · · a3n

: : : . . . :
am1 am2 am3 · · · amn


aij is the entry in row i and column j

More notation : A = (aij), A ∈Mmn(F). If n = m then A ∈Mn(F).

Remark 3.1.1. In this course a field F will be R or C.

Terminology
1. Size of a matrix :Mmn "m" means the number of rows and "n" the number of columns.
2. Square matrix : if m = n and A ∈Mn, A is is called a square matrix.
3. Main diagonal matrix : All elements aii.
4. Zero matrix : a matrix with aij = 0, ∀i, j

5. Identity matrix : Identity matrix of size n denoted In is a square matrix where all
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diagonal entries are aii = 1 and all off-diagonal entries are aij = 0, (i ̸= j).

In =



1 0 0 · · · 0 0
0 1 0 · · · 0 0
0 0 1 0 · · · 0
0 0 0 . . . · · · 0
0 0 0 . . . . . . 0
0 0 0 · · · 0 1


Example 45.

I2 =
(

1 0
0 1

)
, I3 =

 1 0 0
0 1 0
0 0 1


6. Diagonal matrix : Diagonal matrix of size n is a square matrix whose only nonzero

entries are on the main diagonal. (every aij = 0, (i ̸= j))

a11 0 0 · · · 0 0
0 a22 0 · · · 0 0
0 0 a33 0 · · · 0
0 0 0 . . . · · · 0
0 0 0 . . . . . . 0
0 0 0 · · · 0 ann


Example 46.

A =
(

1 0
0 2

)
, B =

 1 0 0
0 π 0
0 0

√
2


7. Scalar matrix : is a square matrix where all diagonal entries are aii = c, ∀ i and all

off-diagonal entries are aij = 0, (i ̸= j)

c 0 0 · · · 0 0
0 c 0 · · · 0 0
0 0 c 0 · · · 0
0 0 0 . . . · · · 0
0 0 0 . . . . . . 0
0 0 0 · · · 0 c


8. Transpose matrix : The transpose of an m×n matrix A is the n×m matrix At whose

rows are the columns of A. In other words, the aij entry of At is aji . In other words. If
A ∈Mmn the transpose matrix of A is a matrix noted AT or At or tA s.t At ∈Mnm i.e

A ∈Mnm(F), A = (aij)⇔ At ∈Mmn(F) At = (aji).
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Example 47.

A =
(

1 −5
1/3 2

)
⇒ At =

(
1 1/3
−5 2

)

B =

 1 3 −4
0 π 7
−1 2

√
2

⇒ Bt =

 1 0 −1
3 π 2
−4 7

√
2


9. Symmetric matrix : At = A i.e. aij = aji

Example 48. The matrices A and B are Symmetric

A =
(

1 2
2 3

)
, At =

(
1 2
2 3

)
⇒ A = At

B =

 1 3 −4
3 π 7
−4 7

√
2

, Bt =

 1 3 −4
3 π 7
−4 7

√
2

⇒ B = Bt

10. Skew-Symmetric matrix : At = −A i.e. aij = −aji

Example 49.

A =

 0 3 4
−3 0 −7
−4 7 0


11. Upper triangular matrix : Is a square matrix where aij = 0, for i > j

a11 a12 a13 · · · · · · a1n

0 a22 a23 · · · · · · a2n

0 0 a33 a34 · · · a3n

0 0 0 . . . · · · a11

0 0 0 . . . . . . a(n−1)n
0 0 0 · · · 0 ann


Example 50. (

1 2
0 3

)
,

 1 −2 3
0 6 4
0 0 2

 ,


1 4 0 3
0 2 3 4
0 0 4 −2
0 0 0 −3


12. Lower triangular matrix : Is a square matrix where aij = 0, for i < j

a11 0 0 · · · · · · 0
a21 a22 0 · · · · · · 0
a31 a32 a33 0 · · · 0
... ... ... . . . . . . 0

an1 an2 an3 · · · an(n−1) ann


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Example 51.

(
1 0
4 3

)
,

 1 0 0
1 6 0
0 1 −2

 ,


1 0 0 0
−
√

2 2 0 0
−1 3 4 0
−1 4 π −3


13. Row vector : is matrix with one row(

a1 a2 a3 · · · an

)
Example 52. (

1, 0
)

,
(
−1, 0, −

√
3 + 1

)
,
(

1, 2, −
√

3, 0
)

14. Column vector : is matrix with one column
a1
a2
a3
...

an


Example 53. (

1
3

)
,

 1
−6
7

 ,


1
0
2
3


15. Scalar is matrix : if a ∈ F is a scalar then a ∈M1(F)

Example 54.
1,
√

2, π, · · ·

16. Trace of matrix : The trace of the square matrix A = (aij)1≤i, j≤n is a real number

tr(A) =
n∑

i=1
aii

Example 55. A =
(

1 2
1 −2

)
, tr(A) = 1 + (−2) = −1,

B =

1 2 −4
1 −2 3
2 0 1

 , tr(B) = 1 + (−2) + 1 = 0

3.1.1 Operations on Matrices
Let A, B, C ∈Mnm(F) and α ∈ F s.t :

A = (aij), B = (bij), C = (cij)
1. Equality : A = B if they have exactly the same size and exactly the same entries.

A = B ⇔ aij = bij
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Example 56.  1 0 0
1 6 0
0 1 −2

 =

 1 α 0
1 β 0
γ 1 −2

⇔


α = 0
β = 6
γ = 0

2. Addition : element-wise
A±B = (aij ± bij)

Example 57. 1 0 0
1 6 0
0 1 −2

+

 1 −2 0
1 1 0
−3 1 −2

 =

 2 −2 0
2 7 0
−3 2 −4


3. Scalar times a matrix : entry-wise

αA = (αaij)

Example 58.

3

 1 0 0
1 6 0
0 1 −2

 =

 3 0 0
3 18 0
0 3 −6

 , α

(
2 −2
−3 1

)
=
(

2α −2α
−3α α

)

Properties 3.1.1. Let A, B, C ∈Mnm(F) and α, β ∈ F
1. A + B = B + A Commutative Law of Addition
2. (A + B) + C = A + (B + c) Associative Law of Addition
3. A + 0 = 0 + A = A (0 is a zero matrix) Existence of an Additive Identity.
4. A + (−A) = (−A) + A = 0 Existence of an Additive Inverse
5. α(A + B) = αA + αB Distributive Law over Matrix Addition
6. (α + β)A = αA + βA Distributive Law over Scalar Addition
7. (αβ)A = α(βA) Associative Law for Scalar Multiplication
8. 1FA = A Rule for Multiplication by 1F

9. (A±B)t = At ±Bt

10. (αA)t = αAt

11. (At)t = A

Corollary 3.1.1. The set Mnm(F) is a vector space over a field F

Example 59. M2 (R) =
{(

a b
c d

)
, a, b, c, d ∈ R

}
is vector space over a field R.

Let A =
(

a b
c d

)
∈M2 (R). So

A = a

(
1 0
0 0

)
+ b

(
0 1
0 0

)
+ c

(
0 0
1 0

)
+ d

(
0 0
0 1

)
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We can easily prove that the set
{(

1 0
0 0

)
,

(
0 1
0 0

)
,

(
0 0
1 0

)
,

(
0 0
0 1

)}
is a basis of the vector

space M2 (R) and dim(M2 (R)) = 4

Exercise 22. Which of the following subsets of the vector space M2×2(R) (real 2 × 2
matrices) are subspaces ?

1. W1 =
{(

a b
c d

)
: a + d = 0

}
(traceless matrices).

2. W2 =
{(

a b
c d

)
: ad− bc = 1

}
(matrices with determinant 1).

3. W3 =
{(

a b
c d

)
: a, b, c, d ∈ Z

}
(integer entries).

4. W4 =
{(

a b
c d

)
: a = 0

}
.

Solution 22.
1. W1 is a subspace. Check :

— Zero matrix has 0 + 0 = 0.
— If A, B ∈ W1, then tr(A) = 0, tr(B) = 0. Then

tr(A + B) = 0 + 0 = 0.

— For scalar α,
tr(αA) = α tr(A) = 0.

So W1 is a subspace.
2. W2 is not a subspace. The zero matrix has determinant 0, not 1, so it fails the first

condition.
3. W3 is not a subspace because scalar multiplication can lead to non-integer entries. For

example, take matrix with integer entries and multiply by 1
2 ; the result may not have

integer entries. Closure under scalar multiplication fails.
4. W4 is a subspace. Conditions : all matrices with top-left entry zero. Check :

— Zero matrix has a = 0.
— If two matrices have a = 0 and a′ = 0, their sum also has top-left entry 0 + 0 = 0.
— Scalar multiple : if a = 0, then αa = 0.

Thus W4 is a subspace.

Claim 3.1.
1. In general

dim(Mnm (R)) = n×m and dim(Mn (R)) = n2

2. We can prove that
Mn (R) ∼= Rn2
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Example 60. Let T be a map such that

T : M2 (R) −→ R4

(
a b
c d

)
7−→


a
b
c
d


T is isomorphism so, we get M2 (R) ∼= R4

Matrix multiplication

Definition 3.1.2. The matrix-multiplicative product of the matrix A ∈Mnm(F) and the
matrix B ∈Mml(F) is the matrix C ∈Mnl(F) where

cij =
m∑

k=1
aikbkj = ai1b1j + ai2b2j + · · ·+ aimbmj

Another way to write this is

(AB)ij = (ai1), ai2), · · · , aim)


b1j

b2j

:
:

bmj

 = ai1b1j + ai2b2j + · · ·+ aimbmj


:
:

ai1 ai2 · · · · · · aim

:
:


︸ ︷︷ ︸

A


b1j

b2j

· · · b3j · · ·
:

bmj


︸ ︷︷ ︸

B

=



∑m
k=1 ai1b1j∑m
k=1 ai2b2j

· · · ∑m
k=1 aikbki · · ·

:∑m
k=1 aimbmj


︸ ︷︷ ︸

C

so that the i, j-th entry of the product is the dot product of the i-th row of the first
matrix with the j-th column of the second.

Example 61. 2 0
4 6
8 2

( 1 3
5 7

)
=

 2× 1 + 0× 5 2× 3 + 0× 7
4× 1 + 6× 5 4× 3 + 6× 7
8× 1 + 2× 5 8× 3 + 2× 7

 =

 2 6
34 54
18 38


Some products are not defined, such as the product of a 2 × 3 matrix with a 2 × 2,

because the number of columns in the first matrix must equal the number of rows in the second.
But the product of two n× n matrices is always defined.

Example 62.(
1 2
3 4

)(
−1 0
2 −2

)
=
(

2× (−1) + 2× 2 1× 0 + 2× (−2)
3× (−1) + 4× 2 3× 0 + 4× (−2)

)
=
(

3 −4
5 −8

)
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 1 1
0 1
1 0

( 4 6 8 2
5 7 9 3

)
=

 9 13 17 5
5 7 9 3
4 6 8 2


Properties of matrix multiplication

Properties 3.1.2. Let A ∈Mmn, B ∈Mnl, D ∈Mnl and C ∈Mlg e matrices, then
1. (AB)D = A(BD)
2. A(B + C) = AB + AC

3. (D + B)C = DC + BC

4. α(AB) = (αA)B = A(αB)
5. AIn = ImA = A

6. A0 = 0A = 0 for which the products are defined.
7. (AB)t = BtAt

Proof :
1.

(AB)C =
 n∑

j=1
aijbjk

 ckl

=
 p∑

k=1

 n∑
j=1

aijbjk

 ckl


=
 n∑

j=1
aij

p∑
k=1

(bjkckl)


= aij

( p∑
k=1

(bjkckl)
)

= A(BC)
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2. The proof follows from the fact that

A(B + C) =
n∑

j=1
aij(bjk + cjk) =

n∑
j=1

aijbjk +
n∑

j=1
aijcjk = AB + AC

3. In the same way as propriety 2
4.

α(AB) = α

 n∑
j=1

aijbjk

 =
 n∑

j=1
(αaij)bjk

 = (αA)B =
 n∑

j=1
aij(αbjk)

 = A(αB)

5. Very easy to proof
6. Very easy to proof
7.

(AB)t =
 n∑

j=1
aijbjk

t

Remarks 3.1.1.
— In general, matrix multiplication is not commutative.
— ∀A ∈Mn(R), AIn = InA

Exercise 23. Let

A =
(

2 −1
3 0

)
, B =

(
1 4
−2 5

)
, C =

(
1 2 3
4 5 6

)
, D =

 7 8
9 10
11 12

 .

Compute the following, if possible :
1. A + B

2. 2A− 3B

3. AB and BA

4. CD and DC

5. AT and CT

6. tr(A) and tr(B)

Solution 23.
1.

A + B =
(

2 + 1 −1 + 4
3− 2 0 + 5

)
=
(

3 3
1 5

)
.

2.
2A =

(
4 −2
6 0

)
, 3B =

(
3 12
−6 15

)
,

so
2A− 3B =

(
4− 3 −2− 12
6 + 6 0− 15

)
=
(

1 −14
12 −15

)
.
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3.
AB =

(
2 · 1 + (−1)(−2) 2 · 4 + (−1)5

3 · 1 + 0(−2) 3 · 4 + 0 · 5

)
=
(

2 + 2 8− 5
3 + 0 12 + 0

)
=
(

4 3
3 12

)
.

BA =
(

1 · 2 + 4 · 3 1(−1) + 4 · 0
−2 · 2 + 5 · 3 −2(−1) + 5 · 0

)
=
(

2 + 12 −1 + 0
−4 + 15 2 + 0

)
=
(

14 −1
11 2

)
.

4. C is 2× 3, D is 3× 2, so CD is 2× 2 :

CD =
(

1 · 7 + 2 · 9 + 3 · 11 1 · 8 + 2 · 10 + 3 · 12
4 · 7 + 5 · 9 + 6 · 11 4 · 8 + 5 · 10 + 6 · 12

)

=
(

7 + 18 + 33 8 + 20 + 36
28 + 45 + 66 32 + 50 + 72

)

=
(

58 64
139 154

)
.

DC is 3× 3 :

DC =

 7 · 1 + 8 · 4 7 · 2 + 8 · 5 7 · 3 + 8 · 6
9 · 1 + 10 · 4 9 · 2 + 10 · 5 9 · 3 + 10 · 6
11 · 1 + 12 · 4 11 · 2 + 12 · 5 11 · 3 + 12 · 6


=

 7 + 32 14 + 40 21 + 48
9 + 40 18 + 50 27 + 60
11 + 48 22 + 60 33 + 72


=

39 54 69
49 68 87
59 82 105

 .

5.

At =
(

2 3
−1 0

)
, Ct =

1 4
2 5
3 6

 .

6.
tr(A) = 2 + 0 = 2, tr(B) = 1 + 5 = 6.

Vector Multiplied by a Matrix

Definition 3.1.3. Let A ∈Mmn be a matrix and let v be an n×1 matrix (vector column)
given by

A =


a11 a12 a13 · · · a1n

a21 a22 a23 · · · a2n

a31 a32 a33 · · · a3n

: : : . . . :
am1 am2 am3 · · · amn

 , v =


v1
v2
:
:

vn


Then the product Av is the m× 1 column vector which equals the following linear combi-
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nation of the columns of A :

Av =



∑m
i=1 ai1v1∑m
i=1 ai2v2

:
:∑m

i=1 ainvn


If we write the columns of A in terms of their entries, they are of the form

A =




a11
a21
:
:

am1




a12
a22
:
:

am2

 · · ·


a1j

a2j

:
:

amj

 · · ·


a1n

a2n

:
:

amn



 , we put Aj =


a1j

a2j

:
:

amj


Then, we can write the product Av as

Av =
n∑

j=1
vjAj = v1


a11
a21
:
:

am1

+ v2


a12
a22
:
:

am2

+ · · ·+ vn


a1n

a2n

:
:

amn


Example 63. Compute the product Av for

A =

 1 2 1 3
0 2 1 −2
2 1 1 1

 , v =


1
2
0
1


Solution : We will use Definition(3.1.3) to compute the product. Therefore, we compute

the product Av as

Av = 1

 1
0
2

+ 2

 2
2
1

+ 0

 1
1
1

+ 1

 3
−2
1

 =

 8
2
5


Powers of Square Matrices

Definition 3.1.4. Let A ∈Mn(R) be any square matrix. Then the (nonnegative) powers
of A are given by

A0 = In, A1 = A, A2 = AA, · · ·Ap = Ap−1A

Example 64. Suppose that A =
(

2 1
−4 3

)
. Then

A2 =
(

2 1
−4 3

)2

=
(

0 5
−20 5

)
, A3 = A2A =

(
0 5
−20 5

)(
2 1
−4 3

)
=
(
−20 15
−60 −5

)
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Remark 3.1.2.
∀ p ∈ N, (In)p = In

Example 65. Let A =

 1 0 1
0 −1 0
0 0 2

. Find A2, A2, A3 and A4.

Solution : We get

A2 =

 1 0 3
0 1 0
0 0 4

 , A3 = A2A =

 1 0 7
0 −1 0
0 0 8

 , A4 = A3A =

 1 0 15
0 1 0
0 0 16


We can easily conclude that

∀ p ∈ N, Ap =

 1 0 2p − 1
0 (−1)p 0
0 0 2p


Using proof by recurrence

Remark 3.1.3. As multiplication is not commutative :

(A + B)2 = A2 + AB + BA + B2 ̸= A2 + 2AB + B2

Example 66. Let A =
(

1 −1
0 2

)
and B =

(
0 3
−1 2

)
. We have

(A + B)2 =
(

1 2
−1 4

)2

=
(
−1 10
−5 14

)

But

A2 + 2AB + B2 =
(

0 −3
0 4

)
+ 2

(
1 1
−2 4

)
+
(
−3 6
−2 1

)
=
(
−1 5
−6 13

)

Proposition 3.1.1. Let A ∈Mn(R) and B ∈Mn(R) be two square matrices,

if AB = BA, then (A + B)2 = A2 + 2AB + B2

and
(A + B)p =

p∑
k=0

(
p
k

)
Ap−kBk

where :
(

p
k

)
= Cp

k = p!
k!(p− k)!

Example 67. let’s calculate Ap, where A =


1 1 1 1
0 1 2 1
0 0 1 3
0 0 0 1

.
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We pose N = A− I4, we get

N =


1 1 1 1
0 0 2 1
0 0 0 3
0 0 0 0

 , N2 =


0 0 2 4
0 0 0 6
0 0 0 0
0 0 0 0

 , N3 =


0 0 0 6
0 0 0 0
0 0 0 0
0 0 0 0

 and N4 = 04

The matrix N is said to be nilpotent.

As A = I4 + N and the matrices N and I4 commute then

Ap = (I4 + N)p =
p∑

k=0

(
p
k

)
Ip−k

4 Nk

= I4 + pN + p(p− 1)
2! N2 + p(p− 1)(p− 2)

3! N3, because Nk = 04, ∀k ≥ 4

Therefore

Ap =


1 p p2 p(p2 − p + 1)
0 1 2p p(3p− 2)
0 0 1 3p
0 0 0 1



Exercise 24. Let A =

 2 0 0
0 2 0
0 0 2

 and B =

 0 0 0
2 0 0
3 1 0

, calculate Ap and Bp for all

natural p.Prove that AB = BA and find (A + B)p

Solution 24. 1.
A = 2I3 so Ap = 2pI3.

2. B is nilpotent :

B2 =

0 0 0
0 0 0
2 0 0

 , B3 = 0. Thusforp ≥ 3, Bp = 0.

3.
AB = 2I3B = 2B = B(2I3) = BA.

4. Since A and B commute,

(A + B)p =
p∑

k=0

(
p

k

)
Ap−kBk. Forp ≥ 3, terms with k ≥ 3 vanish.

So :
(A + B)p =

2∑
k=0

(
p

k

)
(2I3)p−kBk = 2pI3 + p · 2p−1B + p(p− 1)

2 2p−2B2.

For p = 1, 2 the formula still holds (with B2 = 0 when p = 1).

Substituting a matrix into a polynomial
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Example 68.

Let, p(x) = 3x3 − x + 2 and A =
(

1 2
0 −1

)
. We can write

p(A) = 3A3 − 5A + 2I2

= 3
(

1 2
0 −1

)3

− 5
(

1 2
0 −1

)
+ 2

(
1 0
0 1

)

=
(

0 −4
0 4

)
= 4

(
0 −1
0 1

)

Inverse matrices

Definition 3.1.5. Let A ∈ Mn(R) be a square matrix, if there exists a matrix B ∈
Mn(R) such that AB = BA = In then we say that A is invertible and we note B = A−1.
Invertible matrices are also called nonsingular. If a matrix has no inverse then it is called
a noninvertible or singular matrix.

A ∈Mn(R) Invertible ⇔ ∃B ∈Mn(R), AB = BA = In

If A is invertible
∀p ∈ N, A−p = (A−1)p = A−1A−1 · · ·A−1︸ ︷︷ ︸

pfactors

The set of invertible matrices is called general linear group GLn(F).

GLn(F) = {A ∈Mn(R), A is invertible}
We’ll discuss how and when it is possible to calculate A−1 for a given square matrix A,

however, we need to develop a few tools before we’re ready for that problem. This much I
can share now :

Example 69. Consider the problem of inverting a square matrix A =
(

1 2
0 3

)
. Let’s

search a matrix B =
(

a b
c d

)
such that AB = BA = I2.

First

AB = I2 ⇔
(

a + 2c b + 2d
3c 3d

)
=
(

1 0
0 1

)
⇔


a + 2c = 1
b + 2d = 0
3c = 0
3d = 1

There is only one solution B =
(

1 −2/3
0 1/3

)
.

To prove that B = A−1, we must also prove the equality BA = I2.

Thus the matrix A invertible and A−1 =
(

1 −2/3
0 1/3

)
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Example 70. The matrix A =
(

3 0
5 0

)
is not invertible

BA = I2 ⇔
(

3a + 5b 0
3c + 5d 0

)
=
(

1 0
0 1

)
⇔


3a + 5b = 1
3c + 5d = 0
0 = 0
0 = 1, Impossible

Example 71.
— The identity matrix In is invertible and I−1

n = In, by equality InIn = In

— The zero matrix In is not invertible and I−1
n = In, because B0n = 0n ̸= In

Proposition 3.1.2. If the matrix A ∈Mn(R) is invertible, then its inverse is unique

Proof : Suppose that there exist two different inverses B1 and B2 of A. As matrix mul-
tiplication is associative, then

B2 = B2In = B2 (AB1)︸ ︷︷ ︸
In

= (B2A)︸ ︷︷ ︸
In

B1 = B1

Contradiction, thus the inverse is unique.

Proposition 3.1.3. If the matrices A ∈Mn(R) and B ∈Mn(R) are invertible, then :
— (AB)−1 = B−1A−1

— (A−1)−1 = A

— (αA)−1 =
1
α

A−1, α ̸= 0
— (At)−1 = (A−1)t

— (Ak)−1 = (A−1)k, k ∈ N

Proof :
— (AB)−1 = B−1A−1 ? We have

(B−1A−1)(AB) = B−1(A−1A)B = B−1(In)B = B−1B = In

and
(AB)(B−1A−1) = A(BB−1)A−1 = A(In)A−1 = AA−1 = In

Therefore
(AB)−1 = B−1A−1

— (A−1)−1 = A ? We have

I−1
n = In ⇔ (AA−1)−1 = In

⇔ (A−1)−1A−1 = In

and
I−1

n = In ⇔ (A−1A)−1 = In

⇔ A−1(A−1)−1 = In
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Thus (A−1)−1 = A

— It is clear that
(
1
α

A−1)(αA) =
α

α
A−1A = In

(αA)(
1
α

A−1) =
α

α
AA−1 = In

Therefore (αA)−1 =
1
α

A−1

— By definition we have
(A−1)tAt = (AA−1)t = (In)t = In

At(A−1)t = (A−1A)t = (In)t = In

Therefore (A−1)t = (At)−1

— Let k ∈ N, we have

(Ak)−1 = (AAA · · ·A︸ ︷︷ ︸
k factors

)−1 = A−1A−1A−1 · · ·A−1︸ ︷︷ ︸
k factors

= (A−1)k

Corollary 3.1.2. Analogously, if A1, A2, , . . . , Am−1, Am are invertible, then

(A1A2A3 . . . A−1
m−1Am)−1 = A−1

m A−1
m−1 . . . A−1

2 A−1
1

Remarks 3.1.2.
— In general AC = BC does not imply A = B

— In general AC = 0 does not imply A = 0 or B = 0

Example 72. Let A =
(

0 1
0 0

)
, B =

(
0 3
0 0

)
and C =

(
1 1
0 0

)
.

— It is clear that A ̸= B but AC = BC = 02

— We have AC = 02 but A ̸= 02 and C ̸= 02 Here A and C both are non-zero matrices
but AC = 02. Thus, the product of two non-zero matrices may be zero.

Proposition 3.1.4. Let A ∈ Mn(R) and B ∈ Mn(R) be two matrices and C ∈ Mn(R)
be an invertible matrix, then

AC = BC ⇒ A = B

Proof : We have

AC = BC ⇒ (AC)C−1 = (BC)C−1

⇒ A(CC−1) = B(CC−1)
⇒ AIn = BIn

⇒ A = B

Exercise 25.

1. Let A =
(

3 0
5 1

)
and B =

(
1 −1
2 0

)
. Calculate A−1, B−1, (AB)−1, (BA)−1 and

A−2
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2. Find the inverse of

 1 0 0
0 2 0
1 0 3


3. Let A =

 −1 −2 0
2 3 0
0 0 1

. Calculate 2A− A2 without calculations, deduce A−1.

Solution 25. 1. We get

A−1 =
1
3

(
1 0
−5 3

)
, B−1 =

1
2

(
0 1
−2 1

)
, AB =

(
3 −3
7 −5

)

(AB)−1 =
1
6

(
−5 3
−7 3

)
, (BA)−1 =

1
6

(
0 1
−6 −2

)
A−2 =

1
9

(
1 0
−20 9

)
2.  1 0 0

0 2 0
1 0 3


−1

=
1
6

 6 0 0
0 3 0
−2 0 2


3.

2A− A2 = 2

 −1 −2 0
2 3 0
0 0 1

−
 −1 −2 0

2 3 0
0 0 1


2

=

 −2 −4 0
4 6 0
0 0 2

−
 −3 −4 0

4 5 0
0 0 1

 =

 1 0 0
0 1 0
0 0 1

 = I3

Thus 2A− A2 = I3, from this equality we can get

A(2I3 − A) = (2I3 − A)A = I3

wish mains that (2I3 − A) is the inverse of A, so

A−1 = 2

 1 0 0
0 1 0
0 0 1

−
 −1 −2 0

2 3 0
0 0 1

 =

 3 2 0
−2 −1 0
0 0 1


Claim 3.2. Consider the problem of inverting a square matrix

A =
(

a b
c d

)

If ad− bc ̸= 0, then the inverse of A is given by

A−1 =
1

ad− bc

(
d −b
−c a

)
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Example 73.
1. (

3 4
1 2

)−1

=
1
2

(
2 −4
−1 3

)
2. Consider the rotation by angle θ in the plane can be represented by a matrix

Rot(θ) =
(

cos(θ) sin(θ)
− sin(θ) cos(θ)

)

Calculate the inverse formula

Rot−1(θ) =
1

cos2(θ) + sin2(θ)

(
cos(θ) − sin(θ)
− sin(θ) cos(θ)

)
=

1
1

(
cos(−θ) sin(−θ)
sin(−θ) cos(−θ)

)
= Rot(−θ)

We observe the inverse matrix corresponds to a rotation by angle −θ, Rot−1(θ) =
Rot(−θ). Notice that Rot(0) = I2 thus Rot(θ)Rot−1(θ) = Rot(0) = I2. Rotations are
very special invertible matrices.

Definition 3.1.6. The symbol δij =
{

1, if i = j
0, if i ̸= j

is called the Kronecker delta.

Example 74. The identity matrix In is defined by In = (δij)1≤i, j≤n

3.1.2 Elementary row operations
Elementary row operations are used in Gaussian elimination to reduce a matrix to

row echelon form. They are also used in Gauss–Jordan elimination to further reduce the
matrix to reduced row echelon form.

There are three types of elementary matrices, which correspond to three types of row
operations (respectively, column operations) :

1. Row switching A row within the matrix can be switched with another row.

Ri ↔ Rj

2. Row multiplication Each element in a row can be multiplied by a non-zero constant.
It is also known as scaling a row.

kRi → Rj, where k ̸= 0

3. Row addition A row can be replaced by the sum of that row and a multiple of another
row.

Ri + kRj → Ri

3.1.3 Ring of Square Matrices

Theorem 3.1.1. The set of square matrices has a ring structure for usual addition and
multiplication.

Proof :
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1. (Mn(F), +) is an abelian group
2. The usual multiplication is associative
3. Multiplication is distributive with respect to addition,
4. The additive identity is unique
Example 75. The set of 2-by-2 square matrices with entries in a field R is

M2(R) =
{(

a b
c d

)
, a, b, c, d ∈ R

}

With the operations of usual matrix addition and usual matrix multiplication, M2(R)
satisfies the ring axioms.

The element
(

1 0
0 1

)
is the multiplicative identity of the ring. If

A =
(

0 1
1 0

)
and B =

(
0 1
0 0

)
then

AB =
(

0 1
1 0

)(
0 1
0 0

)
=
(

0 0
0 1

)
while

BA =
(

1 0
0 0

)
this example shows that the ring is noncommutative.

3.1.4 Vector Space of Matrices

Theorem 3.1.2. Let Mnm(F) be the set of all m × n-matrices with entries in a field
F, together with the usual operations of matrix addition and scalar multiplication. Then
Mnm(F) is a vector space

Proof :
• Let A = (aij), B = (bij) and C = (cij) be matrices of the same size, where : aij, bij, cij ∈

F. Since F is Field, the following properties hold.
— The commutative law of addition

A + B = (aij + bij) = (bij + aij) = B + A.

— The associative law of addition

(A + B) + C = (aij + bij) + (cij) = (aij) + (bij + cij) = A + (B + C).

— The existence of an additive unit

A + 0 = (aij) + (0ij) = (aij + 0ij) = (aij) = A.

— The existence of an additive inverse

A + (−A) = (aij) + (−aij) = (aij − aij) = 0.

Azzi Ahmed 66 University of Tindouf



3.1. MATRICES CHAPITRE 3. MATRICES AND DETERMINANTS

• Let A and B be matrices of the same size, and let k, l ∈ F be scalars. Then the following
properties hold.

— The distributive law over matrix addition

k(A + B) = k(aij + bij) = (kaij) + (kbij) = k(aij) + k(bij) = kA + kB.

— The distributive law over scalar addition

(k + l)A = (k + l)(aij) = k(aij) + l(aij) = kA + lA.

— The associative law for scalar multiplication

k(lA) = k (l(aij)) = (klaij) = (kl)(aij) = (kl)A.

— The rule for multiplication by 1

1A = 1((aij) = (1aij) = (aij) = A.

We now examine an example of a set that does not satisfy all of the above axioms, and is
therefore not a vector space.

Example 76. Let V denote the set of 2 × 3-matrices. Let us define a non-standard
addition in V by A⊕B = A for all matrices A, B ∈ V . Let scalar multiplication in V be
the usual scalar multiplication of matrices. Show that V is not a vector space.
Solution : In order to show that V is not a vector space, it suffices to find one of the 8

axioms that is not satisfied. We will begin by examining the axioms for addition until one is
found which does not hold. In fact, for this example, the very first axiom fails. Let

A =
(

1 0 0
0 0 0

)
, B =

(
0 0 0
1 0 0

)

Then A ⊕ B = A and B ⊕ A = B. Since A ̸= B, we have A ⊕ B ̸= B ⊕ A for these two
matrices. Thus V is not a vector space.
3.1.5 Column space, Row space

Definition 3.1.7. The set of all vectors that can be obtained by adding up scalar multiples
of the columns of a matrix is called its column space . Similarly the row space is the
set of all row vectors obtained by adding up multiples of the rows of a matrix.

3.1.6 Matrix of a Linear map
Let U and V be two vector spaces over a field F such that dim(U) = n and dim(V) = m.

We know that
U ∼= Fn and V ∼= Fm

Theorem 3.1.3. Let T : U −→ V be a linear map. Then we can find a matrix A such
that T (v) = Av, v ∈ U. In this case, we say that T is determined or induced by the
matrix A

Here is why. Suppose T : (U ∼= Fn) −→ (V ∼= Fm) is a linear map and you want to find
the matrix defined by this linear map as ∀v ∈ Fn, T (v) = Av.
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Note that

v =


v1
v2
v3
...

vn

 = v1


1
0
0
...
0

+ v2


0
1
0
...

vn

+ v3


0
0
1
...

vn

+ · · ·+ vn


0
0
0
...
1

 =
n∑

i=1
viei

where ei is the ith column of In, that is the n × 1 vector which has zeros in every slot but
the ith and a 1 in this slot.

Then since T is linear,

T (v) =
n∑

i=1
viT (ei)

=


| |
| |

T (e1) · · · T (en)
| |
| |


︸ ︷︷ ︸

A


v1
v2
v3
...

vn



= A


v1
v2
v3
...

vn


The desired matrix is obtained from constructing the ith column as T (ei) . Recall that the
set {e1, e2, · · · , en} is called the standard basis or canonical basis of Fn. Therefore the
matrix of T is found by applying T to the standard basis. We state this formally as the
following theorem

Theorem 3.1.4. Let T : U −→ V be a linear map. Then the matrix A satisfying T (v) =
Av, v ∈ U. is given by

A =


| |
| |

T (e1) · · · T (en)
| |
| |

 ,

where {e1, e2, · · · , en} is the standard basis of Fn and T (ei) is the ith column of A. A will
be a m× n matrix

Example 77. Suppose T is a linear map, T : R3 −→ R2 where

T

 1
0
0

 =
(

1
2

)
, T

 0
1
0

 =
(

9
−3

)
, T

 0
0
1

 =
(

1
1

)
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Find the matrix A of T such that T (v) = Av for all v ∈ R3.

Solution : In this case, A will be a 2 × 3 matrix, so we need to find T (e1), T (e2) and
T (e3) . Luckily, we have been given these values so we can fill in A as needed, using these
vectors as the columns of A. Hence,

A =
(

1 9 1
2 −3 1

)

Thus T is defined by

T : R3 −→ R2 x
y
z

 7−→ (
1 9 1
2 −3 1

) x
y
z

 =
(

x + 9y + z
2x− 3y + z

)

Exercise 26. Suppose T is a linear map, T : R2 −→ R2 where

T

(
1
1

)
=
(

1
2

)
, T

(
0
−1

)
=
(

3
2

)
.

Find the matrix A of T such that T (v) = Av for all v ∈ R2.

Solution 26. To find this matrix, we need to determine the action of T on e1 and e2. In
Example (77) , we were given these resulting vectors. However, in this example, we have
been given T of two different vectors. How can we find out the action of T one1 and e2 ? In
particular for e1 , suppose there exist x and y such that(

1
0

)
= x

(
1
1

)
+ y

(
0
−1

)
.

Then, since T is linear,

T

(
1
0

)
= xT

(
1
1

)
+ yT

(
0
−1

)
.

Substituting in values, this sum becomes

T

(
1
0

)
= x

(
1
2

)
+ y

(
3
2

)
⇔

{
x = z − 2
y = −t

Exercise 27. Let T : R4 −→ R3 be the linear map defined as

T (v) = Av

where A is a matrix given by A =

1 1 1 1
0 1 0 1
1 0 1 0


1. Determine T (v)
2. Find a basis of U = ker(T ) and a basis of W = Im(T )
3. Find a set of cartesian equations for W , i.e. write W as the set of solutions of a
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homogeneous linear system.
Solution 27.

1.

T


x
y
z
t

 =

x + y + z + t
y + t
x + z

 .

2. Kernel :
ker(T ) =

{
u ∈ R4, T (u) = oR3

}
solve 

x + y + z + t = 0
y + t = 0
x + z = 0

⇒


x + y + z + t = 0
y = −t

x = −z

⇒


0 = 0
y = −t

x = −z

.

Automatically. So free variables x, y. Then z = −x, t = −y.
Kernel basis :

ker(T ) = span




1
0
−1
0

 ,


0
1
0
−1

 .

 , These two vectors are independent.

So. dim ker = 2.
3. Image : columns of A :

c1 =

1
0
1

 , c2 =

1
1
0

 , c3 =

1
0
1

 = c1, c4 =

1
1
0

 = c2.

So

Im T = span{

1
0
1

 ,

1
1
0

}.
These two are independent. Basis :


1

0
1

 ,

1
1
0


. So dim(Im(T )) = 2.

4. Cartesian equations for W : Let u =

x
y
z

 ∈ R3, so

u ∈ W ⇔ u = α

1
0
1

+ β

1
1
0

⇔


x = α + β

y = β

z = α

⇔ x− y − z = 0

second method : Since dim(W ) = 2, W is a plane in R3. Find normal vector by cross

product :

1
0
1

×
1

1
0

 = det

i j k
1 0 1
1 1 0

 =

−1
1
1

. Thus equation : x− y − z = 0. So

W = {(x, y, z) ∈ R3 : −x + y + z = 0}.
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Exercise 28. R3π/2 : R2 −→ R2 is a rotation by 3π/2 find R(3π/2)

(
8
7

)

Solution 28. We have
Rθ(u) =

(
cos(θ) − sin(θ)
sin(θ) cos(θ)

)(
x
y

)
.

Thus

R(3π/2)

(
8
7

)
=
(

cos(3π/2) − sin(3π/2)
sin(3π/2) cos(3π/2)

)(
8
7

)
,

=
(

0 1
−1 0

)(
8
7

)
=
(

7
−8

)
.

Composition of Linear maps

Theorem 3.1.5. Let T : Rk −→ Rn and S : Rn −→ Rm be linear maps such that T is
induced by the matrix A and S is induced by the matrix B. Then S ◦ T is a linear map
which is induced by the matrix BA.

Rk −→ Rn −→ Rm

Example 78. Let T be a linear map induced by the matrix A =
(

1 2
2 0

)
and S a linear

map induced by the matrix B =
(

2 3
0 1

)
Find the matrix of the composite map S ◦ T .

Then, find S ◦ T

(
1
4

)
.

Solution : the matrix of S ◦ T is given by BA.

BA =
(

2 3
0 1

)(
1 2
2 0

)
=
(

8 4
2 0

)

To find S ◦ T

(
1
4

)
, multiply

(
1
4

)
by BA as follows
(

8 4
2 0

)(
1
4

)
=
(

24
2

)
To check, first determine

T

(
1
4

)
=
(

1 2
2 0

)(
1
4

)
=
(

9
2

)

Then, compute S

(
T

(
1
4

))
as follows :

(
2 3
0 1

)(
9
2

)
=
(

24
2

)
3.1.7 The rank-nullity theorem
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Definition 3.1.8. Let Am×n be a matrix and T : Fn −→ Fm be a linear map. defined by
T (v) = Av, v ∈ Fn. The null space of a matrix A, also referred to as the kernel of A, is
defined as follows.

null(A) = {v ∈ Fn Av = 0Fm}

Definition 3.1.9. The dimension of the null space of a matrix is called the nullity,
denoted dim(null(A)).

▷ The rank of a matrix A is the maximum number of linearly independent rows (or
columns). Equivalently, it is the dimension of the column space (or row space).

▷ The rank of a matrix A, written rankA , is equal to the number of pivots in an echelon
form of A. It is equal to the number of non-zero rows in its echelon form.

The rank is a very important property of a matrix and, depending on the context in which
the matrix is used ; it will be defined in many different ways. Of course, all the definitions
lead to the same number.

▷ The nullity is the dimension of the null space (solutions to Ax = 0).

Theorem 3.1.6. Let Am×n be a matrix over F Then the null space of A is a subspace of
Fn.

Theorem 3.1.7. Let Am× n be an matrix. Then

rank(A) + dim(null(A)) = n.

Proposition 3.1.5. Let Am×n be a matrix over F. Define T : Fm −→ Fn by T (v) = Av.
Then

1. T is linear map
2. Im(T ) = Col(A)
3. rank(T ) = ran(A)
4. ker(T ) = null(A)

Example 79. Find the rank of 
1 2 3 1 2
2 1 2 3 1
3 3 5 4 3
1 −1 −1 2 1


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Solution :
1 2 3 1 2
2 1 2 3 1
3 3 5 4 3
1 −1 −1 2 1


R4 −R1
R3 − 3R1
R2 − 2R1
−−−−−−→


1 2 3 1 2
0 −3 −4 1 −3
0 −3 −4 1 −3
0 −3 −4 1 −3

R4 −R2
R3 −R2
−−−−−→


1 2 3 1 2
0 −3 −4 1 −3
0 0 0 0 0
0 0 0 0 0



−1
3R2
−−−→


1 2 3 1 2
0 1 4/3 −1/3 1
0 0 0 0 0
0 0 0 0 0


This is echelon form of matrix A and the number of its nonzero rows is 2, therefore, the rank
of A is 2.

Example 80. Find the rank and nullity of A =

1 2 3
2 4 6
3 6 9

.

Solution : Row reduce : 1 2 3
2 4 6
3 6 9

 R2−2R1−−−−→

1 2 3
0 0 0
0 0 0

 .

Thus rank = 1. Since there are 3 columns, nullity = 3− 1 = 2.

Exercise 29. In R4, consider the vectors

u1 =


1
2
1
0

 , u2 =


2
1
0
1

 , u3 =


1
−1
−1
1

 , u4 =


3
3
1
1

 .

Find a basis for the subspace W = span{u1, u2, u3, u4}. Determine its dimension.

Solution 29.
Form a matrix with these vectors as rows (or columns). We’ll use rows for simplicity :

A =


1 2 1 0
2 1 0 1
1 −1 −1 1
3 3 1 1


Row reduce :

R2 ← R2 − 2R1 :
R3 ← R3 −R1 :
R4 ← R4 − 3R1 :

→


1 2 1 0
0 −3 −2 1
0 −3 −2 1
0 −3 −2 1


Subtract R2 from R3 and R4 : 

1 2 1 0
0 −3 −2 1
0 0 0 0
0 0 0 0


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Thus only the first two rows are non-zero. Hence a basis for W consists of u1 and u2 (since
they are linearly independent). Alternatively, the reduced rows (1, 2, 1, 0) and (0,−3,−2, 1)
are also a basis. The dimension is 2.

3.2 Change of Basis
The matrix of a linear map on a vector space V depends both on the map itself and on

the basis we choose for V. Some bases make it easy to compute coordinates (components)
of vectors, while others make the maps we are intersted in look simple. Unfortunately, these
bases are usually not the same, so we need to understand how to convert from one basis to
another.
1- Operators

We begin with operators. (i.e : T : V→ V ). Suppose V is a vector space with bases B
and D, that T is an operator on V, and that we have computed the matrix [T ]B (matrix
associated to T with respect to the basis B ). Now, for whaterver reason, we wish to
change our basis from B to D. How does that change our matrix ?
The situation is described in diagram below.

We are looking for a matrix [T ]D that converts the coordinates [v]D of v in the D basis
into the coordinates [T (v)]D. We already know that multiplication by the change of basis
matrix PBD converts [v]D to [v]B, that multiplication by [T ]B converts [v]B to [T (v)]B,
and that multiplication by the matrix PDB converts [T (v)]B to [T (v)]D. The product
of the three matrices therefore converts [v]D to [T (v)]D. This product therefore equals
[L]D. In other words, we have proven :

Theorem 3.2.1. Let T be an operator on a vector space with alternate bases B and
D. The matrix of T relative to D is given by

[T ]D = PDB[T ]BPBD.

PBD define the change-of-basis matrix from B to D.

Since [P ]−1
BD = [P ]DB, we can alsowrite this result as

[T ]D = PDB[T ]BP −1
DB

or as
[T ]D = P −1

BD[T ]BPBD

Example 81. Let V = R2 with the canonical baisis B = {e1, e2} and let D =
{d1 = e1 + e2, d2 = e1 − e2} be the alternate basis .
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The change of basis matrices are

PBD =
(

1 1
1 −1

)
, PDB = P −1

BD =
(

1/2 1/2
1/2 −1/2

)

If T is an operator that takes e1 to d1 = 2e1 + e2 and takes e2 to d2 = e1 + 2e2, then
the matrix of T in the B basis is

[T ]B =
(

2 1
1 2

)

while the matrix of T in the new basis D is given by

[T ]D = PDB[T ]BPBD

=
(

1/2 1/2
1/2 −1/2

)(
2 1
1 2

)(
1 1
1 −1

)
=
(

3 0
0 1

)

Remark 3.2.1. We can see that in the basis D we have

T (d1) = [T ]D[d1]D =
(

3 0
0 1

)(
1
0

)
=
(

3
0

)
= 3d1

and
T (d2) = [T ]D[d2]D =

(
3 0
0 1

)(
0
1

)
=
(

0
1

)
= 1d2

In this example, the basis D makes our operator look very simple. In fact, every opera-
tor can be made to look simple through the right choice of basis.

2- Linear map

Theorem 3.2.2. Let U be a vector space with bases B and D, let V be a vector space
with bases B′ and D′, and let T : U→ V be an linear map. Let [T ]B′B be the matrix
of T relative to the B and B′ bases. The matrix of T relative to the D and D′ bases
is given by

[T ]D′D = PD′B′ [T ]B′BPBD

Example 82.
Let U = R2 with the canonical basis B = {e1, e2} and the alternate basis
D = {e1 + e2, e1 − e2}, and let V = R3 with the canonical baisis B′ = {ε1, ε2, ε3}
and the alternate basis D′ {ε1 + ε2, ε1 − ε2, ε3} .

Let T : R2 → R3 be a linear map defined by :

∀(x, y) ∈ R2, T

(
x
y

)
=

x + y
y − x

x


Find the matrix relative to the D and D′, ([T ]D′D).
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Solution :

The matrix of T relative to B and B′ is

[T ]BB′ =

 1 1
−1 1
1 0


The change of basis matrices are

PBD =
(

1 1
1 −1

)
, PDB = P −1

BD =
(

1/2 1/2
1/2 −1/2

)

and

PB′D′ =

1 1 0
1 −1 0
0 0 1

 , PD′B′ = P −1
B′D′ = 1

2

1 1 0
1 −1 0
0 0 2


 1 1
−1 1
1 0


while the matrix relative to the D and D′ bases is given by

[T ]D′D = PD′B′ [T ]B′BPBD

= 1
2

1 1 0
1 −1 0
0 0 2


 1 1
−1 1
1 0

(1 1
1 −1

)

=

1 −1
1 1
1 1


Exercise 30 (see also ??). Consider the matrix :

A =
(

2 −1 1
3 2 −3

)

Let T : R3 → R2 be the linear map associated with matrix A with respect to the stan-
dard bases (canonical bases) of R3 and R2, denoted by B = {e1, e2, e3} and B′ {f1, f2}
respectively. Let : 

e
′
1 = e2 + e3,

e
′
2 = e1 + e3,

e
′
3 = e1 + e2,

and

f
′
1 = 1

2(f1 + f2),
f

′
2 = 1

2(f1 − f2)
.

1. Show that B′ =
{
e

′
1, e

′
2, e

′
3

}
is a basis of R3 and that D′ =

{
f

′
1, f

′
2

}
is a basis of R2.

2. Give the matrix associated with T in this new basis.
Solution 30.

1. Readers may verify for themselves that
{
e

′
1, e

′
2, e

′
3

}
and

{
f

′
1, f

′
2

}
are bases of R3 and

R2, respectively
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2. The transition matrix of B to B′ is given by :

[P ]BB′ =

0 1 1
1 0 1
1 1 0

 .

Also, the transition matrix from D to D′ is given by :

[P ]DD′ = 1
2

(
1 1
1 −1

)
.

We also know that matrix [T ]DD′ in the new basis is given by the formula
[T ]D′D = PD′B′ [T ]B′BPBD.

From different ways to find [P ]D′B′, here we choose to express the elements of the basis
B′ in terms of the basis D′, which allows us to determine [P ]D′B′. We have

f
′
1 = 1

2(f1 + f2),

f
′
2 = 1

2(f1 − f2)
=⇒

f1 = f
′
1 + f

′
2,

f2 = f
′
1 − f

′
2

.

So
[P ]D′B′ = [P ]−1

B′D′ =
(

1 1
1 −1

)
Thus,

[T ]D′D = PD′B′ [T ]B′BPBD =
(

1 1
1 −1

)(
2 −1 1
3 2 −3

)0 1 1
1 0 1
1 1 0

 .

Therefore,

[T ]D′D = PD′B′ [T ]B′BPBD =
(
−1 3 6
1 3 −4

)
.

3.3 Determinant
let A be a square matrix. The determinant of A, denoted by det(A) is a very important

number which we will explore throughout this section. If A is a 2×2 matrix, the determinant
is given by the following formula.

Definition 3.3.1. Let A =
(

a b
c d

)
. Then det(A) = ad− cb

The determinant is also often denoted by enclosing the matrix with two vertical lines.
Thus

det(A) =
∣∣∣∣∣a b
c d

∣∣∣∣∣ = ad− cb.

The 2× 2 determinant can be used to find the determinant of larger matrices. We will now
explore how to find the determinant of a 3× 3 matrix, using several tools including the 2× 2
determinant. We begin with the following definition.
The ijth Minor of a Matrix
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Definition 3.3.2. The determinant of a matrix A obtained by eliminating the ith row
and jth column of A is called the ijth Minor of A, denote Mij.

Hence, there is a minor associated with each entry of A. Consider the following example
which demonstrates this definition.

Example 83. Let A =

1 2 3
4 3 2
3 2 1

. Find minor A12 and minor A23.

Solution : First we will find minor A12. By Definition, this is the determinant of the
2× 2 matrix which results when you delete the first row and the second column. This minor
is given by

M12 = det
(

4 3
3 1

)
= (4)(1)− (3)(2) = −2.

Therefore M12 = −2.

Similarly, minor(A)23 is the determinant of the 2×2 matrix which results when you delete
the second row and the third column. This minor is therefore

M23 = det
(

1 2
3 2

)
= −4.

The ijth Cofactor of a Matrix

Definition 3.3.3. Let A be an n × n matrix. The ijth cofactor, denoted by cof(A)ij is
defined to be

cof(A)ij = (−1)i+jMij

Example 84. Let A =

1 2 3
4 3 2
3 2 1

. Find cof(A)12 and cof(A)23.

Solution :
cof(A)12 = (−1)1+2M12 = −(−2) = 2
cof(A)23 = (−1)2+3M23 = −(−4) = 4

Determinant of a Matrix

Definition 3.3.4. Let A = (aij)1≤i,j≤n be an n×n matrix, the determinant of A, is given
by

det(A) =
n∑

j=1
aijcof(A)ij

This process when applied to the ith row (column) is known as expanding along the ith

row (column) as is given by

When calculating the determinant, you can choose to expand any row or any column.
Regardless of your choice, you will always get the same number which is the determinant
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of the matrix A. This method of evaluating a determinant by expanding along a row or a
column is called Laplace Expansion or Cofactor Expansion.

Consider the following example.

Example 85. Find det(A) = det

1 2 3
4 3 2
3 2 1

.

Solution :
1. First, we will calculate det(A) by expanding along the first column. Using Definition

(3.3.4).

det(A) = 1

cof(A)11︷ ︸︸ ︷
(−1)1+1

∣∣∣∣∣3 2
2 1

∣∣∣∣∣+4

cof(A)21︷ ︸︸ ︷
(−1)2+1

∣∣∣∣∣2 3
2 1

∣∣∣∣∣+3

cof(A)31︷ ︸︸ ︷
(−1)3+1

∣∣∣∣∣2 3
3 2

∣∣∣∣∣
= −1 + 16− 15 = 0

2. we can choose to expand along any row or column. Let’s try now by expanding along
the second row. Here, we take the 4 in the second row and multiply it to its cofactor,
then add this to the 3 in the second row multiplied by its cofactor, and the 2 in the
second row multiplied by its cofactor. The calculation is as follows.

det(A) = 4

cof(A)21︷ ︸︸ ︷
(−1)2+1

∣∣∣∣∣2 3
2 1

∣∣∣∣∣+3

cof(A)22︷ ︸︸ ︷
(−1)2+2

∣∣∣∣∣1 3
3 1

∣∣∣∣∣+2

cof(A)23︷ ︸︸ ︷
(−1)2+3

∣∣∣∣∣1 2
3 2

∣∣∣∣∣
= 16− 24− 8 = 0

You can see that for both methods, we obtained det(A) = 0.

Example 86. Compute det A for A =

1 2 3
0 −1 4
2 3 1

.

Solution : Expand along first row :

det A = 1 · det
(
−1 4
3 1

)
− 2 · det

(
0 4
2 1

)
+ 3 · det

(
0 −1
2 3

)
= 1[(−1)(1)− 4(3)]− 2[0(1)− 4(2)] + 3[0(3)− (−1)(2)]
= 1(−1− 12)− 2(0− 8) + 3(0 + 2) = −13 + 16 + 6 = 9.

Example 87. Find det


1 2 3 4
5 4 2 3
1 3 4 5
3 4 3 2

.

Solution :
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As in the case of a 3× 3 matrix, you can expand this along any row or column. Lets pick
the third column. Then, using Laplace Expansion,

det(A) = 3

cof(A)13︷ ︸︸ ︷
(−1)1+3

∣∣∣∣∣∣∣
5 4 3
1 3 5
3 4 2

∣∣∣∣∣∣∣+2

cof(A)23︷ ︸︸ ︷
(−1)2+3

∣∣∣∣∣∣∣
1 2 4
1 3 5
3 4 2

∣∣∣∣∣∣∣+4

cof(A)33︷ ︸︸ ︷
(−1)3+3

∣∣∣∣∣∣∣
1 2 4
5 4 3
3 4 2

∣∣∣∣∣∣∣+
cof(A)43︷ ︸︸ ︷

(−1)4+3

∣∣∣∣∣∣∣
1 2 4
5 4 3
1 3 5

∣∣∣∣∣∣∣
Now, you can calculate each 3×3 determinant using Laplace Expansion, as we did above.

You should complete these as an exercise and verify that det(A) = −12.

The following provides a formal definition for the determinant of an n×n matrix. You may
wish to take a moment and consider the above definitions for 2× 2 and 3× 3 determinants
in context of this definition.

Definition 3.3.5. Let A be an n × n matrix where n ≥ 2 and suppose the determinant
of an (n− 1)× (n− 1) has been defined. Then

det(A) =
n∑

j=1
aijcof(A)ij =

n∑
i=1

aijcof(A)ij

The first formula consists of expanding the determinant along the ith row and the second
expands the determinant along the jth column.

3.3.1 Properties

Properties 3.3.1.
1. Triangular Matrices :

det


a11 a12 a13 · · · a1n

0 a22 a23 · · · a2n

0 0 a33 · · · a3n
... ... ... . . . :
0 · · · 0 · · · ann

 = det


a11 0 0 · · · 0
a21 a22 0 · · · 0
a31 a32 a33 · · · 0
... ... ... . . . :

a1n · · · an3 · · · ann

 =
n∏

i=1
aii

2. Let A be a matrix where tA is the transpose of A. Then,

det
(

tA
)

= det(A)

3. Let A be an n × n matrix. Then A is invertible if and only if det(A) ̸= 0. If this is
true, it follows that

det
(
A−1

)
= 1

det(A)
4. If A is an n× n matrix such that one of its rows/columns consists of zeros, then

det(A) = 0.

5. Let A and B be two n× n matrices. Then

det(AB) = det(A) det(B)
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6. If A is an n× n matrix and λ ∈ R. Then

det(λA) = λn det(A)

7. Swapping two rows changes the sign of the determinant.
8. Adding a multiple of one row to another does not change the determinant.
9. Multiplying a row by a scalar multiplies the determinant by that scalar.

Exercise 31. Find the inverse of A =


1 0 0 1
0 2 1 2
2 1 0 1
2 0 1 4

 using the adjugate formula.

Solution 31. The adjugate formula is given by

A−1 = 1
det(A)adj(A)

where adj(A) = (cof(A)ij)t.

Step1 :

det(A) = det


1 0 0 1
0 2 1 2
2 1 0 1
2 0 1 4

 = det


1 0 0 0
0 2 1 2
2 1 0 −1
2 0 1 2

 C4 ←− C4 − C1.

= det

2 1 2
1 0 −1
0 1 2

 = 2

Step2 : Cofators Cij

cof(A)ij =



+

∣∣∣∣∣∣∣
2 1 2
1 0 1
0 1 4

∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣
0 1 2
2 0 1
2 1 4

∣∣∣∣∣∣∣ +

∣∣∣∣∣∣∣
0 2 2
2 1 1
2 0 4

∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣
0 2 1
2 1 0
2 0 1

∣∣∣∣∣∣∣
−

∣∣∣∣∣∣∣
0 0 1
1 0 1
0 1 4

∣∣∣∣∣∣∣ +

∣∣∣∣∣∣∣
1 0 1
2 0 1
2 1 4

∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣
1 0 1
2 1 1
2 0 4

∣∣∣∣∣∣∣ +

∣∣∣∣∣∣∣
1 0 0
2 1 0
2 0 1

∣∣∣∣∣∣∣
+

∣∣∣∣∣∣∣
0 0 1
2 1 2
2 1 4

∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣
1 0 1
0 1 2
2 1 4

∣∣∣∣∣∣∣ +

∣∣∣∣∣∣∣
1 0 1
0 2 2
2 0 4

∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣
1 0 0
0 2 1
2 0 1

∣∣∣∣∣∣∣
−

∣∣∣∣∣∣∣
0 0 1
2 1 2
1 0 1

∣∣∣∣∣∣∣ +

∣∣∣∣∣∣∣
1 0 1
0 1 2
2 0 1

∣∣∣∣∣∣∣ −
∣∣∣∣∣∣∣
1 0 1
0 2 2
2 1 1

∣∣∣∣∣∣∣ +

∣∣∣∣∣∣∣
1 0 0
0 2 1
2 1 0

∣∣∣∣∣∣∣



=


−4 2 −16 6
−1 1 −2 1
2 0 4 −2
1 −1 4 −1


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Step3 :

adj(A) = (cof(A)ij)t =


−4 −1 2 1
2 1 0 −1
−16 −2 4 4

6 1 −2 −1


Therefore

A−1 = 1
det(A)adj(A) = 1

2


−4 −1 2 1
2 1 0 −1
−16 −2 4 4

6 1 −2 −1


3.3.2 Gaussian elimination

Gaussian elimination is a useful and easy way to compute the inverse of a matrix. To com-
pute a matrix inverse using this method, an augmented matrix is first created with the left
side being the matrix to invert and the right side being the identity matrix. Then, Gaussian
elimination is used to convert the left side into the identity matrix, which causes the right
side to become the inverse of the input matrix.

Let A ∈ Mn be a square matrix. The methode is given by augment with In and row
reduce :

(A | In) Elementries operations−−−−−−−−−−−−−−−−→
(
In |A−1

)
Example 88. Find the inverse of (

−1 3/2
1 −1

)

Solution :(
−1 3/2 1 0
1 −1 0 1

)
R1 + R2 → R2−−−−−−−−−−→

(
−1 3/2 1 0
0 1 1 1

)
R1 − 3R2 → R1−−−−−−−−−−−→

(
−1 0 −2 −3
0 1/2 1 1

)

−R1 → R1
2R2 → R2
−−−−−−−→

(
1 0 2 3
0 1 2 2

)

Thus
A−1 =

(
2 3
2 2

)
Example 89. Find the inverse of 0 1 1

1 1 1
2 1 0


Solution : 0 1 1 1 0 0
1 1 1 0 1 0
2 1 0 0 0 1

R1 ↔ R2−−−−−−→

 1 1 1 0 1 0
0 1 1 1 0 0
2 1 0 0 0 1

R3 − 2R1 → R3−−−−−−−−−−−→

 1 1 1 0 1 0
0 1 1 1 0 0
0 −1 −2 0 −2 1


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R3 + R2 → R3−−−−−−−−−−→

 1 1 1 0 1 0
0 1 1 1 0 0
0 0 −1 1 −2 1

R3 + R2 → R2−−−−−−−−−−→

 1 1 1 0 1 0
0 1 0 2 −2 1
0 0 −1 1 −2 1



R1 −R2 + R3 → R1−−−−−−−−−−−−−−→

 1 0 0 −1 1 0
0 1 0 2 −2 1
0 0 −1 1 −2 −

−R3 → R3−−−−−−−→

 1 0 0 −1 1 0
0 1 0 2 −2 1
0 0 1 −1 2 2


Thus

A−1 =

−1 1 0
2 −2 1
−1 2 −2


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Chapitre 4
Linear Systems

4.1 Introduction to Linear Systems and Matrices
We now introduce linear equations, linear systems, and matrices.

4.1.1 Linear equations and linear systems
We consider

a1x + a2x
2 + · · ·+ anxn = b,

where ai ∈ R (i = 1, 2, · · · , n) are coefficients, xi (i = 1, 2, · · · , n) are variables (unk-
nowns), n is a positive integer, and b ∈ R is a constant.

Definition 4.1.1. A linear system (or system of linear equations) is a collection of
equations of the form 

a11x1 + a12x2 + · · ·+ a1nxn = b1

a21x1 + a22x2 + · · ·+ a2nxn = b2
...

am1x1 + am2x2 + · · ·+ amnxn = bm

When bi = 0, ∀ 1 ≤ i ≤ n, the linear system is called a homogeneous linear system.

The goal is to find all n-tuples (x1, . . . , xn) that satisfy all equations simultaneously. The
set of all solutions of the equation is called the solution set of the equation.

Example 90. Consider the system2x− 3y = 5
−x + 4y = 2

This is a linear system with two equations and two unknowns. It can be solved by substi-
tution or elimination. For instance, multiplying the second equation by 2 and adding to the
first yields 5y = 9, so y = 9/5, and then x = 2 + 4y = 2 + 36/5 = 46/5, thus the solution set
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is
S = {(46/5, 9/5)}

Example 91. Consider the following linear systema11x + a12y = b1
a21x + a22y = b2.

The graphs of these equations are lines called l1 and l2. We have three possible cases of
lines l1 and l2 in xy-plane. See Figure 1.1.

— When l1 and l2 are parallel, there is no solution of the system.
— When l1 and l2 intersect at only one point, there is exactly one solution of the system.
— When l1 and l2 coincide, there are infinitely many solutions of the system.
Example 92. We consider the following linear equations :

(a) x + y = 1.

(b) x + y + z = 1.

It is easy to see that the solution set of (a) is a line in xy-plane and the solution set of (b)
is a plane in xyz-space.

Definition 4.1.2. Two linear systems with m equations in n unknowns are equivalent to
each other if they have the same solutions.

4.1.2 Matrix Representation
The system can be written compactly using matrices. Let

A =


a11 a12 · · · a1n

a21 a22 · · · a2n
... ... . . . ...

am1 am2 · · · amn

 , x =


x1
x2
...

xn

 , b =


b1
b2
...

bm

 .

Then the system is
Ax = b.

Here A is called the coefficient matrix, x the unknown vector, and b the constant
vector. If m = n (square matrix), we often look for a unique solution.

Corollary 4.1.1. For a linear system Ax = b :
— If rank(A) = rank([A|b]), the system is consistent.
— If rank(A) = n (full column rank), the solution is unique.
— If rank(A) < n, there are infinitely many solutions (if consistent), parameterized by

n− rank(A) free variables.

Example 93. The system 2x− 3y = 5
−x + 4y = 2
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becomes (
2 −3
−1 4

)(
x
y

)
=
(

5
2

)
..

So 2x− 3y = 5
−x + 4y = 2

⇐⇒
(

2 −3
−1 4

)(
x
y

)
=
(

5
2

)
.

4.2 Solving Linear Systems
There are several methods to solve linear systems. We present the most important ones.

4.2.1 Gaussian Elimination and Gauss-Jordan Elimination
a- Augmented matrix

Let

A =


a11 a12 · · · a1n

a21 a22 · · · a2n
... ... . . . ...

am1 am2 · · · amn

 , x =


x1
x2
...

xn

 , b =


b1
b2
...

bm

 .

Then the system is
Ax = b.

Definition 4.2.1. The matrix which is made up of the coefficient matrix A and the right-
hand side b is called the augmented matrix of the system and is denoted by [A|b] . For
a linear system of m equations in n unknowns the augmented matrix is the m × (n + 1)
matrix :

(A|b) =


a11 a12 · · · a1n b1
a21 a22 · · · a2n b2
... ... . . . ... ...

am1 am2 · · · amn bm


Example 94. Derive the augmented matrix for the following linear system.

2x + 3y = 7
x− 4y − z = −2
2y − 3z = 1

Solution : We have the coefficient, unknown, and right-hand side matrices :
2x + 3y = 7
x− 4y − z = −2
2y − 3z = 1

⇔

 2 3 0
1 −4 −1
0 2 −3


︸ ︷︷ ︸

A

 x
y
z


︸ ︷︷ ︸

x

=

 7
−2
1


︸ ︷︷ ︸

b
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so the augmented matrix is :

(A|b) =

 2 3 0 7
1 −4 −1 −2
0 2 −3 1

 .

b- Row Echelon Form

Definition 4.2.2. The leftmost, nonzero entry in a row of a matrix is called the leading
entry or pivot.

Example 95. Consider the linear system
2x + 3y = 7
4y − z = −2
−3z = 1

.

Solution :
So its corresponding augmented matrix is therefore

(A|b) =

 2 3 0 7
0 4 −1 −2
0 0 −3 1

 .

2 and 4 are two pivots .

Definition 4.2.3. A matrix is in row echelon form (REF) if :
1. All zero rows (i.e. rows consisting entirely of zeros) are at the bottom of the matrix.
2. All elements below a leading entry (pivot) are zero.
3. Each leading entry is to the right of the leading entries of all rows above it.
4. Each leading entry is equal to 1. Such an entry is called the leading 1.

Examples 1. These matrices are in (REF) form, 1 2 −3
0 1 −5
0 0 0

 ,

(
1 2 −3 3
0 1 −5 −2

)

c- Reduced Row Echelon Form

Definition 4.2.4. A matrix is in reduced row echelon form (RREF) if it is in row
echelon form and the leading one is the only nonzero entry in its column.

Examples 2. These matrices are in RREF form, 1 0 0 2
0 1 0 5
0 0 1 −2

 ,

 1 0 −3
0 1 −5
0 0 0


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Exercise 32. Determine if the matrices are in REF, RREF, or neither. 1 8 −3
0
√

2 π
0 0 0

 ,

(
1 π 2 3/2
0 1 −2 4

)
,

 1 0 0 2
0 1 0 5
0 0 1 −2

 ,

 1 0 −3
0 1 −5
0 0 0

 ,

 2 1 0 0
0 1 0 0
1 0 1 0

 ,

 1 2 3
0 0 0
0 0 1


Solution 32. 1 8 −3

0
√

2 π
0 0 0

⇒ REF,

(
1 π 2 3/2
0 1 −2 4

)
⇒ REF,

 1 0 0 2
0 1 0 5
0 0 1 −2

⇒ RREF,

 1 0 −3
0 1 −5
0 0 0

⇒ RREF,

 2 1 0 0
0 1 0 0
1 0 1 0

⇒ Neither form,

 1 2 3
0 0 0
0 0 1

⇒ Neither form

d- Gaussian Elimination (Row Reduction)
• Elementary Row Operations

Performing one of the following three operations, called elementary row operations
on a given linear system gives an equivalent linear system.

1. Swap two rows or Interchange two equations (or rows) Ri ↔ Rj.
2. Multiply a row by a non-zero scalar Ri → cRj,
3. Add a multiple of one row to another Ri → Ri + cRj.

Here Ri denotes a row of an augmented matrix and c represents a scalar.

Note : Every augmented matrix can be reduced to its row echelon form (REF) using
elementary row operations. This process is called Gaussian elimination. Every augmen-
ted matrix can be reduced to its reduced row echelon form (RREF) by a process called
Gauss-Jordan elimination..
• Steps in Gaussian Elimination

1. Locate the leftmost nonzero column in the augmented matrix. If the top entry of the
column is zero, interchange the top row with another so the top entry (call it a) is
nonzero.

2. If a is not a leading 1 make it so by multiplying the row by 1/a .
3. Make all other entries in the column below the leading 1 equal zero by adding suitable

multiples of the first row to the remaining rows.
4. Consider the remaining matrix produced by ignoring the top row. Repeat steps 1 − 4

on that matrix. If the remaining matrix has no rows the original matrix is now in row
echelon form.

Note that once the matrix is in row echelon form the system may be solved as shown in the
following examples.
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Example 96. Solve 
x + y + 2z = 9
2x + 4y − 3z = 1
3x + 6y − 5z = 0

Solution : The augmented matrix for the system is

(A|b) =

 1 1 2 9
2 4 −3 1
3 6 −5 0


Since the top left entry is already a leading 1, zero the 2 below it by adding −2 times R1

to R2. (This is the same as subtracting 2 times R1 from R2.)

R2 ← R2 + (−2)R1

 1 1 2 9
0 2 −7 −17
3 6 −5 0


Next zero the first entry in the third row by adding −3 times R1 to R3.

R3 ← R3 − 3R1

 1 1 2 9
0 2 −7 −17
0 3 −11 −27


To get a leading 1 in the second row (R2), multiply the row by 1/2, or equivalently, divide
the row by 2.

R2 ←
1
2R2 =

 1 1 2 9
0 1 −7/2 −17/2
0 3 −11 −27


Zero the second entry in the third row by adding −3 times R2 to R3.

R3 ← R3 − 3R2 =

 1 1 2 9
0 1 −7/2 −17/2
0 0 −1/2 −3/2


Get a leading 1 in the third row by dividing the row by −1/2, or, equivalently, multiplying
it by −2.

R3 ← −2R3 =

 1 1 2 9
0 1 −7/2 −17/2
0 0 1 3


The linear system represented by the last augmented matrix is

x + y + 2z = 9
y −7

2 z = −17
2

z = 3
so back-substitution gives the following

x = 1, y = 2 and z = 3
S {(x = 1, y = 2, z = 3)}

which is easily checked in the original system.
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Example 97. Solve the linear system
x + 2y + z = 4
2x + y − z = 1
3x− y + 2z = 3

Solution : The augmented matrix is 1 2 1 4
2 1 −1 1
3 −1 2 3

 .

Row operations :

R2 ← R2 − 2R1 :
(
0 −3 −3 −7

)
R3 ← R3 − 3R1 :

(
0 −7 −1 −9

)
Now we have  1 2 1 4

0 −3 −3 −7
0 −7 −1 −9

 .

Row operations :

R2 ← −
1
3R2 :

(
0 1 1 7

3

)
R3 ← R3 + 7R2 :

(
0 0 6 22

3

)
we get  1 2 1 4

0 1 1 7/3
0 0 6 22/3

 .

Now
— 6z = 22/3⇒ z = 11/9.
— From y + z = 7/3, we get y = 10/9.
— Finally x + 2y + z = 4⇒ x = 5/9.
The set Solution :

S {(x = 5/9, y = 10/9, z = 11/9)} .

Exercise 33. Use Gaussian elimination to solve the system
x + y + z = 6
2x− y + 3z = 7
3x + 2y − z = 4

Solution 33. The augmented matrix is 1 1 1 6
2 −1 3 7
3 2 −1 4

 .
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Row operations :
R2 ← R2 − 2R1
R3 ← R3 − 3R1

 1 1 1 6
0 −3 1 −5
0 −1 −4 −14

 .

R2 ← −1
3R2

R3 ← R3 + 1
3R2

 1 1 1 6
0 1 −1/3 5/3
0 0 −13/3 −37/3

 .

we get  1 1 1 6
0 1 −1/3 5/3
0 0 −13/3 −37/3

 .

Now
— −13

3 z = −37
3 ⇒ z = 37

13 .

— From y − 1
3z = 5

3 , we get y = (1
3)(37

13) + 5
3 = 34

13 .

— Finally x + y + z = 6⇒ x = 6− 37
13 −

34
13 = 7

13 .
The set Solution :

S {(x = 7/13, y = 34/13, z = 37/13)} .

Exercise 34. Solve in R4 the following linear system
w − x + 2y − z = −1
2w + x− 2y − 2z = −2
−w + 2x− 4y + z = 1
3w − 3z = −3

Solution 34. we have

(A|b) =


1 −1 2 −1 −1
2 1 −2 −2 −2
−1 2 −4 1 1
3 0 0 −3 −3


R2 ← R2 − 2R1
R3 ← R3 + R1
R4 ← R4 − 3R1
−−−−−−−−−−−→


1 −1 2 −1 1
0 3 −6 0 0
0 1 −2 0 0
0 3 −6 0 0


and

R2 ←
1
3R2

−−−−−−−→


1 −1 2 −1 1
0 1 −2 0 0
0 1 −2 0 0
0 3 −6 0 0

 R3 ← R3 −R2
R4 ← R4 − 3R2
−−−−−−−−−−−→


1 −1 2 −1 1
0 1 −2 0 0
0 0 0 0 0
0 0 0 0 0


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The linear system corresponding to the row echelon form is then
w − x + 2y − z = −1
x− 2y = 0
0 = 0
0 = 0

This system will have an infinite number of solutions. To characterize them we will introduce
parameters.

Definition 4.2.5. The variables that correspond to the leading entries of the row echelon
form of an augmented matrix are called the leading variables or dependent variables. The
remaining variables are called the free variables or independent variables

To solve a system of linear equations, set the free variables equal to parameters and use
the row echelon form with back-substitution to solve for the leading variables.

Complete the solution to the exercise (34).

The row echelon form found and corresponding linear system are


1 −1 2 −1 1
0 1 −2 0 0
0 0 0 0 0
0 0 0 0 0

⇐⇒


w − x + 2y − z = −1
x− 2y = 0
0 = 0
0 = 0

The leading entries are boxed and are found in the w and x variable columns. Thus w and
x are the dependent variables and y and z are the independent variables. So introduce two
parameters for the independent variables letting y = α and z = β . Next solve for the
dependent variables in terms of the parameters using back-substitution.

x = 2α, w = β − 1

We can write the solution to the system as

w = β − 1, x = 2α, y = α, z = β,

where α and β are parameters taking on any numbers.

We can also write the solution in the form :

S =




β − 1
2α
α
β

 | α, β ∈ R


e- Gauss-Jordan Elimination (Reduced Row Reduction)

Gauss-Jordan elimination takes Gaussian elimination one further step to produce an
augmented matrix in reduced row echelon form. One does the following steps :
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1. Perform Gaussian elimination to put the augmented matrix in row echelon form (REF).
2. Add suitable multiples of the last nonzero row to the rows above it to introduce zeros

into them above the leading 1 of this row.
3. Consider the remaining matrix produced by ignoring the last nonzero row and any zero

rows beneath it, if any. Repeat steps 2− 3 on that matrix. If the remaining matrix has
no rows the original matrix is now in reduced row echelon form (RREF).

Example 98. Solve the linear system using Gauss-Jordan elimination :
−y + 5z = 9
x + y + 2z = 8
3x− 7y + 4z = 10

Solution : We have

(A|b) =

 0 −1 5 9
1 1 2 8
3 −7 4 10


First put the augmented matrix in row echelon form :

R1 ↔ R2

 1 1 2 8
0 −1 5 9
3 −7 4 10

 ⇒ R3 ← R3 − 3R1

 1 1 2 8
0 −1 5 9
0 −10 −2 −14



R3 ← R3−10R2

 1 1 2 8
0 −1 5 9
0 0 −52 −104

 ⇒ R3 ← − 1
52R3

R2 ← −R2

 1 1 2 8
0 −1 5 9
0 −10 −2 −14

 (REF)

To achieve reduced row echelon form work from the bottom of the matrix upward, to get
zeros above any leading one.

R31← R1 − 2R3
R2 ← R2 + 5R3

 1 1 0 4
0 1 0 1
0 0 1 2

⇒ R1 ← R1 −R2

 1 0 0 3
0 1 0 1
0 0 1 2

 (RREF)

The unique solution to the system is therefore

x = 3, y = 1, z = 2

4.2.2 Inverse Matrix Method
If A is square and invertible, the solution is x = A−1b. Computing the inverse can be

done via Gaussian elimination on [A|I].

Example 99. For the system
(

2 −3
−1 4

)(
x
y

)
=
(

5
2

)
,

We compute the inverse of A =
(

2 −3
−1 4

)
. The determinant

det A = 2 · 4− (−3)(−1) = 8− 3 = 5.
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Then
A−1 = 1

5

(
4 3
1 2

)
check :

AA−1 = 1
5

(
2 · 4 + (−3) · 1 2 · 3 + (−3) · 2
(−1) · 4 + 4 · 1 (−1) · 3 + 4 · 2

)
= 1

5

(
5 0
0 5

)
= I.

Then (
x
y

)
= 1

5

(
4 3
1 2

)(
5
2

)
= 1

5

(
20 + 6
5 + 4

)
= 1

5

(
26
9

)
=
(

26/5
9/5

)
.

Example 100. Solve the system using the inverse matrix :2x + 3y = 7
x− 4y = −2

Solution : Write as Ax = b with

A =
(

2 3
1 −4

)
, b =

(
7
−2

)
.

Compute det A = 2(−4)− 3(1) = −8− 3 = −11 ̸= 0, so A−1 exists :

A−1 = 1
−11

(
−4 −3
−1 2

)
=
(

4
11

3
111

11 −
2
11

)
.

Then
x = A−1b =

(
4
11

3
111

11 −
2
11

)(
7
−2

)
=
(

28
11 −

6
117

11 + 4
11

)
=
(

2
1

)
.

4.2.3 Cramer’s Rule
For a square system Ax = b with det A ̸= 0, each variable xj is given by

xj = det(Aj)
det(A) ,

where Aj is the matrix obtained by replacing the j-th column of A by the column vector b.

Example 101. Using the same matrix A and vector b as above.(
2 −3
−1 4

)(
x
y

)
=
(

5
2

)
.

We have
det A = 5

A1 =
(

5 −3
2 4

)
, det A1 = 5 · 4− (−3) · 2 = 20 + 6 = 26,

A2 =
(

2 5
−1 2

)
, det A2 = 2 · 2− 5 · (−1) = 4 + 5 = 9.

Thus
x = det A1

det A
= 26/5, y = det A2

det A
= 9/5.
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Example 102. Consider (
1 2
2 4

)(
x
y

)
=
(

3
6

)
.

Solution :
— The rows are linearly dependent (second row is twice the first), so rank is 1.

— The nullity is 1. For b =
(

3
6

)
, the system is consistent because b is also twice the first

column combination.
— The general solution is x + 2y = 3, so x = 3− 2y, with y free.

4.3 Eigenvalues and Eigenvectors
Definition 4.3.1. Given a square matrix A, a scalar λ and a non-zero vector v such that

Av = λv

are called an eigenvalue and corresponding eigenvector. They satisfy the characteristic
equation

det(A− λI) = 0.

Eigenvalues are important in many applications : diagonalization, stability analysis, dif-
ferential equations, etc.

Example 103. Find eigenvalues and eigenvectors of A =
(

2 1
1 2

)
.

Solution :
— We have

det(A− λI) = det
(

2− λ 1
1 2− λ

)
= (2− λ)2 − 1 = λ2 − 4λ + 3 = (λ− 1)(λ− 3).

So eigenvalues λ1 = 1, λ2 = 3.
— For λ = 1 : solve (A− I)v = 0 :(

1 1
1 1

)(
v1
v2

)
= 0⇒ v1 + v2 = 0, v =

(
1
−1

)
(up to scale).

— For λ = 3 : (A− 3I)v = 0 :(
−1 1
1 −1

)(
v1
v2

)
= 0⇒ −v1 + v2 = 0, v =

(
1
1

)
.

Exercise 35.

1. Compute the inverse of A =

1 2 1
0 1 2
1 1 1

.
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2. Find the rank and nullity of B =

1 2 3
2 4 6
3 6 9

.

Solution 35.
1. Inverse of A : Augment with I3 and row reduce : 1 2 1 1 0 0

0 1 2 0 1 0
1 1 1 0 0 1

 ∼
 1 0 −3 1 −2 0

0 1 2 0 1 0
0 0 1 1 −1 −1

 ∼
 1 0 0 4 −5 −3

0 1 0 −2 3 2
0 0 1 1 −1 −1


Hence

A−1 =

 4 −5 −3
−2 3 2
1 −1 −1

 .

2. B =

1 2 3
2 4 6
3 6 9

 has rows that are multiples : R2 = 2R1, R3 = 3R1. Hence

rank(B) = 1, nullity = 3− 1 = 2.
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Exercise 36. Determine whether the set

S =


x

y
z

 ∈ R3 : x− 2y + 3z = 0


is a subspace of R3.

Solution 36. We check the three subspace conditions :

1. Zero vector :

0
0
0

 satisfies 0− 2 · 0 + 3 · 0 = 0, so, 0 ∈ S.

2. Closed under addition : Let u =

x1
y1
z1

, v =

x2
y2
z2

 ∈ S.

We have

u ∈ S ⇔ x1 − 2y1 + 3z1 = 0
v ∈ S ⇔ x2 − 2y2 + 3z2 = 0

Then u + v =

x1 + x2
y1 + y2
z1 + z2


(x1 + x2)− 2(y1 + y2) + 3(z1 + z2) = (x1 − 2y1 + 3z1) + (x2 − 2y2 + 3z2) = 0 + 0 = 0,

so, u + v ∈ S.

3. Closed under scalar multiplication : For any scalar α ∈ R. Then αu =

αx1
αy1
αz2


(αx1)− 2(αy1) + 3(αz1) = α(x1 − 2y1 + 3z1) = α · 0 = 0,

so αu ∈ S.
All conditions hold, so S is a subspace.

97



CHAPITRE 5. EXERCISES

Exercise 37. Let V = R3 and let W = span


1

2
3

 ,

0
1
4


. Find a basis for W and

determine its dimension.
Solution 37.

The two vectors are linearly independent because neither is a scalar multiple of the other
check : if 1

2
3

 = λ

0
1
4


then first component gives 1 = λ · 0 impossible). Thus they form a basis of W . Hence

dim W = 2 and a basis is


1

2
3

 ,

0
1
4


.

Exercise 38. Determine whether the following subsets of R3 are subspaces. Justify your
answers.

W1 =


x

y
z

 ∈ R3 : x + y + z = 0

 , W2 =


x

y
z

 ∈ R3 : x2 + y2 + z2 = 1

 ,

W3 =


x

y
z

 ∈ R3 : x = 2y and z = −y

 , W4 =


x

y
z

 ∈ R3 : xy = 0

 .

Solution 38.
1. W1 is a subspace. Check :

— 0R3 =

0
0
0

 satisfies : 0 + 0 + 0 = 0.

— If

x
y
z

 ,

x′

y′

z′

 ∈ W1, then x + y + z = 0 and x′ + y′ + z′ = 0. Adding gives

(x + x′) + (y + y′) + (z + z′) = 0,

so x + x′

y + y′

z + z′

 ∈ W1.

— If

x
y
z

 ∈ W1 and α ∈ R, then

αx + αy + αz = α(x + y + z) = 0,
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so αx
αy
αz

 ∈ W1.

Hence W1 is a subspace (in fact, a plane through the origin).
2. W2 is not a subspace.

The zero vector 0R3 =

0
0
0

 does not satisfy : 02 + 02 + 02 = 1 ̸= 1. So it fails the first

condition.
3. W3 is a subspace. Conditions :

x = 2y and z = −y.

Then any vector in W3 is of the form2y
y
−y

 = y

 2
1
−1

 .

Check :
— 0R3 corresponds to y = 0.

— If y and y′ give vectors u =

2y
y
−y

, v =

2y′

y′

−y′

, then

u + v =

2(y + y′)
(y + y′)
−(y + y′)


which is again of the same form.

— Scalar multiple αu =

2αy
αy
−αy

 also of the form.

Thus W3 is a subspace (a line through the origin).

4. W4 is not a subspace. Take u =

1
0
0

 and v =

0
1
0

. Both satisfy xy = 0 because 1 ·0 = 0

and 0 · 1 = 0. But u + v =

1
1
0

 has 1 · 1 = 1 ̸= 0, so not closed under addition. Hence

not a subspace.
Exercise 39. Let V be the vector space of all real-valued functions defined on R. Deter-
mine whether the following subsets are subspaces.

1. U1 = {f ∈ V : f(0) = 0}.
2. U2 = {f ∈ V : f(0) = 1}.
3. U3 = {f ∈ V : f is continuous}.
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4. U4 = {f ∈ V : f(x) ≥ 0 for all x}.

Solution 39.
1. U1 is a subspace :

— Zero function satisfies 0(0) = 0.
— If f(0) = 0 and g(0) = 0, then (f + g)(0) = 0 + 0 = 0.
— If f(0) = 0 and α ∈ R, then (αf)(0) = α · 0 = 0.

So U1 is a subspace.
2. U2 is not a subspace because the zero function does not satisfy 0(0) = 1.
3. U3 is a subspace : the sum of continuous functions is continuous, and scalar multiples

are continuous. The zero function is continuous. So yes.
4. U4 is not a subspace : the condition f(x) ≥ 0 is not closed under scalar multiplica-

tion with negative scalars. For example, f(x) = 1 (nonnegative) but −1 · f = −1 is
not nonnegative. Also closure under addition holds (sum of nonnegative functions is
nonnegative), but scalar multiplication fails.

Exercise 40. Let

v1 =

 1
1
2

 , v2 =

 2
2
4

 , w1 =

 1
3
−2

 , w2 =

 0
−2
4


be vectors in R3

(a) Let V = span(v1, v2) and W = span(w1, w2). Find a basis of V ∩W .
(b) Complete {w1, w2} to a basis of R3.

Solution 40.
(a) We have V = span {v1, v2} The two vectors v1, v2 are linearly dependent because v2 =

2v1 so,
V = span {v1} ⇐⇒ V = {λv1, λ ∈ R}

W = span {w1, w2}. The two vectors w1, w2 are linearly independent because neither is
a scalar multiple of the other. so

W = span {w1, w2} ⇔ W = {αw1 + βw2, α, β ∈ R}

Let u ∈ R3, we have

u ∈ V ∩W ⇔ u ∈ V and u ∈ W

⇔

u = λv1

u = αw1 + βw2

⇔ λv1 = αw1 + βw2,

⇔ v1, w1, w2 are linearly dependent or linearly independent

— If v1 ∈ W , v1, w1, w2 are linearly dependent and V ∩W = V

— If v1 /∈ W , v1, w1, w2 are linearly independent and V ∩W = {0R3}
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αw1 + βw2 − λv1 = {0R3} ⇔ α

 1
3
−2

+ β

 0
−2
4

− λ

 1
1
2

 =

 0
0
0


For example if we take α = β = γ = 1 we ge

w1 + w2 − v1 = {0R3}

Therefore v1 ∈ W and v1, w1, w2 are linearly dependent and V ∩W = V , then

v1 =

 1
1
2




is a basis of V ∩W

(b) {w1, w2} =


 1

3
−2

 ,

 0
−2
4


. They are independent. Add any vector not in their

span, e.g., =

 0
0
1

. Then


 1

3
−2

 ,

 0
−2
1

 ,

 0
0
1


 is a basis of R3.

Exercise 41. Find the coordinates of the vector v =
(

2
1

)
with respect to the basis

{u1, u2} of R2, where

u1 =
(

3
2

)
, u2 =

(
2
3

)

Solution 41. let x, y the coordinates of v with respect to basis {u1, u2}, we have

v = xu1 + yu2 ⇔
(

x
y

)
= x

(
3
2

)
+ y

(
2
3

)

⇔

2 = 3x + 2y

1 = 2x + 3y
⇔ v =

(
4/5
−1/5

)

Exercise 42. Let V = span(v1, v2, v3) (over F = R), where

v1 =


1
1
1
1

 , v2 =


2
2
2
3

 , v3 =


1
1
2
−1


(-) Compute dimV .

Solution 42.
(-) We have

V = span {v1, v2, v3}
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αv1+βv2+γv3 = 0R2 ⇔


α + 2β + γ = 0
α + 2β + γ = 0
α + 2β + 2γ = 0
α + 3β − γ = 0

⇔


α + 2β + γ = 0
α + 2β + 2γ = 0
α + 3β − γ = 0

⇔ α = β = γ = 0

Since {v1, v2, v3} are linearly independent. Thus, {v1, v2, v3} is a basis of V , whereby
dim V = 3.

Exercise 43. In R3, let

v1 =

1
0
1

 , v2 =

2
1
0

 , v3 =

3
1
1

 .

1. Determine whether w =

5
3
2

 lies in the span of {v1, v2, v3}.

2. Find a basis for the span of {v1, v2, v3}.
3. What is the dimension of this span ?
Solution 43.

1. We need scalars a, b, c such that

a

1
0
1

+ b

2
1
0

+ c

0
1
1

 =

5
3
2

 .

This gives the system :
a + 2b = 5
b + c = 3
a + c = 2

⇒


a = 1
b = 2
c = 1

. So w = 1v1 + 2v2 + 1v3 Thus w is in the span.

2. To find a basis, we check linear independence. Form a matrix with these vectors as rows
(or columns) and row reduce. Write them as rows :1 0 1

2 1 0
0 1 1


Row reduce :

(R2 ← R2 − 2R1)→

1 0 1
0 1 −2
0 1 1

 =⇒ (R3 ← R3 −R2)→

1 0 1
0 1 −2
0 0 3


The rows are linearly independent (no zero rows). Hence the three vectors are linearly
independent and form a basis of their span.

3. Since we have three linearly independent vectors in R3, they span all of R3 ? Wait, R3

has dimension 3, so three linearly independent vectors indeed form a basis of R3. So the
span is R3 itself, dimension 3.
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Exercise 44. Determine whether the following sets of vectors in R3 are linearly inde-
pendent.

1.


1

0
1

 ,

2
1
0

 ,

3
1
1


.

2.


1

2
3

 ,

2
4
6


.

3.


1

1
0

 ,

1
0
1

 ,

0
1
1


.

Solution 44.
1. Form a matrix with these as rows (or columns) and compute determinant if square. Here

we have three vectors in R3, so we can form a 3× 3 matrix and check if determinant is
zero. Matrix with vectors as columns :

M =

1 2 3
0 1 1
1 0 1


Compute determinant :

M =

1 2 3
0 1 1
1 0 1

→ R3 ← R3 −R1 :

1 2 3
0 1 1
0 −2 −2

→ R3 ← R3 + 2R2 :

1 2 3
0 1 1
0 0 0


Thus

det M = 0.

So they are linearly dependent. Indeed, the third is the sum of the first two ?
Check : 1

0
1

+

2
1
0

 =

3
1
1


exactly. So dependent.

2. Two vectors are linearly dependent if one is a scalar multiple of the other. Here2
4
6

 = 2

1
2
3

 ,

so they are linearly dependent.
3. Form matrix with these as columns :

M =

1 1 0
1 0 1
0 1 1

 =⇒ R2 ← R2 −R3 :

1 1 0
1 −1 0
0 1 1


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Determinant :
det M = det

(
1 1
1 −1

)
= −2 ̸= 0.

Hence linearly independent.

Exercise 45. In R2[t] (polynomials of degree ≤ 2), consider the polynomials

p1(t) = 1 + t, p2(t) = t + t2, p3(t) = 1 + t2.

Are they linearly independent ?
Solution 45.

We need to check if

αp1 + βp2 + γp3 = 0 (the zero polynomial)⇒ α = β = γ = 0.

Write :

α(1 + t) + β(t + t2) + γ(1 + t2) = (α + γ) + (α + β)t + (β + γ)t2 = 0.

Thus we have the system : 
α + γ = 0
α + β = 0
β + γ = 0

⇒ α = β = γ = 0.

So they are linearly independent.

Exercise 46. Find a basis for the subspace W = {(x, y, z) ∈ R3 : x + 2y − z = 0}. What
is its dimension ?

Solution 46.
The equation defines a plane through the origin. We can express z = x + 2y. Then any

vector in W is of the form  x
y

x + 2y

 = x

1
0
1

+ y

0
1
2



Thus the vectors

1
0
1

 and

0
1
2

 span W . They are linearly independent because neither is a

multiple of the other. Hence they form a basis, and dim W = 2.

Exercise 47. Let V be the vector space of all 2× 2 symmetric matrices (i.e., AT = A).
Find a basis for V and determine its dimension.

Solution 47.
A symmetric 2× 2 matrix has the form(

a b
b c

)
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with a, b, c ∈ R. This can be written as

a

(
1 0
0 0

)
+ b

(
0 1
1 0

)
+ c

(
0 0
0 1

)
.

These three matrices are linearly independent : if a linear combination gives the zero matrix,
then each coefficient must be zero. Thus a basis is{(

1 0
0 0

)
,

(
0 1
1 0

)
,

(
0 0
0 1

)}
. So Dimension is 3.

Exercise 48. In R4, find the dimension of the subspace spanned by

v1 =


1
1
0
1

 , v2 =


2
1
3
1

 , v3 =


1
2
−3
2

 , v4 =


0
1
1
0

 .

Solution 48.
Form a matrix with these vectors as rows (or columns). We’ll use rows :

A =


1 1 0 1
2 1 3 1
1 2 −3 2
0 1 1 0


Row reduce :

R2 ← R2 − 2R1 :
R3 ← R3 −R1 :


1 1 0 1
0 −1 3 −1
0 1 −3 1
0 1 1 0

⇒ R3 ← R3 + R2 :
R4 ← R4 −R3 :


1 1 0 1
0 −1 3 −1
0 0 0 0
0 0 4 −1


Thus there are three non-zero rows, so the rank is 3. Hence the subspace has dimension 3.

Exercise 49. Let

U = {(x, y, z) ∈ R3 : x = y} and V = {(x, y, z) ∈ R3 : y = z}.

Find a basis for U ∩ V and U + V . Determine their dimensions.
Solution 49.

— U consists of vectors

x
x
z

 with x, z ∈ R. A basis for U is


1

1
0

 ,

0
0
1


. Hence the

subspace U has dimension 2

— V consists of vectors

x
y
y

 with x, y ∈ R. A basis for V is


1

0
0

 ,

0
1
1


. Hence the

subspace V has dimension 2.
— Now U ∩ V : vectors satisfying both x = y and y = z, so x = y = z. Hence vectors of

form

t
t
t

 , t ∈ R. A basis is


1

1
1


, Hence the subspace U ∩ V has dimension 1.
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— For U + V , we find the span of all vectors in U and V . Combine bases :
1

1
0

 ,

0
0
1

 ,

1
0
0

 ,

0
1
1


 .

We can row reduce to find a basis. Form a matrix with these as rows :
1 1 0
0 0 1
1 0 0
0 1 1

 , or

1 0 1 0
1 0 0 1
0 1 0 1


Row reduce : swap to get order, but we can see that these four vectors span R3 ? ! !

Check : if they span all. The first three :

1
1
0

,

0
0
1

,

1
0
0

 already span R3 ? For

instance,

1
1
0

 and

1
0
0

 give

0
1
0

 by subtraction, so we can get the standard basis.

Indeed,

1
0
0

 and

0
0
1

 give two axes ; from

1
1
0

 we get

0
1
0

. So

U + V = R3 Hence the subspace U + V has dimension 3.

We can also verify dimension formula :

dim(U + V ) = dim U + dim V − dim(U ∩ V ) = 2 + 2− 1 = 3.

Exercise 50. In R2[t], let

U = {p(t) : p(0) = 0} and V = {p(t) : p′(0) = 0} .

Find bases for U , V , U ∩ V , and U + V .
Solution 50.

First, R2[t] consists of polynomials p(t) = a + bt + ct2.
— Let p(t) ∈ R2[t], we have

p(t) ∈ U ⇔ a + bt + ct2|t=0 = 0⇔ a = 0.

So
∀p ∈ U ⇔ p(t) = bt + ct2.

Thus {t, t2} is a basis for U : and dim U = 2.

— V = {p : p′(0) = 0}. p′(t) = b + 2ct,
we have

p(t) ∈ V ⇔ (a + bt + ct2)′|t=0 = 0⇔ (b + 2t)|t=0 = 0⇒ b = 0.
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So
∀p ∈ V ⇔ p(t) = a + ct2.

Thus {1, t2} is a basis for V : and dim V = 2.

— U ∩ V : polynomials with both a = 0 and b = 0, so

∀p ∈ U ∩ V ⇔ p(t) = ct2.

Thus {t2} is a basis for U ∩ V : and dim(U ∩ V ) = 1.

— U + V : since U and V are subspaces of a 3-dimensional space, and

dim(U + V ) = dim U + dim V − dim(U ∩ V ) = 2 + 2− 1 = 3,

so
U + V = R2[t].

A basis is the standard basis {1, t, t2}.

Exercise 51. Let W be the set of all 2× 2 matrices of the form(
a b
c 0

)

where a, b, c ∈ R. Is W a subspace of M2(R) ?

Solution 51.
Check :

— Zero matrix has the form with a = b = c = 0, so 0 ∈ W .

— Take two matrices A =
(

a b
c 0

)
and A′ =

(
a′ b′

c′ 0

)
. Their sum is

(
a + a′ b + b′

c + c′ 0

)
,

which is again of the required form. So closed under addition.
— Scalar multiplication :

αA =
(

αa αb
αc 0

)
,

still of the form.
Thus W is a subspace. A basis could be{(

1 0
0 0

)
,

(
0 1
0 0

)
,

(
0 0
1 0

)
.

}

And the Dimension is 3.
Exercise 52. In the vector space C[0, 1] of continuous functions on [0, 1], consider the
subset

S = {f ∈ C[0, 1] : f(0) = f(1)}.
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Show that S is a subspace and find its dimension (if infinite, state so).

Solution 52.
Check :

— Zero function satisfies 0(0) = 0(1), so 0 ∈ S.

— If f, g ∈ S, then f(0) = f(1) and g(0) = g(1). Then

(f + g)(0) = f(0) + g(0) = f(1) + g(1) = (f + g)(1),

so f + g ∈ S.

— If f ∈ S and α ∈ R, then

(αf)(0) = αf(0) = αf(1) = (αf)(1),

so αf ∈ S.
Thus S is a subspace. The space is infinite-dimensional. For example,

the functions : f(t) = sin(2πnt), for n ∈ N

satisfy f(0) = f(1) = 0 and are linearly independent, so dimension is infinite.
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▷ In this section we write the vector in Rn in component form as (x1, x2, · · ·xn).

Exercise 53. which of the following is linear map

T1 : R3 −→ R2, T1(a, b, c) = (2a− b, a + c + 5), T2 : R3 −→ R, T2(a, b, c) = 2a− b,

T3 : R −→ R3, T3(a) = (a, 3a, sin(a)), T4 : M2(R) −→ R2[x], T4

(
a b
c d

)
) = a+c(x2+1),

T5 : R3 −→ R3, T5(a, b, c) = (a+b, 0, c), T6 : R2[x] −→ R, T6(a+bx+cx2) = a−c+3,

T7 : R3 −→ R3, T7(a, b, c) = (a2+b, 0, c), T8 : R2[x] −→ R1[x], T8(a+bx+cx2) = a+b2x,

T9 : R3 −→ R2[x], T9(a + bx + cx2) = (a + b) + cx2, T10 : R2 −→ R, T10(a, b) = |a|,
T11 : M2(R) −→M2(R), T11(A) = AtA, T12 : M2(R) −→M2(R) T12(A) = A2,

T13 : M2(R) −→M2(R), T13(A) = At+2A, T14 : M2(R) −→M2(R), T14(A) = det(A),
T15 : R2[x] −→ R, T15(P (x)) = P (2)−P (1), T16 : F(R) −→ F(R), T16(f(x)) = xf(x),
T17 : F(R) −→ F(R), T17(f(x)) = f(−x); T18 : F(R) −→ F(R), T18(f(x)) = x2f(x)

Solution 53. It easy to prove that :
— T1(a, b, c) = (2a− b, a + c + 5) : not linear because T1(0, 0, 0) = (0, 5) ̸= 0.
— T2(a, b, c) = 2a− b : linear.
— T3(a) = (a, 3a, sin a) : not linear due to sin a.

— T4

(
a b
c d

)
= a + c(x2 + 1) : linear.

— T5(a, b, c) = (a + b, 0, c) : linear .
— T6(a + bx + cx2) = a− c + 3 : not linear T6(0) = 3 ̸= 0.
— T7(a, b, c) = (a2 + b, 0, c) not linear because of a2.
— T8(a + bx + cx2) = a + b2x : not linear because of b2.
— T9(a + bx + cx2) = (a + b) + cx2 : linear.
— T10(a, b) = |a| : not linear.
— T11(A) = AtA : not linear (quadratic).
— T12(A) = A2 : not linear.
— T13(A) = At + 2A : linear.
— T14(A) = det A : not linear.
— T15(P (x)) = P (2)− P (1) : linear (difference of evaluation maps).
— T16(f(x)) = xf(x) : linear on function space.
— T17(f(x)) = f(−x) : linear.
— T18(f(x)) = x2f(x) : linear.

Exercise 54. Determine whether each of the following maps T : R2 → R2 is linear. If it
is, prove it ; if not, give a counterexample.

1. T (x, y) = (x + y, 2x− y).
2. T (x, y) = (x2, y).
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3. T (x, y) = (x + 1, y).
4. T (x, y) = (3x,−x + 2y).

Solution 54.
1. T is linear. Check : ∀ (x1, y1), (x2, y2) ∈ R2

T ((x1, y1) + (x2, y2)) = T (x1 + x2, y1 + y2)
= ((x1 + x2) + (y1 + y2), 2(x1 + x2)− (y1 + y2))
= (x1 + y1 + x2 + y2, 2x1 − y1 + 2x2 − y2)
= T (x1, y1) + T (x2, y2).

For scalar multiplication : ∀ (x, y) ∈ R2, ∀α ∈ R,

T (α(x, y)) = T (αx, αy) = (αx + αy, 2αx− αy) = α(x + y, 2x− y) = αT (x, y).

Hence linear.
2. T is not linear. For example, T (2(1, 0)) = T (2, 0) = (4, 0) while

2T (1, 0) = 2(1, 0) = (2, 0) ̸= (4, 0).

Or note that the first component is quadratic.
3. T is not linear because T (0, 0) = (1, 0) ̸= (0, 0). A linear map must send zero to zero.
4. T is linear. Check : ∀ (x1, y1), (x2, y2) ∈ R2

T ((x1, y1) + (x2, y2)) = (3(x1 + x2), −(x1 + x2) + 2(y1 + y2))
= (3x1 + 3x2, −x1 + 2y1 − x2 + 2y2)
= T (x1, y1) + T (x2, y2).

Also ∀ (x, y) ∈ R2, ∀α ∈ R,

T (αx, αy) = (3αx,−αx + 2αy) = α(3x,−x + 2y) = αT (x, y).

Exercise 55. Let V be the vector space of all real-valued functions on R. Determine
whether the following operators T : V → V are linear.

1. (Tf)(x) = f(x) + 1.
2. (Tf)(x) = f(x2).
3. (Tf)(x) = f ′(x) (differentiation, assuming f is differentiable).
4. (Tf)(x) = f(0) (constant function).

Solution 55.
1. Not linear because T (0)(x) = 0(x) + 1 = 1 ̸= 0 (zero function).
2. Linear : ∀ f, g ∈ V

(T (f + g))(x) = (f + g)(x2) = f(x2) + g(x2) = (Tf)(x) + (Tg)(x),

and

∀ f ∈ V, ∀α ∈ R, (T (αf))(x) = (αf)(x2) = αf(x2) = α(Tf)(x).
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3. Differentiation is linear :

(f + g)′ = f ′ + g′, and (αf)′ = αf ′.

4. Linear :

(T (f + g))(x) = (f + g)(0) = f(0) + g(0) = (Tf)(x) + (Tg)(x);

similarly for scalar multiplication.

Exercise 56. For the linear map T : R3 → R3 defined by

T (x, y, z) = (x + y, y + z, x− z),

find ker T and Im T . Determine their dimensions.
Solution 56.

Kernel :
ker T =

{
u = (x, y, z) ∈ R3, T (u) = 0R3

}
.

Solve T (x, y, z) = (0, 0, 0) : 
x + y = 0
y + z = 0
x− z = 0

⇒


x = x

y = −x

z = x

.

So,
u ∈ ker T ⇔ u = (x,−x, x) = x(1,−1, 1).

Hence
ker T = span{(1,−1, 1)} ⇒ dim(ker) = 1.

Image : The image is spanned by the images of the standard basis vectors :

T (1, 0, 0) = (1, 0, 1), T (0, 1, 0) = (1, 1, 0), T (0, 0, 1) = (0, 1,−1).

We need a basis for these three vectors. Form a matrix with them as rows (or columns) and
row reduce. Put them as rows : 1 0 1

1 1 0
0 1 −1


Row reduce :

R2 ← R2 −R1 :

1 0 1
1 1 0
0 1 −1

⇒ R3 ← R3 −R2 :

1 0 1
0 1 −1
0 1 −1

⇒
1 0 1

0 1 −1
0 0 0


So rank = 2. Thus Im T is 2-dimensional. A basis could be {(1, 0, 1), (0, 1,−1)}.

Check rank-nullity :
dim ker T + dim Im T = 1 + 2 = 3.
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Exercise 57. Let T : R2[x]→ R2[x] be the linear transformation given by

T (p)(x) = p′(x) + p(0).

Find a basis for ker T and Im T .
Solution 57.

Write a general polynomial
p(x) = a + bx + cx2.

Then
p′(x) = b + 2cx,

so
T (p)(x) = (b + 2cx) + a = (a + b) + 2cx.

Thus T (p) is a linear polynomial (degree ≤ 1). In coordinates (a, b, c) (with respect to basis
{1, x, x2}), we have

T (a, b, c) = (a + b, 2c, 0), coefficients of 1, x, x2, respectively.

Kernel : T (p) = 0 means a + b = 0 and 2c = 0 and the coefficient of x2 is already 0. So
c = 0 and b = −a. Hence

p(x) = a− ax = a(1− x).
Thus

ker T = span{1− x} ⇒ dim(ker(T )) = 1.

Image : The image consists of all polynomials of the form (a + b) + 2cx. That is, any linear
polynomial α + βx can be obtained : take c = β/2 and choose a, b such that a + b = α
(e.g., a = 0, b = α). So

Im T = {α + βx : α, β ∈ R},
which is the set of all polynomials of degree ≤ 1. A basis is {1, x} and dim(Im(T )) = 2.

Check rank-nullity :

dim(ker T ) + dim(Im T ) = 1 + 2 = 3 = dim(R2[x]).

Exercise 58. Let
A =

(
1 2
3 4

)
, B =

(
5 6
7 8

)
.

Compute :
1. A + B

2. 3A− 2B

3. AB and BA

4. AT

Solution 58. 1. A + B =
(

1 + 5 2 + 6
3 + 7 4 + 8

)
=
(

6 8
10 12

)
.

2. 3A =
(

3 6
9 12

)
, 2B =

(
10 12
14 16

)
, so 3A− 2B =

(
−7 −6
−5 −4

)
.
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3. AB =
(

1 · 5 + 2 · 7 1 · 6 + 2 · 8
3 · 5 + 4 · 7 3 · 6 + 4 · 8

)
=
(

19 22
43 50

)
.

BA =
(

5 · 1 + 6 · 3 5 · 2 + 6 · 4
7 · 1 + 8 · 3 7 · 2 + 8 · 4

)
=
(

23 34
31 46

)
.

4. AT =
(

1 3
2 4

)
.

Exercise 59. Let A ∈Mn be nilpotent of index p. Show that I − A is invertible with

(I − A)−1 = I + A + A2 + · · ·+ Ap−1.

Solution 59. By assumption, Ap = 0. Since

(I − A)(I + A + A2 + · · ·+ Ap−1) = I + A + A2 + · · ·+ Ap−1 − A− A2 − · · · − Ap−1 − Ap,

= I,

we see that I − A is invertible and

(I − A)−1 = I + A + A2 + · · ·+ Ap−1.

Exercise 60. Let
A =

(
1 4
0 −1

)
.

By calculating A2, show that A is invertible and deduce the inverse matrix A−1.
Solution 60. . We have

A2 =
(

1 4
0 −1

)(
1 4
0 −1

)
=
(

1 0
0 1

)
= I2.

Since A2 = I2, we get AA = I2, which clearly shows that A is invertible, and its inverse
is itself.

Exercise 61. Let A be the matrix :−1 1 1
1 −1 1
1 1 −1


1. Check that A2 = 2I − A, where I is the identity matrix of M3(R).
2. Deduce that A is invertible and give A−1.

Solution 61. 1. We have

A2 =

−1 1 1
1 −1 1
1 1 −1

 =

 3 −1 −1
−1 3 −1
−1 −1 3


On the other hand

2I − A =

2 0 0
0 2 0
0 0 2

−
−1 1 1

1 −1 1
1 1 −1

 =

 3 −1 −1
−1 3 −1
−1 −1 3


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Thus
A2 = 2I − A

2. We have :

A2 = 2I − A⇐⇒ A2 + A = 2I ⇐⇒
(1

2(A + I)
)

A = A
(1

2(A + I)
)

= I.

This shows that A is invertible, and its inverse is given by

1
2(A + I) =

 0 1/2 1/2
1/2 0 1/2
1/2 1/2 0


Exercise 62. Suppose that the matrix A satisfies

(I + 2A)−1 =
(
−1 2
4 5

)
.

Find A.
Solution 62. It is the inverse process ! Set B = (I + 2A)−1. Then, by the definition of an
inverse matrix, we have :

B(I + 2A) = I2.

Assume that
A =

(
a b
c d

)
,

hence
I + 2A =

(
2a + 1 2b

2c 2d + 1

)
.

Let us determine the values of a, b, c and d satisfying the equation :(
−1 2
4 5

)(
2a + 1 2b

2c 2d + 1

)
=
(

1 0
0 1

)

Expanding the left-hand side, we obtain :(
−2a− 1− 4c −2b + 4d + 2
8a + 4 + 10c 8b + 10d + 5

)
=
(

1 0
0 1

)

Solving the system, we find :

a = −9/13, b = 1/13, c = 2/13 and d = −6/13.

Thus, the sought matrix is :

A =
(
−9/13 1/13
2/13 −6/13

)
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Exercise 63. Using the method of Gaussian elimination find the inverse of the matrix :

A =

0 1 −1
4 −3 4
3 −3 4

 .

Solution 63. We have 0 1 −1 1 0 0
4 −3 4 0 1 0
3 −3 4 0 0 1

R1 ↔ R2−−−−−−→

 4 −3 4 0 1 0
0 1 −1 1 0 0
3 −3 4 0 0 1

 4R3 − 3R1 → R3−−−−−−−−−−−−→

 4 −3 4 0 1 0
0 1 −1 1 0 0
0 −3 4 0 −3 4


R1 + 3R2 → R1

R3 + 2R2 → R3
−−−−−−−−−−−→

 4 0 1 3 1 0
0 1 −1 1 0 0
0 0 1 3 −3 4

R1 −R3 → R1

R2 + R3 → R2
−−−−−−−−−−→

 4 0 0 0 4 −4
0 1 0 4 −3 4
0 0 1 3 −3 4


1
4R1 → R1
−−−−−−−→

 1 0 0 0 1 −1
0 1 0 4 −3 4
0 0 1 3 −3 4


Thus

A−1 =

0 1 −1
4 −3 4
3 −3 4


we notice that A−1 = A and A2 = I3

Exercise 64. Using the method of Gaussian elimination find the inverse of the matrix :

A =

 1 6 4
2 4 −1
−1 2 5

 .

Solution 64. We have 1 6 4
2 4 −1
−1 2 5

R2 − 2R1 → R2

R3 + R1 → R3
−−−−−−−−−−−→

 1 6 4 1 0 0
0 −8 −9 −2 1 0
0 8 9 1 0 1

R2 + R3 → R1−−−−−−−−−−→

 1 6 4 1 0 0
0 −8 −9 −2 1 0
0 0 0 −1 1 1


Since we have obtained a row of zeros on the left side, we conclude that A is not invertible

Exercise 65. Prove the nonexistence of square matrices of order n ∈ N∗ , A and B such
that

AB −BA = In,

where In is the identity matrix of order n.
Solution 65. Assume, for the sake of contradiction, that such matrices A and B exist, that
is, AB −BA = In, n ̸= 0. Then,

tr(AB −BA) = tr(In) = 1 + 1 + · · ·+ 1 = n,

and since
tr(AB −BA) = tr(AB)− tr(BA) = 0 =⇒ 0 = n,

which is absurd ! Thus, no such matrices exist.
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Exercise 66. Let A ∈Mn(R). Assume that tr(AtA) = 0. Show that A = 0.

Solution 66. Let A = (aij), where 1 ≤ i, j ≤ n, then the diagonal elements of AtA are of
the form

aii =
n∑

k=1
a2

ik

Since tr(AtA) = 0, we must have
n∑

i=1
a2

ii = 0

Since each aii is nonnegative, we have

a11 = a22 = · · · = ann = 0.

Thus
n∑

k=1
a2

ik = 0, for all i

, which due to the nonnegativity of a2
ik, then implies that aij = 0 for all 1 ≤ i, j ≤ n.

Consequently, A = 0, as required.

Remark 5.0.1. Remark. If A ∈ Mn(C), (has complex entries) , then tr(AtA) = 0 does
not necessarily yield A = 0. A counterexample is

A =
(

1 i
−i 1

)

where it can be shown that

tr(AtA) = tr

[(
1 i
−i 1

)(
1 −i
i 1

)]
= tr

(
0 0
0 0

)
= 0, yet A ̸= 0.

Exercise 67. Define

T : M2(R)→M2(R) by T (A) = AT (transpose).

Find ker T and Im T . Is T injective ? Surjective ?
Solution 67.
Kernel : T (A) = 0 means AT = 0, hence A = 0. So

ker T = {0} ⇒ dim(ker T ) = 0⇒ T is injective.

Image : Since T (A) = AT , for any matrix B, B = T (BT ), so every matrix is in the image.
Hence

Im T = M2(R)⇒ dim(Im T ) = 4⇒ T is su rjective.
In fact, T is an isomorphism because T 2 = I.

Exercise 68. Find all square matrices of order 2. X such that X2 = I (the identity
matrix). Such matrices are called involutory.
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Solution 68. Let X =
(

a b
c d

)
. Then

X2 =
(

a2 + bc ab + bd
ac + cd bc + d2

)
=
(

1 0
0 1

)
.

This gives the system : 
a2 + bc = 1 (1)
ab + bd = b(a + d) = 0 (2)
ac + cd = c(a + d) = 0 (3)
bc + d2 = 1 (4)

We have either a + d = 0 or b = c = 0.
Case 1 : a + d = 0, i.e. d = −a. Then (1) and (4) become

a2 + bc = 1 and bc + a2 = 1 (same).

So a2 +bc = 1. Thus any matrix of the form
(

a b
c −a

)
with bc = 1−a2 satisfies X2 = I.

This includes, for example,(
0 1
1 0

)
and

(
cos θ sin θ
sin θ − cos θ

)
.

Case 2 : b = c = 0. Then (1) gives a2 = 1, (4) gives d2 = 1, so a = ±1, d = ±1. Thus

X =
(

1 0
0 1

)
or

(
1 0
0 −1

)
or

(
−1 0
0 1

)
or

(
−1 0
0 −1

)
.

But note that
(
−1 0
0 −1

)
= −I also satisfies (−I)2 = I. So these are the diagonal

involutory matrices.

Thus the general solution is : either X is diagonal with ±1 on diagonal, or X has zero
trace and a2 + bc = 1.

Exercise 69. Compute the determinants of the following matrices.

A =
(

2 5
3 −1

)
, B =

 1 0 2
−1 3 1
2 1 0

 , C =


1 2 3 4
0 1 2 3
0 0 1 2
0 0 0 1

 .

Solution 69.
— det A = (2)(−1)− (5)(3) = −2− 15 = −17.
— For B, expand along first row :

det B = 1 · det
(

3 1
1 0

)
− 0 · det

(
−1 1
2 0

)
+ 2 · det

(
−1 3
2 1

)
= −15.

— C is upper triangular, so its determinant is the product of diagonal entries : 1·1·1·1 = 1.
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Exercise 70. Use row operations to compute det

1 2 3
2 3 4
3 4 5

.

Solution 70. Let A =

1 2 3
2 3 4
3 4 5

. Perform :

R2 ← R2 − 2R1 :

1 2 3
0 −1 −2
3 4 5


R3 ← R3 − 3R1 :

1 2 3
0 −1 −2
0 −2 −4


R3 ← R3 − 2R2 :

1 2 3
0 −1 −2
0 0 0

 .

The last row is zero, so det A = 0. (Alternatively, note that rows are linearly dependent :
R1 + R3 = 2R2.)

Exercise 71. Let A and B be square matrices of order n. Prove that

det(AB) = det A · det B.

Solution 71.
This is a standard theorem. One proof : For an elementary matrix E,

det(EA) = det E · det A.

Since any invertible matrix is a product of elementary matrices, and if A is invertible we can
write

A = E1 · · ·Ek,

then
det(AB) = det(E1 · · ·EkB) = det E1 · · · det Ek det B = det A det B.

For non-invertible A, both sides are zero because det A = 0 and det(AB) = 0 (since AB is
singular). The case where A invertible but B singular is similar.

Exercise 72. Show that det
(
AT
)

= det A.

Solution 72.
This can be proved by induction using the definition of determinant via cofactor expansion.

Alternatively, note that row operations correspond to column operations on the transpose,
and the effect on determinant is the same. Formally, one can show that the determinant of
a matrix and its transpose are equal because they have the same characteristic polynomial.

Exercise 73. Let A be an square matrix of order n, such that A2 = A (idempotent).
Show that det A is either 0 or 1.
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Solution 73.
Take determinants :

det
(
A2
)

= det A · det A = (det A)2.

But det(A2) = det A. So
(det A)2 = det A,

hence
det A(det A− 1) = 0.

Therefore
det A = 0 or det A = 1.

Exercise 74. Find the inverse of A =
(

1 2
3 4

)
using the adjugate formula.

Solution 74.

det A = 1 · 4− 2 · 3 = 4− 6 = −2.

The adjugate is the transpose of the cofactor matrix. Cofactors :

C11 = 4, C12 = −3, C21 = −2, C22 = 1.

So the cofactor matrix is(
4 −3
−2 1

)
, its transpose is

(
4 −2
−3 1

)
.

Thus
A−1 = 1

det A
adj(A) = 1

−2

(
4 −2
−3 1

)
=
(
−2 1

3
2 −1

2

)
.

Check :

AA−1 =
(

1 2
3 4

)(
−2 1
1.5 −0.5

)
=
(

1(−2) + 2(1.5) 1(1) + 2(−0.5)
3(−2) + 4(1.5) 3(1) + 4(−0.5)

)
=
(
−2 + 3 1− 1
−6 + 6 3− 2

)
=
(

1 0
0 1

)
.

Exercise 75. For the matrix

A =

1 0 2
2 −1 1
1 3 0

 ,

compute adj(A) and verify that A adj(A) = (det A)I.

Solution 75.
First compute det A. Expand along first row :

det A = 1 · det
(
−1 1
3 0

)
− 0 · det

(
2 1
1 0

)
+ 2 · det

(
2 −1
1 3

)
= 11.
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Now compute cofactors :

C11 = + det
(
−1 1
3 0

)
= (−1)(0)− 1(3) = −3,

C12 = − det
(

2 1
1 0

)
= −

(
2 · 0− 1 · 1

)
= −(0− 1) = 1,

C13 = + det
(

2 −1
1 3

)
= (2)(3)− (−1)(1) = 6 + 1 = 7,

C21 = − det
(

0 2
3 0

)
= −

(
0 · 0− 2 · 3

)
= −(−6) = 6,

C22 = + det
(

1 2
1 0

)
= (1)(0)− (2)(1) = −2,

C23 = − det
(

1 0
1 3

)
= −

(
1 · 3− 0 · 1

)
= −3,

C31 = + det
(

0 2
−1 1

)
= (0)(1)− (2)(−1) = 2,

C32 = − det
(

1 2
2 1

)
= −

(
1 · 1− 2 · 2

)
= −(1− 4) = 3,

C33 = + det
(

1 0
2 −1

)
= (1)(−1)− (0)(2) = −1.

Thus the cofactor matrix is

cof(A) =

−3 1 7
6 −2 −3
2 3 −1

 .

The adjugate is its transpose :

adj(A) =

−3 6 2
1 −2 3
7 −3 −1

 .

Now compute A adj(A) :

A adj(A) =

1 0 2
2 −1 1
1 3 0


−3 6 2

1 −2 3
7 −3 −1


=

 1(−3) + 0 · 1 + 2(7) 1 · 6 + 0(−2) + 2(−3) 1 · 2 + 0 · 3 + 2(−1)
2(−3) + (−1)1 + 1(7) 2 · 6 + (−1)(−2) + 1(−3) 2 · 2 + (−1)3 + 1(−1)
1(−3) + 3 · 1 + 0(7) 1 · 6 + 3(−2) + 0(−3) 1 · 2 + 3 · 3 + 0(−1)


=

−3 + 0 + 14 6 + 0− 6 2 + 0− 2
−6− 1 + 7 12 + 2− 3 4− 3− 1
−3 + 3 + 0 6− 6 + 0 2 + 9 + 0

 =

11 0 0
0 11 0
0 0 11

 = 11I = (det A)I.
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Exercise 76. Use Cramer’s rule to solve the system2x + 3y = 8
4x− y = 2

Solution 76. Write in matrix form

Ax = b with A =
(

2 3
4 −1

)
, b =

(
8
2

)
.

Compute
det A = 2(−1)− 3(4) = −2− 12 = −14.

For x, replace first column with b :

Ax =
(

8 3
2 −1

)
, det Ax = 8(−1)− 3(2) = −8− 6 = −14,

Thus
x = det Ax

det A
= −14
−14 = 1.

For y, replace second column :

Ay =
(

2 8
4 2

)
, det Ay = 2 · 2− 8 · 4 = 4− 32 = −28.

Thus
y = det Ay

det A
= −28
−14 = 2.

Therefor (x, y) = (1, 2).

Exercise 77. Use Cramer’s rule to find z in the system
x + y + z = 6
2x− y + 3z = 7
3x + 2y − z = 4

Solution 77. Write in matrix form

A =

1 1 1
2 −1 3
3 2 −1

 , b =

6
7
4


. First Compute

det A = det

1 1 1
2 −1 3
3 2 −1

 = 13.

For x, replace first column with b :

Ax =

6 1 1
7 −1 3
4 2 −1

 ., det Ax = 7,
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Thus
x = det Ax

det A
= 7

13 .

For y, replace second column with b :

Ay =

1 6 1
2 7 3
3 4 −1

 , det Ay = 34.

Thus
y = det Ay

det A
= 34

13 .

Now for z, replace third column with b :

Az =

1 1 6
2 −1 7
3 2 4

 . det Az = 37

Thus
z = det Az

det A
= 37

13 .

Therefor (x, y, z) = (7/13, 34/13, 37/13).

Exercise 78. Show that the determinant of an orthogonal matrix is ±1.

Solution 78. If Q is orthogonal, then QT Q = I. Taking determinants,

det
(
QT Q

)
= det QT det Q = (det Q)2 = det I = 1, so det Q = ±1.

Exercise 79. Let A be a skew-symmetric matrix of odd order. Prove that det A = 0.
Solution 79.

If A is skew-symmetric, AT = −A. Taking determinants,

det
(
AT
)

= det(−A) = (−1)n det A.

But det
(
AT
)

= det A. Hence
det A = (−1)n det A.

If n is odd, (−1)n = −1, so det A = − det A, implying det A = 0.

Exercise 80. Find the area of the parallelogram in R2 spanned by the vectors

u = (2, 1) and v = (3, 4).

Solution 80. The area is the absolute value of the determinant of the matrix whose columns
(or rows) are u and v :

det
(

2 3
1 4

)
= 5. Thus area = 5.
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Exercise 81. Find the volume of the parallelepiped in R3 spanned by

u = (1, 0, 1), v = (2, 1, 0), w = (0, 1, 2).

Solution 81. The volume is given by

V = | det[u v, w]|.
Compute :

det

1 2 0
0 1 1
1 0 2

 = 1 · det
(

1 1
0 2

)
− 2 · det

(
0 1
1 2

)
+ 0 · det

(
0 1
1 0

)
= 4. Thus volume = 4.

Exercise 82. Let A be a square matrix of order n, with integer entries. Prove that A−1

has integer entries if and only if det A = ±1.
Solution 82.

— If A−1 has integer entries, then

det
(
A−1

)
= 1

det A

must be an integer (since determinant of an integer matrix is an integer). Thus 1
det A

is integer, so det A = ±1.

— Conversely : If det A = ±1, then

A−1 = 1
det A

adj(A).

The adjugate of an integer matrix has integer entries, so A−1 has integer entries.
Exercise 83. Show that for any square matrices of order n, A and B,

det
(

A B
B A

)
= det(A + B) det(A−B).

Solution 83. Use block matrix operations :(
I I
0 I

)(
A B
B A

)(
I −I
0 I

)
=
(

A + B 0
B A−B

)
.

The left and right multipliers have determinant 1, so the determinant of the original block
matrix equals det(A + B) det(A−B) (since the determinant of a block triangular matrix is
the product of the determinants of the diagonal blocks).

Exercise 84. Prove that for any square matrix of order n A,

det(adj(A)) = (det A)n−1.

Solution 84. We know that A adj(A) = (det A)I. Taking determinants :

det(A) det(adj(A)) = det((det A)I) = (det A)n.
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— If det A ̸= 0, we can divide to get

det(adj(A)) = (det A)n−1.

— If det A = 0, then adj(A) is singular (unless n = 1), and the formula still holds as
0 = 0n−1 (with 00 interpreted as 1 for n = 1). For n = 1, adj(A) = 1 and det A = a, so
det(adj(A)) = 1 = a0 holds.

Exercise 85. Let T : R3 → R2 be defined by

T (x, y, z) = (2x− y, x + 3z).

Find the matrix of T with respect to the standard bases.

Solution 85. Compute images of standard basis vectors of R3 :

T (1, 0, 0) = (2, 1), T (0, 1, 0) = (−1, 0), T (0, 0, 1) = (0, 3).

Place these as columns of a 2× 3 matrix :

[T ] =
(

2 −1 0
1 0 3

)
.

Check : For v = (x, y, z), (
2 −1 0
1 0 3

)x
y
z

 =
(

2x− y
x + 3z

)
.

Exercise 86. Let T : R2[x]→ R2[x] be given by

T [p(x)] = p(x) + p′(x).

Find the matrix of T with respect to the standard basis {1, x, x2}.

Solution 86. Let p(x) = a + bx + cx2. Then p′(x) = b + 2cx, so

T [p(x)] = (a + b) + (b + 2c)x + cx2.

In coordinates (a, b, c), we have

T (a, b, c) = (a + b, b + 2c, c).

Thus the matrix is :

[T ] =

1 1 0
0 1 2
0 0 1


(columns are images of basis vectors).

Check :

T [1] = 1 gives (1, 0, 0)
T [x] = 1 + x gives (1, 1, 0)

T [x2] = 2x + x2 gives (0, 2, 1)
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Exercise 87. Let T : R3 −→ R3 be a linear map defined by

T (X) = AX where A =

 1 −2 3
−1 3 −4
2 4 6

 .

1. Find T

1
0
2

. Is the vector

1
2
1

 in ker(T ) ?. Is the vector

1
1
3

 in Im(T ) ?

2. Find basis for Im(T )
3. Find basis for ker(T )
4. Find rank(T ) and Nullity(T ).

Solution 87.
1.

T

1
0
2

 = A

1
0
2

 =

 1 · 1 + (−2) · 0 + 3 · 2
−1 · 1 + 3 · 0 + (−4) · 2

2 · 1 + 4 · 0 + 6 · 2

 =

 7
−9
14

 .

- Check if

1
2
1

 ∈ ker T : compute

A t(1, 2, 1) = (1− 4 + 3 = 0, −1 + 6− 4 = 1, 2 + 8 + 6 = 16) ̸= 0, so no.

- Check if t (1, 1, 3) ∈ Im T : Solve AX =t (1, 1, 3). Augmented matrix : 1 −2 3 1
−1 3 −4 1
2 4 6 3

 ∼
 1 −2 3 1

0 1 −1 2
0 8 0 1

 ∼
 1 0 1 5

0 1 −1 2
0 0 8 −15


The system is consistent (last row gives 8z = −15), so yes, it is in the image.

2. Find kernel : solve AX = 0. Row reduce A :

A =

 1 −2 3
−1 3 −4
2 4 6

 ∼
1 −2 3

0 1 −1
0 8 0

 ∼
1 0 1

0 1 −1
0 0 8


So rank = 3 (since last row gives 8z = 0⇒ z = 0, then y = 0, x = 0). Thus

ker T = {0}.
-

3. Nullity=0. Image is all of R3, rank 3.
4. Basis for image : standard basis ; basis for kernel : none (empty set).

Exercise 88. Write the matrix associated with the linear map f : M2(R) → R defined
by f(A) = trA, with respect to the canonical bases.

Solution 88. Denote the matrix associated with f , which is of size dim (R)×dim (M2(R)) =
1× 22, by [f ]. Recall that the standard basis of M2(R) is given by

E11 =
{(

1 0
0 0

)
, E12 =

(
0 1
0 0

)
, E21 =

(
0 0
1 0

)
, E22 =

(
0 0
0 1

)}
.

Azzi Ahmed 125 University of Tindouf



CHAPITRE 5. EXERCISES

Since
trE11 = trE22 = 1 and trE12 = trE21 = 0,

the matrix [f ] is given by :
[f ] =

(
1 0 0 1

)
Exercise 89. Let T : R2 → R2 be a rotation by π/3 counterclockwise. Find its matrix
with respect to the standard basis. Then find the matrix of T with respect to the basis
B = {(1, 1), (1,−1)}.

Solution 89.
Rotation by θ has matrix

Rθ =
(

cos θ − sin θ
sin θ cos θ

)
.

The matrix of T with respect to the standard basis

[T ]std =
(

cos π
3 − sin π

3
sin π

3 cos π
3

)
=
(

1
2 −

√
3

2√
3

2
1
2

)
.

Now for basis B = {v1, v2} with v1 = (1, 1), v2 = (1,−1). First find the change-of-basis
matrix P from B to standard :

P =
(

1 1
1 −1

)
.

Then [T ]B = P −1[T ]stdP . Compute

P −1 = 1
det P

(
−1 −1
−1 1

)

(since det P = −2) ? Actually

det P = (1)(−1)− (1)(1) = −2,

so
P −1 = −1

2

(
−1 −1
−1 1

)
= 1

2

(
1 1
1 −1

)
.

So
P −1 = 1

2

(
1 1
1 −1

)
(note this equals 1

2P T but not exactly). Then compute :

[T ]B = 1
2

(
1 1
1 −1

)(
1
2 −

√
3

2√
3

2
1
2

)(
1 1
1 −1

)
.

Multiply stepwise : Let M = [T ]stdP . First compute M :

M =
(

1
2 −

√
3

2√
3

2
1
2

)(
1 1
1 −1

)
=
(

1
2 −

√
3

2
1
2 +

√
3

2√
3

2 + 1
2

√
3

2 −
1
2

)
.
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Then multiply by P −1 on the left :

[T ]B = 1
2

(
1 1
1 −1

)
M = 1

2

(
1 1
1 −1

)(
1
2 −

√
3

2
1
2 +

√
3

2√
3

2 + 1
2

√
3

2 −
1
2

)
.

Thus
[T ]B = 1

2

(
1

√
3

−
√

3 1

)
=
(

1
2

√
3

2
−

√
3

2
1
2

)
.

This is a rotation matrix as well (by π/3 but maybe in a different coordinate system).

Exercise 90. Construct a linear transformation T : R4 → R4 with ker T = Im. Is this
possible ?

Solution 90. We know that

ker T =
{
v ∈ R4| T (v) = 0

}
, Im T =

{
f(v) ∈ R4| v ∈ R4

}
If ker T = Im T , then any vector in the image is also in the kernel, so T applied to any
vector in the image gives zero. In particular, for any v,

T (T (v)) = 0 =⇒ T 2 = 0.

Also, by rank-nullity,

if dim(ker T ) = d then dim(Im T ) = 4− d.

Setting them equal gives
d = 4− d⇒ d = 2.

So we need a linear map on R4 with

dim ker T = 2, dim Im T = 2, and Im T ⊆ ker T.

so
T 2 = 0.

This is possible. For example, define T on standard basis :

T (e1) = e1, T (e2) = e2, T (e3) = 0, T (e4) = 0

would give image spanned by e1, e2 but kernel is spanned by e3, e4 and e1, e2 are not in kernel.
So that doesn’t satisfy Im T ⊆ ker T . We need image contained in kernel. So choose :

T (e1) = e3, T (e2) = e4, T (e3) = 0, T (e4) = 0.

Then
Im T = span{e1, e2}, , ker T = span{e3, e4}.

Actually check :

T (e3) = 0, T (e4) = 0 so e3, e4 ∈ ker T.

Also T (e1) = e3 not zero, so e1 /∈ ker T . Kernel consists of vectors

ker T = {αe1 + βe2 + γe3 + λe4, α, β, γ, λ ∈ R.} ,

Azzi Ahmed 127 University of Tindouf



CHAPITRE 5. EXERCISES

such that
T (v) = αe3 + βe4 = 0⇒ α = β = 0.

So
ker T = span{e3, e4}.

That equals image. So this works.

Exercise 91. Let T : R2 → R2 be the linear map given by the matrix

A =
(

3 1
1 3

)
.

Find the eigenvalues and eigenvectors of T .
Solution 91. Characteristic polynomial :

det(A− λI) = det
(

3− λ 1
1 3− λ

)
= (3− λ)2 − 1 = (λ− 2)(λ− 4).

Eigenvalues : λ1 = 2, λ2 = 4.
— For λ = 2 : solve (A− 2I)v = 0 :(

1 1
1 1

)(
x
y

)
= 0⇒ x + y = 0⇒ v1 =

(
1
−1

)
, first eigenvector.

— For λ = 4 : (A− 4I)v = 0 :(
−1 1
1 −1

)(
x
y

)
= 0⇒ −x + y = 0⇒ v2 =

(
1
1

)
, second eigenvector

Exercise 92. Let T : R2[x]→ R2[x] be defined by

T [p(x)] = p(x) + xp′(x).

Find the eigenvalues of T and a basis of eigenvectors.
Solution 92.

Write
p(x) = a + bx + cx2. Then p′(x) = b + 2cx,

so

T [p(x)] = a + bx + cx2 + x(b + 2cx)
= a + bx + cx2 + bx + 2cx2

= a + 2bx + 3cx2.

Thus in coordinates (a, b, c),

T (a, b, c) = (a, 2b, 3c)
whish gives

T (1, 0, 0) = (1, 0, 0), T (0, 1, 0) = 2(0, 1, 0) and T (0, 0, 1) = 3(0, 0, 1)
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Or
T (1) = 1, T (x) = 2x and T (x2) = 3x2.

So eigenvalues : 1, 2, 3 corresponding eigenvectors 1, x, x2.

Exercise 93. Let S, T : R3 → R3 be linear maps given by

S(x, y, z) = (x, y, 0), T (x, y, z) = (x, z, y).

Find the matrices of S, T , S ◦ T , and T ◦ S. Verify that S ◦ T ̸= T ◦ S.
Solution 93.

Standard matrices (with respect to standard basis) :

[S] =

1 0 0
0 1 0
0 0 0

 , [T ] =

1 0 0
0 0 1
0 1 0

 .

Then

[S ◦ T ] = [S][T ] =

1 0 0
0 1 0
0 0 0


1 0 0

0 0 1
0 1 0

 =

1 0 0
0 0 1
0 0 0

 .

[T ◦ S] = [T ][S] =

1 0 0
0 0 1
0 1 0


1 0 0

0 1 0
0 0 0

 =

1 0 0
0 0 0
0 1 0

 .

Clearly different, so S ◦ T ̸= T ◦ S.

Exercise 94. Show that the linear transformation T : R2 → R2 given by

T (x, y) = (2x + y, x + y)

is invertible, and find T −1.
Solution 94. The matrix of T is given by

A =
(

2 1
1 1

)
.

Its determinant det A = 1 ̸= 0, so A is invertible. The inverse matrix is

A−1 = 1
1

(
1 −1
−1 2

)
=
(

1 −1
−1 2

)
.

Thus T −1 is given by

T −1 : R2 → R2 and T −1(x, y) = (x− y,−x + 2y).

Exercise 95. Let V be a finite-dimensional vector space and let T : V → V be linear.
Prove that

if T 2 = T (a projection), then V = ker T ⊕ Im T.

Solution 95.
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— First, note that if v ∈ Im T ∩ ker T , then v = T (u) for some u and also T (v) = 0. Then

0 = T (v) = T (T (u)) = T 2(u) = T (u) = v.

So the intersection is
Im T ∩ ker T = {0}.

— For any v ∈ V , write v = T (v) + (v − T (v)). Clearly

T (v) ∈ Im T.

Also
T (v − T (v)) = T (v)− T 2(v) = T (v)− T (v) = 0,

so
v − T (v) ∈ ker T.

Hence
V = Im T + ker T.

Since the sum is direct (Im T ∩ ker T = {0} intersection trivial), we have

V = Im T ⊕ ker T.

Exercise 96. Let T : R3 → R3 be the linear map that reflects vectors across the plane
x + y + z = 0. Find the matrix of T (with respect to the standard basis).

Solution 96. The reflection across a plane through the origin with unit normal n is given
by

T (v) = v − 2(v · n)n.

For the plane x + y + z = 0, a normal vector is n = 1√
3

(1, 1, 1). Then

T (v) = v− 2
(

v1 + v2 + v3√
3

)
1√
3

(1, 1, 1) = v− 2
3(v1 + v2 + v3)(1, 1, 1).

Thus in coordinates,

T (x, y, z) =
(

x− 2
3(x + y + z), y − 2

3(x + y + z), z − 2
3(x + y + z)

)
.

Simplify : 
x′ = 1

3x− 2
3y − 2

3z

y′ = −2
3x + 1

3y − 2
3z

z′ = −2
3x− 2

3y + 1
3z

Hence the matrix is
1
3

 1 −2 −2
−2 1 −2
−2 −2 1

 .

Exercise 97. Define T : R2 → R2 by

T (x, y) = (x + y, 2x− y).
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Show that T is linear and find its matrix with respect to the standard basis.

Solution 97. Check Linearity :
— ∀(x1, y1), (x2, y2) ∈ R2 :

T ((x1, y1) + (x2, y2)) = T (x1 + x2, y1 + y2) = (x1 + x2 + y1 + y2, 2(x1 + x2)− (y1 + y2))
= (x1 + y1 + x2 + y2, 2x1 − y1 + 2x2 − y2) = T (x1, y1) + T (x2, y2).

— For scalar multiplication : ∀(x, y) ∈ R2, ∀α ∈ R :

T (α(x, y)) = T (αx, αy) = (αx + cy, 2αx− αy) = α(x + y, 2x− y) = αT (x, y).

Thus T is linear. The matrix with respect to standard basis is formed by the images of (1, 0)
and (0, 1) :

T (1, 0) = (1, 2), T (0, 1) = (1,−1) ⇒ [T ] =
(

1 1
2 −1

)
.

Exercise 98. Let T : R3 → R2 be given by

T (x, y, z) = (x + y, y + z).

Find the kernel and image of T . Determine their dimensions.
Solution 98.

1. Kernel :
ker T = {(x, y, z) | x + y = 0 and y + z = 0}.

From x + y = 0 we have x = −y ; from y + z = 0 we have z = −y. So

(x, y, z) = (−y, y,−y) = y(−1, 1,−1).

Thus
ker T = span{(−1, 1,−1)}, a one-dimensional subspace.

2. Image : The image is the span of T (e1), T (e2), T (e3) :

T (1, 0, 0) = (1, 0), T (0, 1, 0) = (1, 1), T (0, 0, 1) = (0, 1).

These three vectors span R2 since (1, 0) and (0, 1) can be obtained as combinations.
Hence

Im T = R2, dimension 2.

The rank-nullity theorem :

dim ker T + dim Im T = 1 + 2 = 3 = dimR3, satisfied.

Exercise 99. Let Ti : R3 −→ R2, where

T1

x
y
z

 =
(

x + y
x− z

)
, T2

x
y
z

 =
(

x + y − z
x− 1

)
.

Determine whether Ti are linear or not
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Solution 99. Let α ∈ R, u =

x
y
z

 , v =

x′

y′

z′

 ∈ R3, we have

1.

T1(αu + v) = T1

α

x
y
z

+

x′

y′

z′


 = T1

αx + x′

αy + y′

αz + z′


=
(

(αx + x′) + (αy + y′)
(αx + x′)− (αz + z′)

)
=
(

α(x + y)
α(x− z)

)
+
(

x′ + y′

x′ − z′

)

= α

(
x + y
x− z

)
+
(

x′ + y′

x′ − z′

)
= αT1

x
y
z

+ T1

x′

y′

z′


= αT1(u) + T1(v)

thus T1 is linear map.

2. We can see that T2

0
0
0

 =
(

0
1

)
̸=
(

0
0

)
, so T2 is not linear.

Exercise 100. Let T : M2(R) −→ R2, where

T

(
a b
c d

)
=
(

a− b
c− d

)
.

Determine whether T is linear or not

Solution 100. Let α ∈ R, A =
(

a b
c d

)
, B =

(
a′ b′

c′ d′

)
∈M2(R), we have

T (αA + B) = T

(
α

(
a b
c d

)
+
(

a′ b′

c′ d′

))
= T

(
αa + a′ αb + b′

αc + c′ αd + d′

)

=
(

α(a− b) + a′ − b′

α(c− d) + c′ − d′

)
= α

(
a− b
c− d

)
+
(

a′ − b′

c′ − d′

)
= αT (A) + T (B)

thus T is linear map.

Exercise 101. Let T : M2(R) −→ R, where T (A) = tr(A). Determine whether T is
linear or not
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Solution 101. Let α ∈ R and A, B ∈M2(R). Let A = α

(
a b
c d

)
, B =

(
e f
g h

)
. So

T (αA + B) = T

(
α

(
a b
c d

)
+
(

e f
g h

))
= T

(
αa + e αb + f
αc + g αd + h

)

= tr

(
αa + e αb + f
αc + g αd + h

)
= αa + e + αd + h

= α(a + d) + e + h = αtr

(
a b
c d

)
+ tr

(
e f
g h

)
= αtr(A) + tr(B) = αT (A) + T (B)

thus T is linear map.

Exercise 102. Let f : R→ R2, g : R2 → R2 be two linear mappings defined by :

f(x) = (−x, x) and g(x, y) = (x + y, x− 3y) respectively.

1. Find g ◦ f .
2. Find the matrices associated with f, g and g ◦f with respect to their canonical bases.

Solution 102.
1. The composition g ◦ f is defined from R to R2 by :

(g ◦ f)(x) = g(f(x)) = g(−x, x) = (0, −4x).
2. The canonical basis of R is 1. Then, we have

f(1) = (−1, 1),

which signifies that the associated matrix is given by :

[f ] =
(
−1
1

)

As for g, we have g(1, 0) = (1, 1) and g(0, 1) = (1,−3), and so

[g] =
(

1 1
1 −3

)
.

To find the associated matrix [g ◦ f ] , we will present two methods to achieve this.
First method : Since (g ◦ f)(1) = (0, , −4), we see that

[g ◦ f ] =
(

0
−4

)
.

Second method : We know that [g ◦ f ] = [g][f ] , and so

[g ◦ f ] =
(

1 1
1 −3

)(
−1
1

)
=
(

0
−4

)
.
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Exercise 103. Let E = R3[x] and let f : R2 → E be a linear map defined by :

f(a, b) = a + b + ax + bx2 + (a− b)x3.

1. Determine the matrix associated with f , noted A, with respect to the canonical bases
of R2 and E.

2. Let g : E → R2 be defined by :

g[P (X)] = (P (0), P (1)).

Say why g ◦ f is linear and give its matrix in the canonical basis of R2

Solution 103.
1. Since dim E = 4 and dimR2 = 2, matrix A is of size 4× 2. We have

f(1, 0) = 1 + x + x3 = 1× 1 + 1× x + 0× x2 + 1× x3

and
f(0, 1) = 1 + x2 − x3 = 1× 1 + 0× x + 1× x2 + (−1)× x3.

Therefore,

A =


1 1
1 0
0 1
1 −1


2. We can easily show that g is linear, then g ◦ f be linear (since f is already linear). To

find the matrix C associated with g ◦ f , we can either multiply the matrix of g by the
matrix of f or find it directly. Let us work through both methods.
First method : The matrix associated with g is of size 2× 4, denoted by B. Since

g(1) = (1, 1), g(x) = (0, 1), g(x2) = (0, 1) and g(x3) = (0, 1),

it follows that

B =
(

1 0 0 0
1 1 1 1

)
So,

C = BA =
(

1 0 0 0
1 1 1 1

)
1 1
1 0
0 1
1 −1

 =
(

1 1
3 1

)
.

Second method : To begin, we explicitly find g ◦ f . Let (a, b) ∈ R2. Then

(g ◦ f)(a, b) = g[f(a, b)] = g(a + b + ax + bx2 + (a− b)x3),

which simplifies to

(g ◦ f)(a, b) = (a + b, a + b + a + b + a− b) = (a + b, 3a + b).

Since
(g ◦ f)(1, 0) = (1, 3) and (g ◦ f)(0, 1) = (1, 1),
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it ensues that
C =

(
1 1
3 1

)
.

Exercise 104. Let f : R2 → R2 be a linear map defined by :

f(x, y) = (x− 2y, y).

1. Find the matrix A associated with f with respect to the canonical basis of R2, denoted
by {e1, e2}.

2. Let e
′
1 = e1 and e

′
2 = e1 + e2. Show that

{
e

′
1, e

′
2

}
, is a new basis of R2.

3. Find the matrix of f in this new basis.
Solution 104.

1. Since
f(e1) = f(1, 0) = (1− 2× 0, 3× 0) = (1, 0),

and
f(e2) = f(0, 1) = (0− 2, 3) = (−2, 3),

it follows that

A =
(

1 −2
0 3

)
.

2. Given that card
{
e

′
1, e

′
2

}
= 2 = dimR2, for e

′
1, e

′
2 to be a basis, we need only show it is

free (linearly independent). However, the vectors e
′
1 = e1 = (1, 0) and e

′
2 = e1 + e2 =

(1, 1) are not proportional, i.e. they are linearly independent. Thus,
{
e

′
1, e

′
2

}
is a basis

of R2.
3. To find the matrix of f with respect to the new basis

{
e

′
1, e

′
2

}
, which we denote by B,

we compute f(e′
1) and f(e′

2) in terms of e
′
1 and e

′
2. We have

f(e′

1) = f(e1) = (1, 0) = e
′

1

and

f(e′

2) = f(e1 + e2) = f(e1) + f(e2) = (1, 0) + (−2, 3)
= (−1, 3) = −e1 + 3e2 = −e

′

1 + 3(e′

2 − e
′

1)
= −4e

′

1 + 3e
′

2.

Thus,

B =
(

1 −4
0 3

)
.

Exercise 105. Let f : R3 → R3 be a linear map defined by :

f(x, y, z) = (−2z, x + 2y + z, x + 3z).

1. Find the matrix associated with f in the canonical basis of R3, noted {e1, e2, e3}.
2. Let :

e
′

1 = −e1 + e3, e
′

2 = e2, e
′

3 = −2e1 + e2 + e3.
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Prove that
{
e

′
1, e

′
2, e

′
3

}
is another basis of R3.

3. Check that the matrix associated with f with respect to the basis
{
e

′
1, e

′
2, e

′
3

}
is dia-

gonal.
Solution 105.

1. Let A be such a matrix. Then

f(e1) = f(1, 0, 0) = (0, 1, 1), f(e2) = f(0, 1, 0) = (0, 2, 0)

and
f(e3) = f(0, 0, 1) = (−2, 1, 3).

Thus

A =

0 0 −2
1 2 1
1 0 3

 .

2. As
det A = −2 det

(
1 2
1 0

)
= 4 ̸= 0{

e
′
1, e

′
2, e

′
3

}
forms a linearly independent set, proves that it is a basis of R3 .

3. To find the matrix of f with respect to the new basis
{
e

′
1, e

′
2, e

′
3

}
, which we denote by

B, we compute f(e′
1), f(e′

2) and f(e′
3) in terms of e

′
1, e

′
1 and e

′
2. We have

f(e′

1) = f(−e1 + e3) = −f(e1) + f(e3) = −(0, 1, 1) + (−2, 1, 3)
= (−2, 0, 2) = 2 [(−1, 0, 1) + (−1, 0, 0)]
= 2 (e1 + e3)︸ ︷︷ ︸

=e
′
1

= 2e
′

1

f(e′

2) = f(e2) = (0, 2, 0) = 2 (0, 2, 0)︸ ︷︷ ︸
=e

′
2

= 2e
′

2

f(e′

3) = f(−2e1 + e2 + e3) = −2f(e1) + f(e2) + f(e3)
= −2(0, 1, 1) + (0, 2, 0) + (−2, 1, 3)
= (−2, 1, 1) = −2(1, 0, 0) + 1(0, 1, 0) + 1(0, 0, 1) = −2e1 + e2 + e3

= e
′

3

Thus

B =

2 0 0
0 2 0
0 0 1

 . which is obviously diagonal.

Exercise 106. Consider the matrix :

A =
(

2 −1 1
3 2 −3

)
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Let T : R3 → R2 be the linear map associated with matrix A with respect to the stan-
dard bases (canonical bases) of R3 and R2, denoted by B = {e1, e2, e3} and B′ {f1, f2}
respectively. Let : 

e
′
1 = e2 + e3,

e
′
2 = e1 + e3,

e
′
3 = e1 + e2,

and

f
′
1 = 1

2(f1 + f2),
f

′
2 = 1

2(f1 − f2)
.

1. Show that B′ =
{
e

′
1, e

′
2, e

′
3

}
is a basis of R3 and that D′ =

{
f

′
1, f

′
2

}
is a basis of R2.

2. Give the matrix associated with T in this new basis.
Solution 106.

1. Readers may verify for themselves that
{
e

′
1, e

′
2, e

′
3

}
and

{
f

′
1, f

′
2

}
are bases of R3 and

R2, respectively
2. First method : To find the matrix of T with respect to the new bases

{
e

′
1, e

′
2, e

′
3

}
an{

f
′
1, f

′
2

}
which we denote by B, we compute e1, e2, e3 in terms of e

′
1, e

′
2, e

′
3 and

f(e′
1), f(e′

2), f(e′
3) in terms of f

′
1, f

′
1.

— We get 
f

′
1 = 1

2(f1 + f2),

f
′
2 = 1

2(f1 − f2)
=⇒

f1 = f
′
1 + f

′
2,

f2 = f
′
1 − f

′
2

.

— Now we compute

T (e′

1) = T (e2 + e3) = T (0, 1, 1) =
(

2 −1 1
3 2 −3

)0
1
1


= (0, −1) = −1f2 = −(f ′

1 − f
′

2)
= −f

′

1 + f
′

2

T (e′

2) = T (e1 + e3) = T (1, 0, 1) =
(

2 −1 1
3 2 −3

)1
0
1


= (3, 0) = 3f1 = 3(f ′

1 + f
′

2)
= 3f

′

1 + 3f
′

2

T (e′

3) = T (e1 + e2) = T (1, 1, 0) =
(

2 −1 1
3 2 −3

)1
1
0


= (1, 5) = f1 + 5f2 = (f ′

1 + f
′

2) + 5(f ′

1 − f
′

2)
= 6f

′

1 − 4f
′

2

Therefore,

B =
(
−1 3 6
1 3 −4

)
.
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Second method : The transition matrix of B to B′ is given by :

[P ]BB′ =

0 1 1
1 0 1
1 1 0

 .

Also, the transition matrix from D to D′ is given by :

[P ]DD′ = 1
2

(
1 1
1 −1

)
.

We also know that matrix [T ]DD′ in the new basis is given by the formula

[T ]D′D = PD′B′ [T ]B′BPBD.

From different ways to find [P ]D′B′, here we choose to express the elements of the
basis B′ in terms of the basis D′, which allows us to determine [P ]D′B′. We have

f
′
1 = 1

2(f1 + f2),

f
′
2 = 1

2(f1 − f2)
=⇒

f1 = f
′
1 + f

′
2,

f2 = f
′
1 − f

′
2

.

So
[P ]D′B′ = [P ]−1

B′D′ =
(

1 1
1 −1

)
Thus,

[T ]D′D = PD′B′ [T ]B′BPBD =
(

1 1
1 −1

)(
2 −1 1
3 2 −3

)0 1 1
1 0 1
1 1 0

 .

Therefore,

[T ]D′D = PD′B′ [T ]B′BPBD =
(
−1 3 6
1 3 −4

)
.

Exercise 107. Let E = R2[x] and f : E → E be the linear map defined by

f [P (x)] = P (x + 1).

1. Determine the matrix A associated with f with respect to the standard basis of R2[x].
2. Prove that

{
1, x, 1

2(x2 − x)
}

is a new basis of R2[x].
3. Determine the matrix B associated with f in the new basis.

Solution 107.
1. Since

f(1) = 1 = 1× 1 + 0× x + 0× x2,

f(x) = x + 1 = 1× 1 + 1× x + 0× x2,

f(x2) = (x + 1)2 = x2 + 2x + 1 = 1× 1 + 2× x + 1× x2,
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it ensues that

A =

1 1 1
0 1 2
0 0 1

 .

2. Since
card

{
1, x,

1
2(x2 − x)

}
= 3 = dimR2[x],

we know that
{
1, x, 1

2(x2 − x)
}

is a basis of R2[x] once its elements are linearly inde-
pendent.
Let α, β, γ ∈ R be such that

α + βx + γ
1
2(x2 − x) = 0.

Hence,
α + (β − 1

2γ)x + γ
1
2γx2 = 0.

but a polynomial vanishes if all its coefficients vanish, i.e., when α = β = γ = 0
Therefore,

{
1, x, 1

2(x2 − x)
}

is a basis of R2[x].
3. Since

1 = 1× 1 + 0× x + 0× x2,

x = 0× 1 + 1× x + 0× x2,

1
2(x2 − x) = 0× 1− 1

2 × x + 1
2 × x2.

the transition matrix from {1, x, x2} to
{
1, x, 1

2(x2 − x)
}

is given by :

P =

1 0 0
0 1 −1/2
0 0 1/2

 .

while its inverse is given by :

P −1 =

1 0 0
0 1 1
0 0 2

 .

Consequently,

B = P −1AP =

1 1 0
0 1 1
0 0 1

 .

Exercise 108. 1. Let f be a linear transformation from R3 to R3 with a matrix repre-
sentation in the canonical basis given by :

A =

3 −1 1
0 2 0
1 −1 3

 .
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Give the expression of the matrix B, which represents the matrix A in the new basis
of R3, formed by the vectors :

e
′

1 = e1 − e3, e
′

2 = e2 + e3, and e
′

3 = e1 + e3.

2. Let n ∈ N. Find Bn and then deduce An.
3. Now, consider three sequences (xn), (yn), and (zn) defined by :

x0 = y0 = 1, z0 = 2,

xn+1 = 3xn − yn + zn,

yn+1 = 2yn,

zn+1 = xn − yn + zn.

Find the general terms of xn, yn, and zn.
Solution 108.

1. It is left to the readers to confirm that :

B = P −1AP =

2 0 0
0 2 0
0 0 4

 ,

where the transition matrix P and its inverse are given by :

P =

 1 0 1
0 1 0
−1 1 1

 and P −1 = 1
2

1 1 −1
0 2 0
1 −1 1


respectively.

2. Since B is diagonal, we have for ∀n ∈ N.

B =

2n 0 0
0 2n 0
0 0 4n

 .

Since A = PBP −1, we can write

An = (PBP −1)n

= (PBP −1)(PBP −1) · · · (PBP −1)
= PB(P −1P )B(P −1P ) · · · (P −1P )BP −1

= P B · · ·B︸ ︷︷ ︸
n times

P −1

= PBnP −1.

After performing calculations, we find that :

An =

1 + 2n 1− 2n 2n − 1
0 2 0

2n − 1 1− 2n 1 + 2n

 .
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3. The given system is equivalent to

Xn+1 = AXn, ∀n ∈ N,

where Xn =

xn

yn

zn

. By induction, we have

Xn = AXn−1 = A(AXn−2) = A2Xn−2 = · · · = AnX0 ∀n ∈ N.

Thus,

Xn =

xn

yn

zn

 = 2n−1

1 + 2n 1− 2n 2n − 1
0 2 0

2n − 1 1− 2n 1 + 2n


x0

y0
z0

 ,

which then yields 
xn = 22n,

yn = 2n,

zn = 2n(1 + 2n),
still ∀n ∈ N

Exercise 109. Let {e−x, xe−x, x2e−x} be a set of functions from R to R. We set

E = span
{
e−x, xe−x, x2e−x

}
1. Find dim E.
2. Define T : E → E by T (f) = f ′. Show that T is an endomorphism of E. Determine

its matrix A in the basis : {e−x, xe−x, x2e−x}.
3. Let :

B =

0 1 0
0 0 2
0 0 0

 and I =

1 0 0
0 1 0
0 0 1


(a) Compute Bn for each n ∈ N.

(b) Deduce that :

An = (−1)n

(
I − nB + n(n− 1)

2 B2
)

, n ∈ N.

4. Let n ∈ N. Using the matrix An, find the nth derivative of the function g : R → R
defined by :

g(x) = (3− 2x + 8x2)e−x.

Solution 109.
1. As E is spanned by the functions e−x, xe−x, and x2e−x, its dimension will be 3 once

we establish the linear independence of its elements. Let a, b, c ∈ R be such that

ae−x + bxe−x + cx2e−x = 0,∀x ∈ R,

which simplifies to
a + bx + cx2 = 0, ∀x ∈ R.

Thus, a = b = c = 0, and the set {e−x, xe−x, x2e−x} is a basis of E, thereby dim E = 3.
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2. We can easily check that T is linear from E to E, which is then an endomorphism of
E. To find the matrix associated with T , we evaluate (for all x) :

T (e−x) = −e−x = −1× e−x + 0xe− xe−x + 0x2e−x,

T (xe−x) = e−x − xe−x = 1× e−x − 1× xe−x + 0× 2e−x,

T (x2e−x) = 2xe−x − x2e−x = 0× e−x + 2× xe−x − 1× x2e−x.

Hence,

A =

−1 1 0
0 −1 2
0 0 −1

 .

3. (a) It is easy to see that

B2 =

0 0 2
0 0 0
0 0 0

 and B3 =

0 0 0
0 0 0
0 0 0

 . So, Bn = 0M3(R)∀n ≥ 3.

(b) First, observe that A = −I + B. We have two possible approaches : Applying the
binomial formula for I and B or proving the result by induction, given that we
already know the expected form of An. However, we opt for an inductive proof. The
base case follows from the identity

A2 = I − 2IB + B2,

which holds due to the commutativity of I and B. Now, assume the formula for An
holds. Then, and as B3 = 0M3(R),

An+1 = AnA

= (−1)n

(
I − nB + n(n− 1)

2 B2
)

(−I + B)

= (−1)n

(
−I + nB − n(n− 1)

2 B2 + B − nB2
)

= (−1)n+1
(

I − (n + 1)B + n(n + 1)
2 B2

)

, Thus, we have shown the formula for An. The matrix An is then written for all n
as :

An = (−1)n

1 −n n(n− 1)
0 1 −2n

0 0 1

 .

4. First, we should refrain from using the Leibniz formula, even though it is applicable to
the functions x→ e−x and x→ 3−2x+8x2e−x, since another method has been specified.
Now, we can write :

g′ = T (g), g′′ = T (g′) = (T ◦ T )(g), · · · ,

and
g(n) = (T ◦ T ◦ · · · ◦ T︸ ︷︷ ︸

n times

)(g).
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So, the matrix of T n corresponds to An. Thus, the matrix of g(n) is given by :

(−1)n

1 −n n(n− 1)
0 1 −2n
0 0 1


 3
−2
8

 = (−1)n

8n2 − 6n + 3
−16n− 2

8

 .

Accordingly,

g(n)(x) = (−1)ne−x(8n2 − 6n + 3− (16n + 2)x + 8x2) for n = 1, 2, · · ·
Exercise 110. Use Cramer’s rule to solve for x in the system :2x + 3y = 8

4x− y = 2

Solution 110. A =
(

2 3
4 −1

)
, det A = 2(−1)−3(4) = −2−12 = −14. Replace first column

with b =
(

8
2

)
: Ax =

(
8 3
2 −1

)
, det Ax = 8(−1)− 3(2) = −8− 6 = −14. Then

x = det Ax

det A
= −14
−14 = 1.

Exercise 111. Solve the linear system using Gaussian elimination :
x + 2y − z = 1
2x + 3y + z = 2
3x + 5y + 0z = 3

Solution 111. Write the augmented matrix : 1 2 −1 1
2 3 1 2
3 5 0 3


Perform row operations :

R2 ← R2 − 2R1 :
(
0 −1 3 0

)
R3 ← R3 − 3R1 :

(
0 −1 3 0

)
Now we have :  1 2 −1 1

0 −1 3 0
0 −1 3 0


Subtract R2 from R3 : R3 ← R3 −R2 gives zero row. So the system reduces to :x + 2y − z = 1

−y + 3z = 0

We get
y = 3z and x = 1− 5z.
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So solution :
(x, y, z) = (1− 5t, 3t, t) for any t ∈ R.

Exercise 112. Find the inverse of the matrix A =
(

1 2
3 4

)
if it exists.

Solution 112. Compute determinant : det A = 1 · 4 − 2 · 3 = 4 − 6 = −2 ̸= 0, so inverse
exists. Using formula for 2× 2 :

A−1 = 1
det A

(
4 −2
−3 1

)
= 1
−2

(
4 −2
−3 1

)
=
(
−2 1
3/2 −1/2

)
.

Alternatively,

A−1 =
(
−2 1

3
2 −1

2

)
.

Exercise 113. Compute the determinant of

B =

 1 0 2
−1 3 1
2 1 0

 .

Solution 113. Expand along first row :

det B = 1 · det
(

3 1
1 0

)
− 0 · det

(
−1 1
2 0

)
+ 2 · det

(
−1 3
2 1

)
= 1[(3)(0)− (1)(1)] + 2[(−1)(1)− (3)(2)] = −1 + 2(−1− 6) = −1 + 2(−7) = −1− 14 = −15.

Exercise 114. Determine whether the set of matrices

S =
{(

a b
c d

)
∈M2×2(R) : a + d = 0

}

is a subspace of M2×2(R).

Solution 114. Check :
— Zero matrix has 0 + 0 = 0, so 0 ∈ S.
— If A, B ∈ S, then

(a11 + a22) = 0 and (b11 + b22) = 0.

For A + B, the sum of diagonal entries is

(a11 + b11) + (a22 + b22) = (a11 + a22) + (b11 + b22) = 0 + 0 = 0,

so A + B ∈ S.
— For scalar c, diagonal entries of cA are ca11 and ca22,

ca11 + ca22 = c(a11 + a22) = c · 0 = 0, so cA ∈ S.

Thus S is a subspace.
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Exercise 115. Find the rank of the matrix

A =

1 2 3
2 4 6
3 6 9

 .

Solution 115. Observe that the second row is twice the first, and the third row is three times
the first. Thus all rows are multiples of the first, so the row space is one-dimensional. Hence
rank A = 1.

Exercise 116. Solve the system using matrix inversion :2x + y = 5
x− 3y = 6

Solution 116. In matrix form : Ax = b with A =
(

2 1
1 −3

)
, b =

(
5
6

)
.

Compute A−1 : det A = 2(−3)− 1(1) = −6− 1 = −7. Then

A−1 = 1
−7

(
−3 −1
−1 2

)
=
(

3
7

1
71

7 −
2
7

)
.

Then
x = A−1b =

(
3
7 · 5 + 1

7 · 61
7 · 5−

2
7 · 6

)
=
(

15+6
75−12
7

)
=
(

21
7−7
7

)
=
(

3
−1

)
.

Exercises without Solutions

Exercise 117. Let A =

1 4
2 5
3 6

 and T : R2 −→ R3 where ∀v ∈ R2, T (v) = Av

a) : Compute T

(
1
2

)
b) : Find v such that T (v) =

1
2
3

 c) : Is

1
2
4

 in the image

of T

Exercise 118. Let T : R3 −→ R2 be a linear map such that

T

1
2
3

 =
(

2
1

)
and T

2
3
4

 =
(

2
4

)

a) : Compute T

 8
13
18

 b) : Compute the dimension of T

Exercise 119. Let T : R2 −→ R3 be a linear map defined as

T

(
x
y

)
=

 x + 2y
2x + 4y
x + αy


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where α ∈ R is a parameter
1. Find the matrix [T ] associated to T with respect to the standard bases of R2 and R3.
2. For which values of α is T one-to-one (injective) ?
3. For which values of α is T onto (surjective) ?

Exercise 120. Let T : R3 −→ R3 be a linear map such that

T

0
0
1

 =

2
3
4

 , T

0
2
0

 =

 6
8
10

 and T

1
0
0

 =

10
14
18


1. Compute the dimensions of ker(T ) and Im(T )

2. Compute T

1
1
1


Exercise 121. Let V be the real vector space R2[x], whose elements are the polynomials
with real coefficients and degree less than or equal to two. Consider the linear map

L : V −→ V, L(ax2 + bx + c) = (3a + 3b)x2 + (b + c)x + (a + b + 2c).

1. Compute the dimensions of the kernel and the image of L

2. Decide if L is invertible and, if so, compute the image of the polynomial 4x2 + x + 1
through the inverse function.

Exercise 122. Let Q2[x] be the space of polynomials with rational coefficients and degree
less than or equal to 3 and let L : Q2[x] −→ Q2[x] be the linear map given by

L(ax3 + bx2 + cx + d) = (a + b + c)x3 + dx2 + 2c.

Compute a basis of ker(L), a basis for Im(L), and a basis of Im(L ◦ L ◦ L).

Exercise 123. Let LA : R4 −→ R4 be the linear map defined as LA(v) = Av, where

A =


1 2 1 0
2 2 0 2
0 1 1 −1
1 3 2 −1


1. Find a basis of kerLA and complete it to a basis of R4

2. Find a basis of Im(LA).

3. Does the vector b =


1
8
−3
−2

 belong to ImLA ?

Exercise 124. Consider the linear map ϕ :M2 (R) −→M2 (R) such that, for any matrix
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A ∈M2 (R), we have ϕ(A) = AB, where B is the matrix

B =
(

1 2
2 4

)

1. Determine the dimension and a basis of ker(ϕ)
2. Determine the dimension and a basis of Im(ϕ)

Exercise 125. The standard matrix of T is given below.

A =

1 3 1
2 5 3
3 2 3


Is the linear map T One-to-one ? Onto ?
Exercise 126. what value of x will make A and B commute ?

A =
(

x 0
0 1

)
, B =

(
1 1
0 1

)

Exercise 127. Let

T : R3 −→ R3, T (x, y, z) = (x + 2y − z, −2x− 4y + 2z)

Are (3,−2,−1) ∈ ker(T ), (1, 1, 2) ∈ ker(T ), (2,−6) ∈ Im(T ), (1, 2) ∈ Im(T )

Exercise 128. Compute ker(T ), Im(T ), Nullity(T ) and rank(T )
1. T1 : R2 −→ R3, T1(x, y) = (x + y, y, 0).
2. T2 : R3 −→ R3, T2(x, y, z) = (x− y, y + z, 0)
3. T3 : R2[x] −→ R1[x], T3(a + bx + cx2) = a(x + 1) + cx + b.
4. T4 : R2[x] −→ R, T4(P (x)) = P (2)− P (1).

5. T5 : M2(R) −→ R3[x], T5

(
a b
c d

)
= a + (b− c)x + ax2.

Exercise 129. Let T : R3 −→ R2, T (x, y, z) = (2x + y − z, 3x − y + 2z). Find the
standard matrix for T

Exercise 130. Let T : R4 −→ R2, T (x, y, z, t) =
(

5 3 8 2
1 2 3 0

)
x
y
z
t

.

1. Find basis for Im(T )
2. Find basis for ker(T )
3. Find rank(T ) and Nullity(T ).

Exercise 131. Let a basis B =
{(

4
5

)
,

(
3
4

)}
. If [v]E =

(
15
8

)
find [v]B, where E is a

standard basis of R2.
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Exercise 132. Let Ti : R3 −→ R2, where

T1(x, y, z) = (x + y, x− z), T2(x, y, z) = (x + y − z, x).

Compute T1 ◦ T2

Exercise 133.

Consider the basis S =


1

0
0

 ,

0
2
0

 ,

0
0
3


 for R3 and let T : R3 −→ R2 be the linear

map such that T

1
0
0

 =
(

1
2

)
, T

0
2
0

 =
(
−2
2

)
, T

0
0
3

 =
(
−9
6

)
. Find T (X), X ∈ R3.

Find T

1
2
1


Exercise 134. Let f : R2 −→ R3 be a linear map such that

f

(
x
y

)
=

 x + 2y
2x + 4y
x + αy


where α ∈ R is a parameter
(a) Find the matrix [f ] associated to f with respect to the standard bases of R2 and R3.
(b) For which values of α is f (one-to-one) injective ?
(c) For which values of α is f (onto) surjective ?

Exercise 135. Compute the inverse of A where A =

1 2 3
4 5 6
7 8 8


Exercise 136. Let A =

(
3 4
5 6

)
and b =

(
3
7

)
. Use A−1 to find v where Av = b

Exercise 137. Find det(A) =


1 7 2 5
0 8 4 7
0 0 0 1
0 9 3 0



Exercise 138. Find : det


1 7 9 12 16
0 2 0 5 26
0 0 2 4 25
0 0 0 3 50
0 0 0 0 5

 , det


−1 2 3 1 −2
0 2 0 5 2
0 0 2 4 7
0 0 0 3 5
−2 4 6 2 −4


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Exercise 139. Let A be the matrix

A =

1 1 1 1
1 1 2 2
2 2 3 3


1. Determine if the system Ax = 0 has zero, one or infinitely many solutions, and

compute a basis of the space of solutions.
2. Is it true that the system Ax = b has a solution for any b ∈ R3 ? If so, prove the

statement, otherwise find a counterexample.
Exercise 140. Determine the number of solutions of the following system

x + 2y − 3z = 4
4x + y + 2z = 6
x + 2y + (a2 − 19)z = a

depending on the parameter a ∈ R.

Exercise 141. Find a matrix A where Col(A) =


7a + 5b

a− b
2b

 ; a, b ∈ R


Exercise 142. Find a basis for Col(A) where A =

1 1 1
1 2 3
2 3 4


Exercise 143. Let T : R2[x] −→ R1[x], where T (a + bx + cx2) = a + b(x + 1). Determine
whether T is linear or not

Exercise 144. Given A =
(

2 −1
0 3

)
, B =

(
1 4
−2 5

)
, compute :

1. A + B

2. 2A− 3B

3. AB and BA

4. AT + BT

Exercise 145. Let A =
(

1 2 3
4 5 6

)
and B =

 7 8
9 10
11 12

. Compute AB and BA if possible.

Explain why one product might not be defined.
Exercise 146. Solve the system using Gaussian elimination :

x + 2y + 3z = 1
2x + 5y + 7z = 2
3x + 7y + 10z = 3
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Solution 117. Write the augmented matrix : 1 2 3 1
2 5 7 2
3 7 10 3


Perform row operations :

R2 ← R2 − 2R1 :
(
0 1 1 0

)
R3 ← R3 − 3R1 :

(
0 1 1 0

)
Thus we have :  1 2 3 1

0 1 1 0
0 1 1 0


Subtract R2 from R3 : R3 ← R3 −R2 gives zero row. The system reduces to :x + 2y + 3z = 1

y + z = 0

From the second, y = −z. Substitute into first : x+2(−z)+3z = 1⇒ x+z = 1⇒ x = 1−z.
So the solution is (x, y, z) = (1− t,−t, t) for any t ∈ R.

Exercise 147. Solve each system by Gaussian elimination.
1. 2x + 3y = 5

4x + 6y = 10
2. 

x− 2y + z = 4
2x + y − z = 1
3x + 3y − 2z = 2

3. 
x + y + z = 6
2x− y + 3z = 7
3x + 2y − z = 4

Exercise 148. For each system, determine if A is invertible and solve using the inverse
method.

1.

3x + y = 8
2x− 5y = 11

2.


x + 2y + z = 4
2x + 3y + z = 7
x + y + 2z = 5
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