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Forword

This handout is a resource on key Linear algebra concepts, focusing on several fundamen-
tal topics in mathematical algebra and the theory of matrices.

This handout is intended for first-year Computer Science student. It is also a valuable
reference for first-year science and technology students, and for anyone wishing to become
familiar with basic mathematical methods in linear algebra and matrix theory.

I have endeavored to write the chapters of this handout in an accessible way, concentra-
ting on the important themes of the curricula.

Firstly, I wanted this handout to be directly usable by a first-year Computer Science
student.

The author hopes that this document, despite its imperfections, will be useful to students
and readers. It was written and published for this purpose.

Dr : Ahmed Azzi
University of Tindouf
Mars 2026
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Chapitre

Vector Spaces

[Cherney]| Linear algebra is the study of vectors and linear functions.

Many difficult problems can be handled easily once relevant information is organized in a
certain way. This text aims to teach you how to organize information in cases where certain
mathematical structures are present. Linear algebra is, in general, the study of those struc-
tures. Namely.

In broad terms, vectors are things you can add and linear functions are functions of vectors
that respect vector addition. The goal of this text is to teach you to organize information
about vector spaces in a way that makes problems involving linear functions of many va-
riables easy. (Or at least tractable.)

To get a feel for the general idea of organizing information, of vectors, and of linear
functions this chapter has brief sections on each. We start here in hopes of putting students
in the right mindset for the odyssey that follows ; the latter chapters cover the same material
at a slower pace. Please be prepared to change the way you think about some familiar
mathematical objects and keep a pencil and piece of paper handy !

1.1 Vector Spaces

Definition 1.1.1. Let (F, +, ) be a field, and V be a set of objects on which two opera-
tions are defined :
x: VXV —YV

and scalar multiplication
O: FxV—YV

V is called a vector space over a field V(IF) if all the following are satisfied :
1- (V%) is an Abelian group (commutative group)
2-Vu,veV, Va,B€F

a- a@(uxv)=a@Qu*xa@u

b- (a+p)Qu=a@uxfeu

c-a@(Bou)=(a-f)oOu




1.1. VECTOR SPACES CHAPITRE 1. VECTOR SPACES

d- IrOu=u

Example 1. Let + and - be a standard operations.
(R, +, -) is a R-vector space,

(C, +, +) is a R-vector space,

(C, +, -) is a C-vector space,

(R™, +, -) is a R-vector space, (n € N*),

Let n > 0 be an integer and let P, = R,[X] the set of all polynomials of degree at
most n. Members of P, have the form

ARSI

p(t) = ag + art + agt® 4+ - - + a,t"

where : ag, ay, -+ , a, are real numbers and t is a real variable. The set P, = R, [X]
is a real vector space.

6. Let F(R) = F(R;R) be a set of all functions from R to R, define addition and scalar

multiplication of functions by :

Vg€ FR), VaeR; (f+g)(x) = f(x) +9(z), (af)(z)=af(z)

The function space F(R) is real vector space.

Example 2. Check whether the set V = {x, y,z € R: 2+ 3y> — 42? = 0} is vector space
or not ?

Solution : Given V = {z, y,z € R: 2+ 3y> — 422 = 0}.

So, take u; = (2, 0, 1),us = (8, 0, 2) € V, but u; + us = (10, 0, 3) ¢ V

Because 2(10) + 3(0)% — 4(2)? = —36 # 0. i.e. additive vector (10, 0, 3) does not belongs
to V.

Therefore. set V is not a vector space.

Exercise 1. Check whether the set V = {(z, y,z) € R®: (x — y)z = 0} is vector space
or not ¢

Solution 1. Given V = {(z, y,z) € R*: (z —y)z = 0}.
So, take uy = (1, 1, 2),us = (2, 5,0) € V, but uy +us = (3, 6, 2) ¢ V
Because (3 —6)2 = —6 # 0. i.e. the closure property is not satisfied .

Therefore. set V is not a vector space.

Exercise 2. Show that R? is not vector space over R under the addition and scalar
multiplication defined by :

V(z,y), (@, y) eR} VaeR: (z,9)® (2, y)=0,y+y), a© (z,y) = (az, ay)
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1.1. VECTOR SPACES CHAPITRE 1. VECTOR SPACES

Solution 2. R? is not vector space under the compositions ® and ©, because

(a+B) oz, y)=(a+ Bz, (a+B)y), a®(z,y)®BO (2, y)=I(0,ay+ fy)
and

(a+p)o(z,y) #ao(z,y)DLO (z,y)
1.1.1 Subspaces

Vector spaces may be formed from subsets of other vectors spaces. These are called sub-
spaces.

Definition 1.1.2. Let 'V be a vector space over a field F. If W C 'V such that W is a
vector space over I with respect to the operations of V restricted to W then we say W s
a subspace of V and write W < V.

Theorem 1.1.1. A subspace of a vector space V is a subset H of V that has three pro-
perties :
1. The zero vector of V is in H.
Oy e H

2. For each u and v are in H, u+ v is in H. (In this case we say H is closed under
vector addition.)
Yu,v e H, uddpv € H

3. For each w in H and each scalar ¢, cu is in H. (In this case we say H is closed under
scalar multiplication.)
VueH, V,aeK, abueH

If the subset H satisfies these three properties, then H itself is a vector space.

Recap
1. To show that H is a subspace of a vector space, use Theorem 1.1.1
2. To show that a set is not a subspace of a vector space, provide a specific example
showing that at least one of the axioms 1, 2 or 3 (from the definition of a subspace) is
violated.
Example 3.
1. {0y} is called the trivial subspace. and V is the subspace of V.
2. If V=TR3 then :
— {(0, 0, 0)} is a subspace,
— any line through the origin is a subspace,
— any plane through the origin is a subspace.
3. The function space F(R) has many subspaces.
— continuous functions : C(R)
— differentiable functions : C'(R)
— smooth functions :C*(R)
— polynomial functions (which are naturally identified with R|x]
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1.1. VECTOR SPACES CHAPITRE 1. VECTOR SPACES

| Example 4. Let H= {(z, 0, z) : x, y € R}. Show that H is a subspace of R3.

Solution : Verify properties of the definition of a subspace.

1. The zero vector of V =R3isin H (let z =2 =10 ).

2. Adding two vectors in H always produces another vector whose second entry is and
therefore the sum of two vectors in H is also in H.

(2,0, 2)+ (2", 0,2') = (x+ 2,0, z+ 2') € H (H is closed under addition)
—— ——

Z‘N Z/l

3. Multiplying a vector in H by a scalar produces another vector in H (H is closed under
scalar multiplication).
Since properties 1, 2, and 3 hold, H is a subspace of R3.
Note : Vectors (z, 0, 2) in H look and act like the points (a, b) in R3.

| Example 5. Let S = {(z, x+1): z € R}. Does S a subspace of R? ?
Solution : S is not a subspace of R? because Ogz = (0, 0) ¢ S
Example 6. Let V= {f: [0, 1] — R} subspace of the vector space F(R) and

U={feV]f1/3)=f(1/2)=0}, W={feV][f(2/3)=0}
Prove that V is subspace of V

Solution : Let f, g € U and a € R, we have

1. 0(1/3) = 0(1/2) = 0, thus zero function Oy in U

2 (F +9)(1/3) = £(1/3)+9(1/3) = 0 and (f + 9)(1/2) = f(1/2)+g(1/2) = 0, thus
—_— = N——

figeU =0 =0 =0 =0
3. (af)(1/3) =a f(1/3) =0 and (af)(1/2) = a f(1/2) = 0, thus (af) € U.

Therefore U is subspace of V.

The sum is
U+W={f+g|felU gecW}

Exercise 3. Let V = {f c FR) | [1 f(x)dx = 0}. Is V a real subspace ?

Solution 3. 1. The zero function 0(xz) =0 is in V since
1 1
/ 0(z)dx :/ Odx =0
-1 -1
2. Let f, g € V, use linearity property of the definite integral to calculate
1 1 1
| (@) +g@Nde = [ f@)dz+ [ gl@)dz=0+0=0,
thus f +g €V
3. Let feV,aeR

/11 af(x)dx = oz/_l1 f(z)dx =a0 =0
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thus af € V. Therefore V is real subspace

Theorem 1.1.2. An arbitrary intersection of subspaces i.e. the intersection of any family
of subspace of a vector space is a subspace.

If (V;)ier are vector spaces = V = (| V; is subspace
i€l

Proof Let V be a vector space over a field F and V; C V be a subspaces of V.

1. Since, Oy € V;, Vi € I, then Oy € N V; Hence, NV, #+ O

i€l el
2. Letx,y €Nier Viand o, B € F,thenx, y € V,;, Vi € I since every V; is a subspace of V.

Consequently,
ar+pyeV, Viel =ar+ fyc ﬂVi
iel
Hence, N;c; V; is a subspace of V.

Theorem 1.1.3. The union of two subspace is a subspace if and only if one contains the
other

If V1, Vg are vector spaces, V1 U Vs is a vector space < Vi C Vy orVy C Vy

Proof :
Let V be a vector space over a field ' and V;, V, be two subspaces of V.
Firstly let us suppose Vi C V5 or Vo C Vq, then VUV, =V, or Vi UV, = V5.

Therefore V; U V5 is also a subspace of V since Vq, Vy are subspaces.

conversely, let Vi UV, be a subspaces of V, then we are to prove Vi C V5 or Vo, C V;.
We shall prove it by contradiction.

Suppose that V; is not a subspace of V, and V5 is not a subspace of V;

Since
Vig€Vy=3zeVyandx ¢ Vs,
Vo & Vi =3yeVyand z ¢ Vy,
Now from (1) and (2), we get
reVi=2ecV,UV, and yeVy=9yecV, UV,

—~~
—_ =
[N
~— ~—

Again since V; U Vj is a subspace and so we have
r,yeViuUVo=aox+yeViUVo=a+yeViorx+y eV,

If +y €V, then (z +y) —x =y € V; since V; is a subspace and y € V;. But from (2),
we see that y ¢ Vy, which is contradiction .
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Hence either V; is a subspace of V5 or V5 is a subspace of V.

1.1.2 Product Space of vector spaces :

Lemma 1.1.1. Product Space of vector spaces is vector space

If V; and V5 are both vector spaces over a field F then,
V:V1 XVQZ{(.Z', y) |£L'EV1,3/€V2}

Forms a vector space over F subject to : V(x, y), (¢, ¥') € Vi x Vo, Va € F

rooy / / —
(l’,’y)@(l‘,y)—( T+ ’ y+y )7 QQ(‘T?y)_( % ) ay )
addition in V1 addition in Vo multiplication in V1 myjtiplication in Va

| Example 7. R is real vector space, then R?> = R x R is also real vector space

1.1.3 Linear combinations of vectors

Definition 1.1.3. In a vector space V over a field F we are free to form F-linear combi-
nations of vectors, we say v is a linear combination of vy, ve,--- ,v, € V if there exist
scalars aq, g, -+ - , o € F, such that :

p
V=) 050 = g1 + QoUz + -+ Uy
1

0 3 2 -7
Example 8. Letx; = | 2 |, xo=| 5 |,23=| —4 |. Isu= | —15 | a linear
1 1 6

combination of x1, xo, T3 ?

Solution :

u a linear combination of x1, xo, x3 < da, B, vy € R: u = ax; + Sy + Y3

So,
-7 0 3 2
u=ary+prs+yr3s< | =16 | =a|l 2 [+8 5 |+ —4
6 4 1 1
-7 = 38+2y
S =156 = 2a+56—4y
6 = da+S+7y
We get a =2, f = —3, v =1, therefore u is linear combination of 1, xs, 3.
0 3 3 1
Exercise 4. Let ©; = 2 |, 0 = 5 |, x3 = 7 1. Isu = 2 a linear
4 1 5 3

combination of x1, xo, T3 ¥

Azzi Ahmed 6 University of Tindouf
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Solution 4.

u a linear combination of x1, T2, v3 < Ja, B, v € R: u= axy + fry + yx3

So,
1 0 3 3
u=ary+pPrs+vrs<e | 2 | =al 2 | +8 5 |+ 7
3 4 1 5
1 = 368+3y
<< 2 = 2a+58+ Ty  No solution

3 = 4da+ [+ 5y

Therefore, u is not a linear combination of x1, x9, T3.

1 2 3 4
Exercise 5. Letx; = | 2 |, 2o = | =1 |,2z3 =1 |, 24 =1 0 |. Isu =
3 —2 1 2
13
8 a linear combination of xq, x9, T3, T4 ?
13
Solution 5. yes u is a linear combination of x1, x2, x3, T4, we get
13 1 2 3 4
8 |=02|-3] -1 |+5] 1 |+1]0
13 3 -2 1 2

1.1.4 Linearly independent vectors, Linearly dependent vectors

Definition 1.1.4. Let V be a vector space over a field F. A finite set {uq, ug, -+ ,up}
of vectors of V is said to be linearly independent if every relation of the form

Vai, ag, ---a, €F, aqu; + agus + -+ + ayu, =0y = a; =0 foreach 1 <i<n
Definition 1.1.5. Let V be a vector space over a field F. A finite set {uy, ug, -+ ,u,} of

vectors of V is said to be linearly dependent if there exist scalar oy, s, -+, o, € F
not of them O (some of them may be zero) such that

a1Uq + QU9 + - —f-OénUn = OV

An infinite set of vectors of V is said to be linearly independent if its every finite subset
is linearly independent, otherwise it is linearly dependent.

1 3 3
Example 9. Find whether the set of vectors :x1=| 2 |, zo=| 1 |, 23=| —4
1 5 7

is linearly independent or dependent.
Solution : Let «, 3, v be three scalars such that
axy + fre + yr3 = Ops

Azzi Ahmed 7 University of Tindouf
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Thus

(axy + Bro + v = Ogs) & «

— N =

3 0
+Bl 1|+ 4 |=]0
5 0

a+38+3y =0
S 2a+p5—-4y =0
a+58+T7y =0

We get, « = —3, =2, v = —1. Hence the set of vectors {1, x5, x3} are linearly dependent.

Example 10. Show that the set {1, z, 1 + x + x*} is linearly independent set of vectors
in the vector space of all polynomial over the real number field.

Solution : Let «, 3, 7 be three scalars(real numbers) such that

a(l) +B(x) +y(1+x+2%) =0 =0

We have
a)+p@)+v1+z+2*) =0 = (a+7)+ (B+7)z+v2* =0,
a+vy =0
,=> < B+y =0
Y =0

, = a=0=7v=0.

Therefore the vectors 1, x, 1 + x + 22 are linearly independent over a field of real numbers.

2 2 4 4
Exercise 6. Are the vectors x1 = g , Ty = :Z , Ty = :g , Ty = ?
4 0 2 6

linearly independent or dependent.

Solution 6. Let o, 3, v, & be three scalars(real numbers) such that
ary + frg + yr3 + 024 = Opa

We have
2 2 4 4 0
2 -2 -2 2 0
axy + fre + yrs + 0y = Ops = « 9 + 4 + 7y 5 +0 1 1=1 o
4 0 2 6 0

204+ 2 +4y+46 =0
20 -2 —-2y4+2) =0

T ) 20 —48 5748 =0
do+ 2y + 66 =0
204+ 28 +4y+46 =0

N Oa — 48 — 67 —20 =

Oa+08+0y+05 =0
O+ 08+0y+05 =0

Azzi Ahmed 8 University of Tindouf
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The system of equations will have 4 — 2 = 2, non-zero solutions and hence the set of vectors
are linearly dependent. Hence given vectors are not linearly independent.

1.1.5 Spanning sets and subspaces

Definition 1.1.6. Let uq, ug, - -+ ,u, be p vectors in V. Define the set W as the collection
of all linear combination of uy, ug, -+ - ,up
W = {the collection of all linear combination of wuy, uz, -+ ,up},

P
:{UEV|U:ZaiUi; aiGFaizlaQ,"‘p}QV
1

Theorem 1.1.4. W = {u eV |u=> asu;, a; €F,i=1,2,--- p} is subspace of V
over a field IF.

Proof : In order to verify this, check properties of definition of a subspace.

1. Oy € V since if (a; = Op, Vi = 1,2, --- ,p), we have u = Opuy + Opug + - - - + Opu, =
Oy e W

2. W is closed under addition since

p

p p
vahﬁi) GF,ZZLZPE]R Z&ZUZ+ZBZUZ: Z(az+ﬁz)uz ew
1 1 1 ’Y‘€~F

3. W is closed under scalar multiplication since

p p
VB, aiEEi:l,Q,---pEIF,6<Zaiui>: Zﬁaiui eWw
T ~~

1

Bii€F
Since properties of definition of a subspace hold. span {uy, -- -, u,} is a subspace of W.
W is called the span of uy, ug, --- ,u, and denoted W = span {uy, ua, --- ,u,}
Definition 1.1.7. Let S = {uy, us, --- ,u,} be a finite srt of vectors in vector space

V over a field F then Span (or linear closure) is defined to be the set of all F-linear
combinations of S.

span(S) =< S >= {ou; + aus + - - + pu, | 1, ag, -y, € F}

If V = span(S), then we say that S is a generating set or spanning set for V. We also
say S spans V.
Finally, span(®) = {Oy} (convention)

Remark 1.1.1. span {uy, --- , up,} is a subspace of V. It is the smallest subspace of V
which contains S. In this sense that if H is any subspace which includes uy, us, - -
then spanS C H.

Results of definition :

) up;

Azzi Ahmed 9 University of Tindouf
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1. span(S) is always a subspace of V (the smallest subspace of V)
2. If a vector u € span(S), then u is a linear combination of S
3. If w is a linear combination of S, then u € span(5).

Example 11. Find the subspace of V that is spanned by

1 —1
S = Uy = 1 , Ug = 0
3 2
T
Solution : Let v = y € R3, then
v € span(S) < Ja, B € R: v = auy + Pug,
T 1 —1
S|y 1 +61 0 |, BER,
z 2
x Oz—ﬁ
sy = «
z = 3a+203
a =y
Sqr = y—p
z = 3y+20

S2r—y+2=0
Hence the vector space V is the set of vectors defined by

x
V = span(S) = y | z,y, 2€R| 20 —y+2=0
z

V' is a plane through the origin

Example 12. Find the subspace of R* that is spanned by :
1 2 0 3
g_ 11 2 10 | 3
=4qyu = 1 , Ug = 2 , U3 = 0 , Ug = 3
1 0 3 4
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Solution : Let v = € R*, then

SRS SN ]

v € span(S) < Ja, B, 7, 6 € R: v = auy + Pug + yus + Juy,

T 1 2 0
1 2
=al + B 9 + 7y
1 0

a+ 28+ 30
a+ 28+ 30
a+ 28+ 30
= a+3y+4

+5 7a757775€R7

w o o
=~ W Ww W

< o =y=z and t free variable

Ny e
|

Hence the vector space V is the set of vectors defined by

V = span(S) = Ty, 2z, tER| x=y=27 = x,t €R

SRS SN ]
+ 8 8 8

Exercise 7. Find the subspace of V that is spanned by

S:{ul =3+, upy =2+ 2%, ngxg}.

Solution 7. Let P € P, = R, [X], we have

P € span(S) < Ja, B, v € R, P(x) = auy + Pus + yus,

& P(r) = a3 +x)+ B2 +2%) +72° o, §, 7 €R,
& P(x) =vy2® + Ba* + +ax +3a + 26, a, B,y ER

Hence the vector space V is the set of vectors defined by

V = span(S) = {P(az) € R3[X] |P(z) = v2* + Br* + +ax + 3a + 28, «, 8,7 € ]R}

Important note : V # R3[X]|. Not all polynomials of degree 3 belong to the set V.

Let’s check. If P(x) = 2® + 22 + 1 € R3[X]

P(z) € span(S) < Ja, B, v € R, P(x) = 2 + Ba® + +ax + 3a + 28,
o 2P 4+ 22+ 1 =y2° + Ba® + +ax + 3a + 28,

fy —=

5 =

(8% =

3a+20 =

No solution

—_ O R

Thus P(x) ¢ span(S)
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1.1. VECTOR SPACES

Exercise 8. Let u; = ( 1 > , Uy = ( _12 ) Does {uy, us} span R? 2

Solution 8. Let ( Z ) € R?. Can we write

So, we have

we get
2 1
T = za+3b
{ .7:1 . P ib
2 307 3

Therefore, {ui, us} span R?

e.gLet(Z>:<_42),wehave

T = 244 1(-2)=2
vy — 14— %(—2) =2

Then,
4 1 1
() =2(1) (%)
. ]. _2 2
Exercise 9. Let u; = o |ruw={ , ] Does {uy, us} span R* ¢

“ ) € R2. Can we write

Solution 9. Let ( b
1 —2
(5)=n %) rm(7) "

a\ 1+ 229 a= x1— 2Ty )
( b ) = ( 0w, + Ay ) = { T No solution

Therefore, the vectors uy, us do not span R2.

So, we have

University of Tindouf
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1.1. VECTOR SPACES

CHAPITRE 1. VECTOR SPACES

> Determining if vector belongs to span

Let V be a vector space over a field F, S = span {u;, ug, - - -

u € span(S) < u, uy, ug, - - -

, up} and u € V.

, up are linearly dependent

& w is linear combinition of uy, ug, -+, u,

p
S da, eRyi=1,2,--- ., p, UZZ%’UZ'
1

-3 5 1
Example 13. Let S=(u; = 1 , Uy = | —2 . Is the vectoru=| —1 | in
-1 1 -1
span(S) ?
Solution :
u € span(S) < wu, uy, usare linearly dependent
< wu is linear combinition of uy, us
Can u be written as u = au; + fus where a, f € R.
So are there o, § € R such that
1 -3 5
-1 | =« 1 +0 -2
—1 -1 1
Is there a solution to
—3a+568 =1
a—20 = —1
—a+p3 = -1
The system has one solution (single solution) o = 3, 5 = 2 therefore u € span(S).
1 -3 5
-1 1 =3 1 +2| =2
-1 -1 1
Exercise 10.
2 3 -1 2
1 -1 0 3 .
Let S = Suy = 0 | = 5 , Uz = 9 . Is the vector u = _o |
3 2 1 3
span(S) ?
Azzi Ahmed 13 University of Tindouf



1.1. VECTOR SPACES CHAPITRE 1. VECTOR SPACES

Solution 10.

u € span(S) < u, uy, ug, ug are linearly dependent
< wu is linear combinition of uy, us, and us
< da, B, v € R, u=au; + Bug + vyus,

2 2 3 ~1
3 1 -1 0

< -7 - 0 +5 5 +7 2 70576776]1%7
3 3 2 1
2 = 20+38—~
3 = a—p B B - '
3 = 3a+28+7y

The system has one solution, therefore u € span(S).

Exercise 11.

Prove that
2 1 1 1 1
14 2 1 -1 -3
-3 € span 1(,1 =3 1,] —21,] -1
—15 3 -5 2 2
-2 7 —6 0 -1
Solution 11. We get

2 1 1 1 1
14 2 1 -1 -3
-3 |=2(1+3] 3 |[—-] 2 |-2]| -1
—15 3 -5 2 2
-2 7 —6 0 -1

1.1.6 Basis and Dimension

Definition 1.1.8. Any subset B of a vector space V over a field F is called basis of V
if :

1. B is linearly independent

2. B generates V i.e. V =< B >= span {B} (B is span of V)

A basis of a vectors space V is a linearly independent set which spans V.
In other words B is a basis of V if each vector in V is uniquely expressed as a linear
combination of the basis vector

Example 14.
1. By = {( (1) > , ( (1) >} is the standard basis of the space vector R?
1 0 0
2. By = of,(11],1]°0 is the standard basis of the space vector R3
0 0 1

Azzi Ahmed 14 University of Tindouf
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1 0 0
0 1 0

3. In general B = I S IR is the standard basis of the space
0 0 1

vector R™.
4. P, the set of all polynomials of degree at most n. Members of P, have the form

P = {p(2) = ao + arz + aza® + - - + 42", deg(p(x)) < n)

where : ag, ay, -+, a, are real numbers and x is a real wvariable. B =
{1, x, 2%, --- , 2"} is standard basis of P,

1 1 1
Exercise 12. Show that the set of vectors { ( 0 ) , ( 1 ) , ( 1 ) } form a basis for R3.
0 0 1

1 1 1
Solution 12. Let B = ol,1 11,1
0 0 1

1. Linearly independent ?.

() () (1)) () (2)-()-(8)

at+pB+y =0
=

B+ =0
Y =0

S a=pF=~v=0.

Hence vectors are linearly independent
2. B generates R? ?

B generates R? if Vu € R3, Ja, B, v € R such that

RHRERD

Azzi Ahmed 15 University of Tindouf
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x
Letu= | y | be an arbitrary vector in R3,
z
x 1 1 1 x Q@ 15} vy
u=|y |=al 0 |+B8| 1 |+v[ 1|y |=|0]|+]| 8|+~
z 0 0 1 z 0 0 ¥
r =a+fB+7y
Sy =6+
z =9
a =xr—y
S B =y—z
v o=z

Therefore B generates R . Hence B is a basis of R?

Exercise 13.  Consider B = {(t+1)? ¢t + 1, 1}. Calculate the coordinate vector of
u = t% with respect to basis B

o
Solution 13. Let | B | be the coordinate of the vector u with respect to basis B, so
Y
tr=u=alt+1)>+8t+1)+v
=at’ + 2o+ B)t+a+ B+
Thus
a+p+7 =0 a =1 1
200+ 3 =0 =< f =-2 = [ug=| —2

Definition 1.1.9. The number of element in the finite basis of a vector space V is called
the dimension of the vector space. It is denoted by dim(V') and if dim(V) = n, then V is
called n-dimensional vector space.
1. Finite Dimensional Vector Space (FDVS) : A vector space V is said to be
finite dimensional vector space if it has a finite basis.
2. Infinite Dimensional Vector Space (IDVS) : A vector space V is said to be
infinite dimensional vector space if it has a infinite basis.

Example 15.

1. C over a field R is a vector space of dimension of two (2) as its basis is B ={1, i}
asVze€C: da,beR; z=a+bi

2. C over a field C is a vector space of dimension of one (1) as its basis is B = {1}

3. In general : Dimension of field F' over itself F' is always one as basis B = {1}

Azzi Ahmed 16 University of Tindouf
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4. Dimension of R? over R is two (2) as basis B = {( (1) > ’ ( ? )} 5

e () e e () ().

5. In general : Dimension of vector space F™ over F' is n-dimensional space as its

1 0 0
0 1 0
standard basis will be B = A I I R
0 0 1
6. C over Q and R over Q are of infinite dimensional vector spaces.
7. Dimension of P, over R is n+ 1 as basis B = {1, x, 2?, --- 2"}
Convention :

dim({0v}) =0
Example 16. Show that the following set B of R from a basis for R? :

1 2 1
B = Uy = 2 , Uz = 1 , Ug = -1
1 0 2

Ezpress each of the standard basis vectors {ey, e, €3} as linear combination of the above
basis vectors.

Solution :
1 0 0

1. We Know that the set of the vectors {e; = | 0 |,ea=| 1 |,e3=1] 0 form a
0 0 1

basis of R3. Therefore dim(R3) = 3. Further, we know that any set of n linearly inde-
pendent vectors of n-dimensional vector space V form a basis for V, so that in order
to show that B forms basis for R? it is just sufficient to show that the set B is linearly
independent. Now since.

Let o, B, v € R, and

1 2 1 0
auy + Pus +yus =0ps < a| 2 | +68| 1 |+ -1 | =10
1 0 2 0

a+28+v =0

S¢ 20+5—-—v =0

a+ 23 =0

Sa=0=7=0

Therefore, the se B is linear independent. Hence B forms a basis of R3.
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2.
1 1 2 1
er=|0|=al|l 2 |4+0| 1 |+c| -1,
0 1 0 2
a+2b+c
=] 2a+b—c
a+b+2c
So, we have
a+2b+c =1 a =2/9
20+b—c =0 &b =5/9
a+b+2c =0 c =1/6

Thus showing that e; can be expressed a linear combination of elements of B.

Similarly
4 1 2
€y = —U] — —Usy — =U
2= gl — gl2 — gUs
1
€3 — gul — gUg + §u3.
3
Exercise 14. Find the co-ordinate vector of u = 1 . relative to the basis
—4
1 0 0
B = Uy = 1 , Uz = 1 , Ug = 0
1 1 1

Solution 14. Let «, 3, v € R such that
u = auy + Pus + yus

We get
a:3aB2_277:_5
3
Thus the coordinate vector of u relative to the given basis is [u|lg = [ —2
—5 ),
1.1.7 Spanning and dimension
Question :
Let V be a vector space and S = {uy, ug, -, u,} C V. Does span(S) =V.

Solution : Let dim(V) =n

1. If p < n then, span(S) # V

2. If p=n then, span(S) =V < S linearly independent

3. p > n then, we must solve the systems v = >7 au;, (v € V)
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1 0
Example 17. Let S 2 |1, -1 . Does span(S) = R3 ?
1 2

Solution : we have dim(span(S)) = 2 < dim(R?) = 3 thus, span(S) # R3,
| Example 18. Let S {3+ z, 22, x*}. Does span(S) = Py = R3[X] ?

Solution : First we see that 3 + z, 22, 2® € P;.
we have

dim(span(S)) =3 < dim(P;) =3+ 1 =4
thus, span(S) # Ps,
Example 19. Let S{u; =2—x+32% uy =4+ x +22% uz =8 — x + 82%}. Does
span(S) = Py ?
Solution :
First we see that 2 — x + 322, 4 + x + 222, 8 — x + 822 € P,, we have
dim(span(S)) =3 =dim(P;) =2+1=3
So,

span(S) = P, < uy, uy, ug Linearly independent
& (aup + Pug+yu3 =0=>a=F=7=0, a, 8,7 €R)
Sal-—z+3)+ A+ +20)+ 98 —2+82*) =0, a,8,v €R

20+45+8y = 0
S —a+pf—-—7 =0 sa=-2,0=-1,v=1.
3a+28+8 = 0

More than just the trivial solution, therefore wu;, us, uz are not linearly independent (linearly
dependent). Thus span(S) # P».

Example 20. Let S{u; =1 —x + 22 up =3+ 2, u3 =5 — x + 42% uy = —2 — 2z + 22%}.
Does span(S) = Py ?
Solution :
First we see that uy, us, us, ugs € P, we have
dim(span(S)) =4 > dim(P,) =2+1=3
So,
span(S) = P, < VP € Py, Ja, 3,7, 0 € R, P(x) = auy + fus + yus + duy
Let P(z) = a+ bx + ca® € P, we get

P(x) € span(S) < Ja, B, v, 0 € R, P(x) = auy + Pus + yus + duy
Satbrtcer=al—2+22H)+ BB +2)+v(5 -+ 42?) + 6(—2 — 22 + 22%),

a+38+5y—20 = a
S —a+pf—v—-20 = b Sa—3b—2c=0.
200+ 4y + 20 = c
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Thus span(S) is the vector space defined by
span(S) = {P(x) =a+ br + ca? | a—3b—2c:0} # Py
1.1.8 Sum and Direct sums of subspaces

Definition 1.1.10. Let V be vector space over field F, U and W be two subspaces of V.
The sum of U and W is the following set :

U+W{u+w|uelU weW}

— The sum U + W is a subspace of V
— If U and W are subspaces of a finite dimensional vector space V , then

dim(U + W) = dim(U) 4+ dim(U) — dim(U N'W)

In general : If V;, ¢ =1, 2,--- ,p are subspaces of V, the sum of V; ¢« =1, 2,--- ,p is the
subspace

Vi+Vodt -+ Vy={vi+v++-Fv,|v;, €V, i=1,2,--- p}

0 t
Example 21. In R3, let V = 0|, teR; and W = 2t |, te Ry,
t 0

V and W are two subspaces of R® and we have

0 I} 0 1
V+W= 0O |+ 26 |,a,B8eR;=<Xal 0 [+8| 2 |,a,B8€R
« 0 1 0
——— ——

uq u
So, V4+ W = span {uy, us}, the vectors uy, uy are linearly independent, thus {uy, us}
forms a basis of V 4+ W.

Geometrically :
V and W are two lines through the origin and V+W is a plane and passing through the
origin and generated by the two vectors uy, us.

Example 22. Let
V=A{(z, 0), z € R} andW ={(0, y), y € R}

It is clear that
V+W={(z,v), z,y € R} = R?

Definition 1.1.11. The sum U+ W is called direct, if for each v € U+ W there exist
uniquely determined v € U and w € W, such that x = u + w.
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Notation of a direct sum : U W
UeW={zeV|IuelU JweW, z=u+w}

Example 23. Let V and V be two subspaces of R? such that

{8 =l

Prove that R3 =V & W.

Solution : any vector in R? can be written as

a 0 a
b =101+ 0| €V+Wina unique way
c c 0

Thus, R2 =V oW
Example 24. Let V and V be two subspaces of R® such that

0 a
V= c |:c,deRY, W= b |:a,beR
d 0
a
V4+W= b+c | :a, b, deR
d

There is no longer a unique way to write elements
1 0 1 1 0
2 1=1014+12]|=101+] 2
3 3 0 0 3

Proposition 1.1.1. Let U, W be subspaces of V. The following statements are equivalent :
1. The sum of V and W is direct U ® W

We have,

Thus, R* AV oW

2.
Uy +wy =us +wy = up =uy andwy; = wy, (w; €U, w; € W, i =1,2.)
P
V(u, w) eEUXW, u+w=0y = u=w=_0y
4.
VAW = {0y}
.

dim(U + W) = dim(U) + dim (W)
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6. If By s basis of subspace U and By s basis of subspace W, then By U By is basis of
subspace U + W

Result :
The necessary and sufficient conditions for a vector space V to be direct sum of
its subspaces U and W are

V=U+W and UNW = {0y}
Example 25. Let

V={(z,0), z € R} and W = {(0, y), y € R}

It is clear that
VoW =/{(z,y), z,yc R} =R?

Example 26. Let V and V be two subspaces of R® such that

2y T
V= y |,yeR;, W= 0 |,z,yeR
0 Y

Prove that R3 =V o W.

Solution : From the previous example (22), we get V+W = R? and we have VAW {0gs },
thus R2 =V oW

Example 27. (2/) Let V and V be two subspaces of R® such that

0 a
V= c |:c,deRY, W= b |:a,beR
d 0

Solution : We have,

a
V—l—W{(b—i—c) : a,b,c,dGR}
d

We know from the previous example (24) that R3 # V & W. Let’s make sure the property
VW # {Ogs} is correct.

x
Let ( y ) € R?, then
z
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0 0
For example | 1 |, | 3 [ € VAW, thus VAW # {Os}.
0 0

Definition 1.1.12. The vector space V is the direct sum of its subspaces U and W if
V=UoU.

In the finite-dimensional case :

V=UaU < dim(V) = dim(U) + dim(W)
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Chapitre 2

Linear maps

2.1 Linear maps (Linear transformations)

Definition 2.1.1. Let U and V be two vectors spaces over a field F. A function T :
U — V is called a linear map or linear transformations if it satisfies

1. Vu,ve U, T(u+v)=T(u)+T(v) T is additive or T preserves addition
2.Yu € U, Va € F T'(au) = oT'(u) T is preserves scalar multiplication

— An operator on a vector space U is a linear map from U to itself

— The set of all linear transformations from U to V is denoted £(U, V). Also, £(U, U) =
L(U) and T' € L(U) is called a linear transformation on U .

Example 28.

— The zero function Yu € U, 0(u) = Oy is a linear map it called trivial transforma-
tton pr trivial linear map

— The identity function Yu € U, I4(u) = w is a linear map
Example 29. Let
T:R*— R
(z, y) — (22 +y, —y)

Let’s verify That the map T is indeed a linear map.
1. Vu=(z,y),v=(2,y) € R?

Tu+ov)=T(r+2,y+v¢))=Qr+2)+y+y), —(y+v))
=(2r+y)+ (22" +¢), —~y— )
= (2r+y, —y)+ 22"+, —v)
=T(u)+T(v)

24
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2. Vu=(z,y) € R? Va € R,

T(au) = (a(z, y)) = (az, ay)
20z + ay, —ay)) = a2z +y, —y))

aT'(u)

= (
= (

Example 30. Let

T : Rs[z] — R3[x]
P(z) — T(P(x)) = P'(x)

The map 7' is linear since
1.

Vp(z), q(z) € Rs[z],  T(p(x) + q(z)) = (p(z) + q(z))" = p'(z) + ¢ (z)

Vp(z) € R3[z], Vo € R, T(ap(z)) = (ap(x))’ = ap(z)’ = oT'(p(z)).
Example 31. Let
T: R* — R?
(z, y) — (2, 1)

This is not a linear map.

Theorem 2.1.1. If T : U — V is a linear map then :
1. T(0y) = Oy
2. T(—u)=-T(u), VuelU

Proof :

We know by definition that : Vu € U, Yo € F, T(au) = o1 (u). In particular,
—ifa= OF.

— ifa=—1.

Theorem 2.1.2. T': U — V is a linear map if and only if
Vu, v € U, Va € F, T(au+v)=aT(u)+T(v)
Proof : Easy to proof it

Theorem 2.1.3. Let T € L(U, V). If S is linearly dependent then T(S) is linearly
dependent
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Proof :

Suppose there exists aq, ag, -+, a, € F for which >f a;v; is a linear dependence in S.

Calculate,
P p
T (Z O./Z‘?JZ‘> = Z CYZT(UZ)
1 1

2.1.1 kernel and Image of a linear map

Definition 2.1.2. Let U, V be vector spaces over a field F and T € L(U, V) then
ker(T) ={u e U|T(u) =0y} and Im(T)={T(u) € V|ueU}

Example 32. Let

T: R? — R2
(z, y) — T((z,y)) = (x + 2y, —y)

ker(T' u € R?*| T(u) —ORz}
r,y ERQ IF+2,% _y>:(0a 0)}

0,0)}

{
ﬂ
{(

Im(T) = {T(u) € R?| u € R?}

{(m—i—Qy, —y) €R?| (z,y) € ]RQ}

We have
(z,t) € Im(T) < Jz,y € Rs.t; (2, 1) = (x4 2y, —y)

(:){Z ix;—? z,y€R

Therefore Im(T) = R?
Example 33. Let

T Rg[l’] — Rg[l’]
P(z) — T(P(z)) = P'(x)

T(p(x)) = Orypa }

P(w) = Ozypa = 0}
= {p(x) € Rs3[z] | p(z) = costant polynomials}
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Im(T) = {T(p(x)) € Rs[a]| p(x) € Rs[a]}
{P'(z) € Ry[z]| p(z) € Rs[a]}
R

3[1‘

—

{ Some geometric examples

Example 34.
1. Let
Py : R* — R?
x x x
Yy |F—Pay| v =]V
z z 0

Verify that P, is linear map, P, is called a projection on the plane (vy) and

we have
0 T
Ker (P(xy)) ={l 0|, zerR}, Im (P(xy)) =l y |, z,yeRr
z 0
2. Let
Py RP — R?

xXr xXr xXr
Yy |r—>Pexy| vy |=|0
z Z z

Verify that Py is linear map, P,y is called a projection on the plane (rz) and

we have
0 T
Ker (P(xy)) = y|,zeR,, Im (P(xy)) = 01,z,yeR
0 z
3. Let
P(yz) RS — RS

x T 0
y |l—Pyn| v |=1|vy
z z z

Verify that P,y is linear map, P, is called a projection on the plane (yz) and

we have
T 0
Ker (P(zy)) = 0],zeRy, Im (P(xy)> = y |, z,yeR
0 z
4. Let
Ref(yz) 'R} — R?

T T -z
y | — Refoy| v [ =] v
z 2 z
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Verify that Ref () is linear map, Ref(.y) is called a reflection with respect to
the (yz) plane and we have

0
Ker (Refuy) = 8 . Im (Refuy) = R?

Similarly we define the reflection with respect to the (xz) and (xy) planes
5. Let

Roty : R? — R?
<x>|_>ROt9<x):<x00§9—y81n0>,0§6§27T
Y Y x sin +y cos ¢

Verify that Rotg is linear map, Roty is called a rotation it rotates by 6 counter-
clockwise and we have

Ker (Roty) = {( 8 )}, Im (Roty) = R?

Remark 2.1.1.
a) If 0 =0, we have Roty = Idy2 identity map on plane
b) If 0 = 7, we have Rot, = Ref( reflection with respect to the origin

Properties 2.1.1. Let T € L(U, V),
1. Ker(T) is a subspace of U
2. Im(T) is a subspace of V
3. T is one-to-one (Injective) if and only if : Ker(T) = {0y}
4. T is onto (surjective) if and only if : Image(T) =V

Proof :
1. Ker(T) is a subspace of U? . We have
— T'(Oy) = Oy thus Oy € Ker(T) = Ker(T) # @
— Let u, v € Ker(T) and o € F, we have
T(au+v)=aT(u)+T(v) =0y = (au+v) € Ker(T)

S~ =
=0y =0y

Thus Ker(T) is a subspace of U.

2. Im(T) is a subspace of V? We have
— T(OU> = Oy thus Oy € Im(T) = [m(T) 7é %)
— Let w, t € Im(T) and « € IF, we have

w,t € Im(T)= Ju,velU, w=T(u), andt =T (v)
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then

aw+t=aol(u)+T(v) =T(au+v), BecauseUis V-S and T is L-Map
€U

So, aw +t € Im(T). Thus Im(T) is a subspace of V.
3. T is one-to-one (Injective) if and only if : Ker(T) = {0y} ?

— First we will provethat : Ker(T) = {0y} = T isone-to-one.

Let Ker(T) = {0y} and u,v € U s.t T'(u) = T'(v), then

Tu)=Tw)=T(u)—Tw) =0y
= T(u—v) =0y
= (u—v) € Ker(T)
=u—v =0y
= u = v = T'is one-to-one.

— Now we will provethat : T'is one-to-one = Ker(T) = {0y}.

It is known that T' is one-to-one if and only if
Vu,velU, T(u) =Tw) =>u=v
Let T be one-to-one map, we have.
ue Ker(T) = T(u) =0y =T(0y) = u=_0y
Thus Ker(T) = {0y}.
4. T is onto (surjective) if and only if : Im(T)=V?

— First we will provethat : Im(T) =V = Tisonto map.

Let Im(T) = V that mains Vw € V = Im(T), Ju € U, st T(u) = w. Thus T is
onto map.

— Now we will provethat : T'isonto = Im(T) = V.

It is known that : Im(T") C V.....(1) and T is onto map if and only if
VweV, Juel, w=T(u).
Let T be onto map, we have.
VweV = Juel, w=T(u) =weImT)..(2)
From (1) and (2), we get Im(T) = V.
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Theorem 2.1.4. Let T € L(U, V) :

1. If W is subspace of U, then T(W) is subspace of V.
2. If H is subspace of V, then T—(H) is subspace of U

Proof : Easy

Theorem 2.1.5. Let T € L(U, V) :
If {uy, ug, -+ ,u,} spans U then {T(u1), T'(uz),--- ,T(up,)} spans Im(T) C 'V .

Proof : Let U = span{uy, us, -+ ,u,}, and w € V

p
weIm(T)< Ju; €U, ey €F, (i=1,2,---,p), ’LU:T<ZOQUZ'>
p

sw=Y oT(u), €U, oeF(i=12--,p)
1

Thus : Im(T) = span{T(u1), T'(uz2),--- ,T(up)}.
Example 35. Let

T: R* — Ry[z]

— (a+b) + (c+ 2d)x + (2¢ + 4d)2?

QU O TR

Verify that T is linear map

Ker(T)=(qu= € R |T(u) = Oy

QU O TR

T(u) = Oy} & (a+b) + (c+2d)z + (2¢ + 4d)x* = 0

a+b =0
S ce+2d =0 a=1,b=-1,¢c=1,d=-1/2
2c+4d =0
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Thus
a
—a
Ker(T) = . |a, ceR
—(1/2)c
1 0
=1qa _01 +c (1) la,ceR
0 —(1/2)
1 0
B -1 0
= span o | 1
0 —(1/2)
—_——— — ——

uy and ug are linear independent and thus basis therefore dim(Ker(T')) = 2.

Let’s find Im(T) : It’s known that the basis of R? is :

1 0 0 0
0 1 0 0
B=vlo| ol |1]]o
0 0 0 1

—_— Y—— Y Y—
el €2 es €4

T of these ill give a spanning set for the subspace I'm(T).
T(B) ={T(e1), T(e2), T(es), T(es)}
= {1, 1, z+ 222 22 + 4x2}
= {1, T+ 2x2} show that x + 222, 2z + 42? are L-dependent

Thus
Im(T) = span {1, T+ 2172}

and {1, z + 222} is basis for Im(T). which get dim(Im(T) = 2
2.1.2 Rank of linear map

Definition 2.1.3. Let T' be a linear map. The rank of T is a positive real : r(T) =
dim(Im(T))
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Example 36. Let (previous example)
T: R* — Ry[x]

— (a+b) + (c+ 2d)x + (2¢ + 4d)2?

a
b
c
d
The rank of T is r(T) = dim(Im(T) = 2
Proposition 2.1.1. Let L(U, V), then :
dim(U) = dim(Ker(T)) + dim(Im(T))

Proof : Denote n = dim(U), k = dim(Ker(T)), we’ll prove that dim(Im(T)) =n — k.

Let {uq, us, ---, ux} be a basis for Ker(T) and n = dim(U), k = dim(Ker(T)) for
Ker(T). Complete it to form a basis for U,
{ub Uy =y Uky Ug41, un}
We know that
T(uy) =T (ug) =+ =T(ug) =0y, sinceuy, us, -+, up € Ker(T).
Also, ¢ T'(uy), T'(ug), -+, T'(ux), T(ugs1) - -+, T'(uy,) p spans Im(T'), which leads
0 0 0
=Vv =Vv =Vy

{T(ursr), T(tpsn) -+ T(un)},  spans Im(T)

In order to complete the proof, we need to show that it is linear independent.

Let ; €F, (i=(k+1), (k+2),---,n)

1 T (upy1) + Q2T (Upy2) + -+ T (uy) = Ov = T(apriugsr) + T(atgy2) + -+ T(anu,) = Oy
= T(ak+1uk+1 + Opy2Uky2 + -+ + Oénun) = OV

= (Qpr1Uks1 + Qoo + - - + apuy,) € Ker(T)

That means a vector a1Ugt1 + QpioUgi2 + - - + Quuy, is a combination of basis for Ker(T)

Qg1 Ukt1 T QppoUpqr + - + Uy = QqUy + QUi + - -+ + auy, for some oy, -+, oy,
Therefore
Qquy + Qo + + - -+ Qpllp — Qpy1Upyl — Qgpalpe — = — Qply, = Oy
All o’s and in particular og iugy1, Qgiolgia, -+, Quu, are Op Then,
T<u1)7 T(UQ)’ T T(uk)7 T(ukJrl) T T(un)
—— —— ——
:OV :OV :OV
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is linear independent and thus a basis for Im(7T') with n — k vectors so, dim(Im(T)) = n—k.

Corollary 2.1.1. Let T € L(U, V) is one-to-one and onto (bijection) then dim(U) =
dim(V)

Proof : We know that :
T is one-to-one < Ker(T) = {0y} < dim(Ker(T)) =0
T is onto < Im(T) =V & dim(Im(T)) = dim(V)
and
dim(U) = dim(Ker(T)) + dim(Im(T))
=04 dim(V) = dim(V)
Corollary 2.1.2. Let T € L(U, V). If dim(U) = dim(V) then :
T is one-to-one < T' is onto

Proof :
— Let : dim(U) = dim(V) and T be one-to-one map (dim(Ker(T)) = 0).

We have :

dim(U) = dim(Ker(T)) +dim(Im(T))

but : dim(U) = dim(V), thus Im(T) = V wish leads 7" is onto map.
— Let : dim(U) = dim(V) and T be onto map (Im(T) =V).

We have :

dim(U) = dim(Ker(T)) + dim(Im(T))
=dim(V)

but : dim(U) = dim(V), thus dim(Ker(T)) = 0 or Ker(T) = {0y} wish leads T is
one-to-one map.
2.1.3 Operations on linear maps

Theorem 2.1.6. If T, S € L(U,V) then T + S, oT € L(U, V), a € F.
Proof Easy to proof it
Example 37. Let

T:R* — R? s linear map
(2, y) — T((z, y)) = (z + 2y, —y)
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S: R? — R? s linear map
(z, y) — S((z, y)) = Bz — 2y, = + 3y)
we have
(T4 S): R* — R* s linear map
(z, y) — (T'+ 5)((z, y)) = (4, z + 2y)
Also
ol : R — R? s linear map
(z, y) — (aT)((z, y)) = (o + 20y, —ay)

2.1.4 Composition of linear maps

Definition 2.1.4. Let T € L(U, V) and S € L(V, W), we define the map SoT as

(SoT): U—W
u— (8 0 T)(u) = S(Tw))

SoT is the composition of S and T ,

Claim 2.1. SoT is linear map

Proof Let u, v € U and « € F, we have
(SoT)(au+v) = S(T(au+v)) =S(al(u)+T(v)), becauseT is linrar
=aS (T(u))+ S (T(v)), becauseS is linrar
=a(SoT)(u)+ (SoT)(v), by definition.
Thus S o T is linear map.
Example 38. Let
T:R>— R?
(2, y) — Tz, y) = (z + 2y, —y)

S: R? — R?
(, y) — S(z, y) = 3y, = — y)
we have
(TS)(x, y) =T(S(x, y)) =Ty, * —y)
=By +2(z—y), —(r —y))
=2z +y, y—2)
Thus

(TS) : R? — R?
(2, y) — (TS)(z, y) = 2 +y, y — x)
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Example 39. Let
S:R' — R
rT+y

z+1

SRS SN ]
o

T R4 — Rg[t]

— b+ dt* + (b + d)t?

a

QO o

we have

(T'oS)

QAL O R
>~ RO QR

=T

d

_l’_
0
c+
0
=0+02+0°=0

Thus T o S is the zero map.

Example 40. Let
T = Proj : R* — R®  Projection
x x

Y — Yy
z 0

S = Ref: R® — R® Reflection

T —
Yy L Yy
z z
We have
x T — —
(ToS)| y |=T|S| vy =T vy = Y
z z z 0
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Also
T z T —x
(SoT)ly |=S|T|y ||=S|v]|=]| v
z z 0 0

In this example we get SoT =T 0.5, but in general SoT #7T o S
2.1.5 Inverse of a map

Definition 2.1.5. Let T' € L(U) be one-to-one and onto (bijection) as a function T has
an inverse, denoted T~ satisfying

ToT '=ToT!=1Idy

Claim 2.2. T~ is a linear map

Proof : Let T' € £L(U) and o € F, so let u, v, w, t € U such that w = T'(u), and t = T'(v),
We have :
w=Twu)< T w)=u, t=Tw) T )=
Then,

1

T ' aw +t) T(u) 4+ T'(v), such thatw =T(u), t =T(v)

(v
YT(au+v)), because T is linear
1

(T T) au+v)), by definition

——
Idy

=aou+v=al (w)+T'(t)

T
T

Therefore T~ is linear

Example 41.
Rotg : R? — R? s linear and one-to-one and onto
<x>r—>Rot9<x>:<$CO.Se_ySin9>,O§0§27r
Yy Y x sin +y cos ¢
The inverse of a rotation Roty is a rotation Rot(_g),i.e  Roty 1— Rot(_g

Roty': R* — R?

x 4 (x\ [ zcosf+ysinb
<y>'—>ROt9 <y>_<—xsin@—}—ycos@)’oggg%r
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It is easy to see that Rot,'Roty = Idg> (where Rot,'Roty = Rot," o Roty ), in fact

(Rot, " Rot,) ( Qyj ) = Rot,* (ROtg ( Zj ))

xcosf —ysind

_ —1 x’
= Lot xsinf + ycosd

/

Yy
[ a'cosf+y'sinb
—\ —2'sinf + ' cos b
[ (zcosf —ysinf)cosh + (xsinf + ycosh)sin b
— \ —(xcosfh —ysin)sinf + (xsinb + ycos ) cos d

~ z(cos®6 +sin? )
—\ y(cos? 0 + sin?0)

[z
Y
Thus Rot,' Roty = Idg> (Similarly RotgRot," = Idg> ).

Remark :
ROthOtgl = ROt(9+9/).

Example 42.
T:R*— R
O Y B T+ 2y
Y Y -y

T is linear and one-to-one and onto. Find T!

f(0)=(4)

Solution : We have

Let
w\ [ r+2y
t )\ -y
we get
r\ [ w+2
y ) —t
Thus
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Theorem 2.1.7. Let T € L(U) then

(T is invertible) < (T is onto) < (is one-to-one)

Proof : we had a theorem that if dim(U) = dim(V) then
(T is onto) < (is one-to-one)
Theorem 2.1.8. IfT, S are invertible then T o S is invertible, and
(ToS)'=8"1oT™!
Proof The proof cams from the proprieties of functions composition. We have
(ToS)o(StoT™H=To(SoS HNoT '=To(Idy)oT ' =ToT ' =1Idy, (o Ass)
and
(StoT™Ho(ToS)=S"1o(ToT 1 H)oS=8" ody)oS=5"'0S=Idy
Thus (ToS) 't =5"1oT™!
Exercise 15. Let T' be a map such that
T : Ryx] — Rz]
(a+ bz + cx?) r—>T((a—|—bx+cx2)) =a(x+1)+cx+b

1. Prove that a map T is linear
2. Find Ker(T) and Im(T)
3. Find Rank(T)

Solution 15.
1. For polynomials p = a + bx + ca®, g = a’ + bz + d2? and scalar \ :

Tp+q)=(a+ad)(z+1)+(c+Nz+b+V)=T(p)+T(q),
T(Ap) = Aa(xz + 1) + Acx + Xb = XT'(p).

2. Write

Tp)=ar+a+cr+b=(a+c)x+ (a+0b).
So

T(p)=ax+ with a=a+c¢, f=a+0b.
Kernel :

KerT = {p € Ry[z], p =0}
thus
p=0=a+c=0 and a+b=0.

Hence

b=—a, c¢=—a.
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So
p=a—ar—ar’=a(l —x—2?).
Thus
ker(T) = span{l — 2 — 2°},
and

dim(ker(7)) = 1.

3. Image : any linear polynomial rx+ s can be obtained. We need a+c =r and a+b = s.
Choose a =0, then c =1, b= s gives

p=sT+ ra’.
So image is all of Ry[x] (degree < 1). Thus
ImT = Ry[x]

and
dim(ImT) = 2.

we can use the rank theorem

dim(Ry[z]) = dim(ker(T)) + dim(Im7T") = dim(Im7) =3 -1 =2

=3 =1

rank 7" = dim(Im 7") = 2.

2.1.6 Isomorphism

Definition 2.1.6. Let U and V be two vectors spaces over F.
U and V are called isomorphic if there exists a linear map T : U — V which is
one-to-one and onto. T is called an isomorphism

Notation : in this case we write U =V

Example 43.
T : R* — Rs[z]

a a
l; — T ZC) = a+ bz + ca* + dz?
d d
T is linear, one-to-one and onto, thus R* = Rs[z].
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Claim 2.3. Using the linear map :
T: R — R, [z2]

aq aq
a2 p)
— T : = ay + apr +agz® + - A(n+1)Z"
an, an
G(n+1) A(n+1)

we can prove that
Rn[l’] o~ Rn+1

| Remark 2.1.2. Isomorphism of vector spaces is an equivalence relation.

1. Reflexive : U= U
2. Symmetric: U=V = V=0T
3. Transitive : U=V, V=W = U=W

Theorem 2.1.9.
U=V < dim(U) = dim(V)

Proof :
1. (<) Suppose that : dim(U) = dim(V) and let {uy, ug, ---, u,} be a basis for U and
{v1, vg, -+, v, } be a basis for V. Then

T(cyug + aoug + -+ - + ) = Qv + Qg + -« + - + a,y,

is linear, one-to-one and onto by a previous theorem, and hence implements an isomor-
phism 7': U — V

2. (=) Suppose that : U=V and let {uy, us, -+, u,} be a basis for U, denote
A={T(w), T(uz), -+, T(u,)} CV

where 7T is an isomorphism 7" : U — V.

By a previous theorem A spans I'm(7") =V (since T' is onto). A is linear independent.
So, if anT(u1) + aoT'(ug) + -+ - + a,T(uy,) = Oy then T(aqu; + agus + -+ - + apuy,) = Oy
SO0 aquy + apug + -+ + apu, = Oy (since T is one-to-one Ker(T) = {Op}). and thus
m=ay="- =0, =0

Corollary 2.1.3. Every vector space of dimension n over F is isomorphic to F™

U is vector space over F = U = F"

Azzi Ahmed 40 University of Tindouf



2.1. LINEAR MAPS (LINEAR TRANSFORMATIONS) CHAPITRE 2. LINEAR MAPS

Proposition 2.1.2. Let U be a vector space and B = {ei}lgign a basis of U then,

Vu e U, I(zi)1<i<cn €F: u= inez-
=1

The scalars x; are called the components of u, and we wirte :
T
T2

u=|ulg=

Tn
2.1.7 Hom(U, V)

Definition 2.1.7. Let U and V be two vectors spaces over F. The collection of all linear
maps from U and V is called Hom(U, V)

Theorem 2.1.10. Hom(U, V) is a vector space over F with respect to addition of linear
maps and scalar multiplication.

recall that if T, S': U — V are two linear maps and B is a basis for U, B’ is a basis for
V, then

[T+ Slg =T+ 918
0T = alTlg
This means that the map that sends 7" to [T]5 is linear.
The map ¢ : Hom(U, V) — M, (F) such that o(T) = [T]5 is a linear map!
We will show that ¢ is one-to-one and onto, and conclude that
Hom(U, V) = M,,«n(F)
or equivalently :
dim(Hom(U, V)) = dim(U)dim(V)
¢ is one to one : We will show that Ker(¢) = {0} (0 map).
Let T € Ker(yp), so o(T) = 0i.e. [T]5 =0 (0 matrix) recall :

T(ul):Ovl+ng+~~~—|—Ovm:OV
T(UQ):OU1+OUQ+"‘+OUm:0V

T(u,) = 0vy + 0vg + + - - + 0v,, = Oy
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Thus
T(u) = T(au; + agug + + -+ + ayuy,) = 0y, Yu € U

¢ is onto. Let A,,x,(IF) be a matrix. let’s find a T' € Hom(U, V) s.t
p(T) = [T)5 = A= (ay),
define :

T(Ul) = a11V1 + a91V2 + -+ + Qp1Um,

T(ug) = ajgvy + a2 + - - - + AoV,

T(uy) = a1,v1 + a2p02 + -+ + QU
and then indeed T gives rise to a linear map by
T(u) = T(aru; + agug + « -+ + apuy) = T (uq) + aoT (ug) + -+ - + @, T (uy,)
whose matrix representation is A.

Exercise 16. Let T : R> — R* be a linear transformation such that dimker T = 2. What
1s the dimension of ImT ? Can T be surjective ? Can T be injective ¢

Solution 16. By the rank-nullity theorem,
dimker T + dimIm7 = dimR® = 5.

Thus
dimIm7T =5—-2=3.

Since the codomain R* has dimension 4, the image is a 3-dimensional subspace, so T is not
surjective. It is not injective because ker T' # {0} (dimension 2).

Exercise 17. Let f: R? — R? be the linear map defined as

x T—y
flyl=|x+2y+3z
z Y+ 2z

1. Compute a basis of ker(f) and a basis of Im(f),
2. Determine if these two subspaces are in direct sum..
Solution 17. 1.
x -y
flyl=|x+2y+ 3z
z Y+ z
Kernel :

ker(f) = {u eRY, f(u) = oRs}
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Solve
r—y=0 T=1y 0-z=
r+2y+32=0 = z+2y+32=0 =y==x
y+2=0 Yy=—z z=—
Automatically. So free variable x. Then y =x, z = —x.

Kernel basis :

1 1
ker(f)span{(l)}, (1)7&011@3
-1 -1

So. dimker(f) = 1. Image :

Im(f) = {f(u) € R®, u € R}

Using rank’s theorem

dim(R?) = dim(ker(f)) + dim(Im(f)) = dim(Im(f)) =3 -1 =2
We have

T —y r—y 1 0
flu) = <x+2y+3z) = ((:cy)+3(y+z)) = (z —y) (1) + (y+ 2) (3)
y+z y+z 0 1

1 0
Im(f) = span { (1) , (3) } . These two are independent.
0 1
1 0
Basis : { (1) ) (3) } So dim(Im(f)) = 2.
0 1

2. We compute ker(f) N Im(f)

1 1 0
weker(f)ﬂfm(f)@wa(l) and wﬁ(l)—i—’y(?))
-1 0 1

a=/j
Sqa=04+43y ©a=p=7=0

Thus ker(f) N Im(f) = {Ors}. So the two subspaces ker(f) and Im(f) are in direct sum.
R* = ker(f) ® Im(f)

Exercise 18. Let f : R3 — R? be a linear map such that

((3)-(1) =30
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8
(-) Compute f| 14
20

Solution 18.

(3 A )-8

Exercise 19. Let f : R3 — R3? be a linear map such that
0 2 0 4 -1
fl1ol=131, fl2]|=]2 and f 2
1 4 0 6 0

1
(a) Compute f ( 1 )

O O =

1
(b) Compute the dimensions of kerf and Imf.

Solution 19.
(a) We have

and

(-+(3)-()-0)-

So, the matriz of f with respect to standard bases is

Thus,

(b) Kernel and Image :
ker(f) = {u € R® f(u) = Au = OR3}
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x
Letu=[y]| € R
z

u € ker(f) < Au = ogs

—r+2y+2z=0
S 2c+y+32=0 & U = Ops
3y+4z=20

Therfore
ker(f) = {ogrs} = dim(ker(f)) =0

Using Rank’s theorem
dim(R?) = dim(ker(f)) + dim(Im(f))

we get
dim (Im(f)) =3—-0=3

Exercise 20. Let T : Q[x]<s — Q? be a linear map such that

a+b
f(az® 4+ bax® + cx + d) = c+d
a+b+c+d

(-) Compute a basis of ker(T) and a basis of Im(T)

Solution 20.
(-) Kernel and Image :

ker(f) = {P € Q[z]<s, f(p) = ogs}
Let p(x) = (az® + bz* + cx + d) € Q[r]<3

p € ker(f) & f(p) = ogs

a+b=0 a=—b
&S qc+d=0 & qc=—d
a+b+c+d=0 0=0
Thus
p € ker(f) & p(z) = ax® — ar® + cx — ¢ = a(2® — 2*) + c(x — 1)
So,
ker(f) = span {x3 — 2% T — 1}, These two vectors are independent.

Therefore {x> — x%, x — 1}, basis of ker(f) and dim(ker(f)) = 2.
Using rank’s theorem, we get

dim(Q[z]<3) = dim(ker(f)) + dim(ker(f)) = dim(Im(f)) =4 -2 =2
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We have, for all vector w € Q3.

a+b
w e Im(f) < w= c+d
a+b+c+d

1 0
@w(a+b)(0>+(e+d)(1)
1 1

Exercise 21. Let L : Q' — Qlx]<3 the linear map defined by

= (a+b)z® + (c + d)2* + 2cx + 2d

QU O oK

(-) Compute a basis of ker(L) and a basis of Im(L)

Solution 21.
(-) Kernel and Image :

ker(L) = {u € Q', L(u) = OQMSS}

a
Let u = l; € Q*
d
u € ker(L) & L(u) = 0gja],
& (a+0)2° + (¢ + d)2” + 2cx + 2d = ogpa)._,
a+b=0 a=—b
c+d=0 c=—d
<~

2d =0 d=0

Thus
u € ker(L) < p(z) = Oga).,

So,

ker(L) = {Ogp)_, } < dim(ker(L)) = 0
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Using rank’s theorem, we get
dim(Q*) = dim(ker(f)) + dim(Im(f)) = dim(Im(f)) =4 -0 =4
We have Im(L) = Q[z]|<3 So, we can take {z*, z* =, 1} basis of Im(L).
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Chapitre

Matrices and Determinants

3.1 Matrices

Example 44.

In general
aix Qa2
a21 Q22
A= az1 a3z
Am1  Am2

a;; 18 the entry in row v and column j

0 =2 T . . .
A—<4 V2 —2i> is a matriz over a fieldC, B =] 0

ais
a23
a33

1

—1

A1n
A2p
a3n,

Definition 3.1.1. A matriz over a field F is a chart of elements of F arranged in rows
and columns.

, 1s a matriz over a field R.

More notation : A = (a;;), A € My, (F). If n = m then A € M, (F).
| Remark 3.1.1. In this course a field F will be R or C.

Terminology

1.

CU N

Size of a matrix : M,,,, "m" means the number of rows and "n" the number of columns.

Square matrix : if m =n and A € M,,, A is is called a square matrix.

Main diagonal matrix : All elements

(077

Zero matrix : a matrix with a;; =0, Vi,

Identity matrix : Identity matrix of size n denoted I, is a square matrix where all
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diagonal entries are a; = 1 and all off-diagonal entries are a;; =0, (i # j).

0
0

)
_ o O O oo

SO O oo+
oSO O OO
oo O = OO

Example 45.
100
[2 - ( (1) (]? ) 5 [3 - O ]. O
0 01

6. Diagonal matrix : Diagonal matrix of size n is a square matrix whose only nonzero
entries are on the main diagonal. (every a;; =0, (i # 7))

a1 0 0 cee 0 0

0 929 0 s 0 0

0 0 ass 0 cee 0

0O 0 0 0

0O 0 O 0

0O 0 O 0 ann

Example 46.
1 0 0
A= ( é g ) , B=10 77 0

00 V2

7. Scalar matrix : is a square matrix where all diagonal entries are a; = ¢, V7 and all
off-diagonal entries are a;; =0, (i # j)

c 00 0 O
0 c O 0 O
00 c¢c O ---0
000 -0
000 0
000 0 ¢

8. Transpose matrix : The transpose of an m x n matrix A is the n x m matrix A* whose
rows are the columns of A. In other words, the a;; entry of A" is aj; . In other words. If
A € M,,,, the transpose matrix of A is a matrix noted AT or A or ‘A s.t A' € M,,, i.e

Ae Mnm<F), A= (aij) = At S an(]F) At = (aji).
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Example 47.
(1 =5 . (1 1/3
A‘<1/3 2>:>A_<—5 2)
1 3 —4 1 0 —1
B = 0O =« 7 = B! = 3 7™ 2
-1 2 V2 —4 7T V2

9. Symmetric matrix : A = A i.e. a;; = aj;

Example 48. The matrices A and B are Symmetric

(12 . (12 o
a=(y ) a=(s3)=amn

1 3 —4 1 3 —4
B = 3 © 7 |,B'= 3 w7 = B =D
—4 7 V2 —4 7 V2
10. Skew-Symmetric matrix : A" = —Aie. a;; = —ay
Example 49.
0 3 4
A= -3 0 =7
-4 7 0

11. Upper triangular matrix : Is a square matrix where a;; = 0, for ¢ > j

a1; a2 @iz vt Q1n

O a22 a/23 .. .. a2n

0 0 ags asq --- A3n

0 0 0 aiy

0 0 0 a(n,l)n

0 0 0 0 Ann

Example 50.

1 40 3
1 2 é _62 Z 023 4
0 3/’ 0 0 9 ’ 0 0 4 -2
00 0 -3

12. Lower triangular matrix : Is a square matrix where a;; = 0, fori < j

a; 0 0 oo ... 0
Qo1 Gy O cee e 0
as asp az 0 e 0
: 0
Ap1 Ap2 Gp3  *° Gpn-1) Gnn

Azzi Ahmed 50 University of Tindouf



3.1. MATRICES CHAPITRE 3. MATRICES AND DETERMINANTS

Example 51.
1 00 O
10 } g 8 -2 2 0 0
4 3 ) 01 -2 ’ -1 3 4 0
-1 4 © -3
13. Row vector : is matrix with one row
( a1 A ag *++ Qp )

Example 52.

(1L,0), (-0, —v3+1), (1,2 -v3,0)

14. Column vector : is matrix with one column

ai
az
a3

Example 53.

w N O

()

3 ) —6 )
7

15. Scalar is matrix : if a € IF is a scalar then a € M;(F)

Example 54.

1 \/57 T,

16. Trace of matrix : The trace of the square matrix A = (a;j)1<;, j<n i a real number

t’f’(A) = Z (077
=1

Example 55. A = } _22> , tr(A) =14 (-2) = -1,
1 2 -4

B=|1 -2 3|, tr(B)=1+(-2)4+1=0
2 0 1

3.1.1 Operations on Matrices
Let A, B, C € My (F) and o € F s.t :

A = (a), B = (by), C= (cy)
1. Equality : A = B if they have exactly the same size and exactly the same entries.

A:B<:>aij:bij
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1
1
0

2. Addition : element-wise

Example 56.

Example 57.

10 0 1 =2 0 2 =2 0
1 6 0 + 1 1 0 = 2 7 0
01 -2 -3 1 =2 -3 2 -4

3. Scalar times a matrix : entry-wise

aA = (aa;;)
Example 58.

1 0 O 3 0 0
3(1 6 0 )(3 18 0 ) a<_23 _12>=<_2§‘a _§O‘>
01 —2 0 3 —6
Properties 3.1.1. Let A, B, C € M,,,,,(F) and o, p € F
1. A+ B = B+ A Commutative Law of Addition
. (A4 B)+C = A+ (B + c¢) Associative Law of Addition
A+0=0+A=A (0is a zero matriz) Existence of an Additive Identity.
. A+ (—A) = (—A) + A= 0 Euxistence of an Additive Inverse
. a(A+ B) = aA + aB Distributive Law over Matriz Addition
(a+ B)A = aA+ BA Distributive Law over Scalar Addition
(aB)A = a(BA) Associative Law for Scalar Multiplication
. 1gA = A Rule for Multiplication by 1
. (AxB)!=A"+ B!
(aA)! = Al
(A=A

~ o~
N SO X NS G oD

Corollary 3.1.1. The set My, (IF) is a vector space over a field F

Example 59. M, (R) = {(Z Z) ,a,b c de R} is vector space over a field R.
a b
Let A = (C d) € M5 (R). So

10 01 0 0 0 0
a=afy o) oo o) (b o) +e (o 1)
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. 10 01 0 0 0 0)]. .
We can easily prove that the set { (0 0) , <O 0) ) (1 0) , (0 1) } is a basis of the vector

space My (R) and dim(M; (R)) =4

Exercise 22. Which of the following subsets of the vector space Mayo(R) (real 2 x 2
matrices) are subspaces ¢

1. Wy = {(Z Z) ra+d= 0} (traceless matrices).

2. Wy = a b cad —bc =1} (matrices with determinant 1).
c d

3. Wy = {(Z Z) ca,b,e,d e Z} (integer entries).

o

-

Z) Ta = O}.
Solution 22.

1. Wy is a subspace. Check :
— Zero matriz has 0+ 0 = 0.
— If A, B € Wy, then tr(A) =0, tr(B) = 0. Then

tr(A+B) =040 =0,

— For scalar «,
tr(aA) = atr(A) = 0.
So Wi is a subspace.

2. Wy is not a subspace. The zero matriz has determinant 0, not 1, so it fails the first
condition.

3. W3 is not a subspace because scalar multiplication can lead to non-integer entries. For
example, take matrix with integer entries and multiply by %; the result may not have
integer entries. Closure under scalar multiplication fails.

4. Wy is a subspace. Conditions : all matrices with top-left entry zero. Check :
— Zero matrix has a = 0.
— If two matrices have a = 0 and o' = 0, their sum also has top-left entry 0+ 0 = 0.
— Scalar multiple : if a =0, then aa = 0.
Thus Wy is a subspace.

Claim 3.1.
1. In general

dim(M,,, (R)) =n xm and dim(M, (R)) =n?
2. We can prove that

2

M, (R) =R"
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Example 60. Let T be a map such that
T: My (R) — R*

(08—

T is isomorphism so, we get My (R) = R*

QL O R

Matrix multiplication

Definition 3.1.2. The matriz-multiplicative product of the matriz A € My, (F) and the
matriz B € M, (F) is the matriz C € M, (F) where

m
Cj = Y by = @inbyj + @iby; + - + Aimbin;
k=1

Another way to write this is

(AB)i; = (ai1), @i2), -+ ; Gim) : = a1 + Qigboj + - - - + Qi
B
blj Z;gnzl ailblj
sz Z?Zl az’2b2j
a;1 Q2 e e Qm e b3] e — e Z;cnzl aikbk)i
bmj Z?:l aimbmj
A B C

so that the i, j-th entry of the product is the dot product of the i-th row of the first
matrix with the j-th column of the second.

Example 61.
2 0 1 3 2x14+0x5 2x34+0x7 2 6
4 6 (57): 4x1+6x5 4x34+6x7 [=[ 34 54
8 2 8X1+2x5 8x3+2x7 18 38

Some products are not defined, such as the product of a 2 x 3 matrix with a 2 x 2,
because the number of columns in the first matrix must equal the number of rows in the second.
But the product of two n X n matrices is always defined.

Example 62.
1 2 -1 0 o 2x(-1)4+2x2 1x0+2x(-2)) (3 —4
3 4 2 -2 ) \3x(-1)+4x2 3x0+4x(=2) ) \5 -8
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ai1bix
igDar,

1-th row of

bar |—» Qi3bak

.

bnk —_— a‘inbﬂk

Y Yy iibik = aitbip + aibog + .. . + Ginbnk
k-th column of B

11 416 8 9 9 13 17 5
01 579 3]~ > 7 9 3
10 4 6 8 2

Properties of matrix multiplication

Properties 3.1.2. Let A € M,,,,, B € M, D € My, and C' € M, e matrices, then

1. (AB)D = A(BD)
2. A(BB+C)=AB+ AC
3. (D+ B)C =DC + BC
4. a(AB) = (a¢A)B = A(aB)
5 Al,=1,A=A
6. A0 = 0A = 0 for which the products are defined.
7. (AB)! = B'A
Proof :
1.
(AB)C = Zaijbjk> Crl
j=1
p n
= Z [ aijbjk] Ckl)
k=1 |j=1
n p
= Z Qij Z(bjkckl>)
j=1 k=1
p
= Qjj (Z(bjkckl>>
k=1
= A(BC)
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2. The proof follows from the fact that

AB+C) =3 ai(bjk + cje) = Y aijbjp + Y aijejp = AB + AC

j=1 j=1 j=1
3. In the same way as propriety 2
4.
a(AB) =« (Z %‘bjk) = (Z(aaij)bj ) = (aA)B = (Z az‘j(abjk)> = A(aB)
j=1 j=1 j=1
5. Very easy to proof

(=}

. Very easy to proof

(AB)' = (i az‘jbjk)

Remarks 3.1.1.

— In general, matrix multiplication is not commutative.
— VA e M, (R), Al, =1,A

Exercise 23. Let

7 8
A= (2 _1>, B:(1 4), O:(l 2 3), D=1]9 10|.
(3 0 -2 5 4 5 6 1 12
Compute the following, if possible :
1. A+ B
2A — 3B
AB and BA
CD and DC
AT and CT
tr(A) and tr(B)

Solution 23.

S Su s Lo

(241 —1+4) (3 3
A+B_<3—2 0+5>_<1 5)'

4 -2 3 12
2A:<6 0)’ 3B:<—6 15)’

4-3 —2-12 1 —14
2A_3B:<6+6 0—15>:<12 —15>'

S0
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3.
AB — 2-14+(=1)(-2) 2-44+(-1)b) (2+2 8—-5)\ (4 3
314 0(-2) 3-4+0-5 /) \3+0 1240) \3 12/
pa_ (12443 1(=1)+4-0)_ (2412 —1+0) _ (14 -1
“\—2-245-3 —2(-1)+5-0) " \-4+15 2+0 ) \11 2/
4. Cis2x3, Dis3x2,s0CD is2x2:

oD — 1-7+2-94+3-11 1-84+2-1043-12
- \4-7+5-946-11 4-8+5-104+6-12

([ 7T+18+33 8+20+36
- \28+45+466 32450+ 72

(58 64
“\139 154/
DC is3x3:

7-14+8-4 7-2+8:5 7-3+8-6
DC=(9-1+10-4 9-2410-5 9-3+10-6
11-14+12-4 11-2412-5 11-3+4+12-6

7T+32 14+40 21448
=19+40 18+50 27460
11+48 22460 33+ 72

39 54 69
=149 68 87
29 82 105

1 4

Al = (_21 g) ct=|2 5
3 6

tr(A) =240=2, tr(B)=1+5=6.

Vector Multiplied by a Matrix

Definition 3.1.3. Let A € M,,,, be a matriz and let v be an n x 1 matriz (vector column)

given by

aip Q2 a1z - Qip Uy
Qg1 Q2 Q23 -+ QA2p Uy
A= Gxa a3 a -°° A |, o=
a a a S Un
ml m2 m3 mn

Then the product Av is the m X 1 column vector which equals the following linear combi-
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nation of the columns of A :
ity @ity

E;il 0TPX%)

Av =

?il AinUn,
If we write the columns of A in terms of their entries, they are of the form

a11 a12 Qay; A1n

alj
21 22 a2 Q2n, a2;
A= : : : , weput A; = :
Am1 Am2 Qg Qmn Qmyj
Then, we can write the product Av as
ail 12 Q1n
n 21 22 GQ2p,
Av=> vjAd;=v ; + vy : +- 4o,
Jj=1 : :
Am1 Am2 Qmn

Example 63. Compute the product Av for

3
-2 V=

12
A=|o0 2 ,
21 1

—_ = =

_— O N =

Solution : We will use Definition(3.1.3) to compute the product. Therefore, we compute
the product Av as

1 2 1 3 8
Av=11 0 [+2] 2 | +0| 1T |+1| =2 | =] 2
2 1 1 1 5

Powers of Square Matrices

Definition 3.1.4. Let A € M, (R) be any square matriz. Then the (nonnegative) powers
of A are given by
A’ =1, A=A A’=AA ... AP = AP1A
-4 3

2
o (2 1Y (0 5\ 5 o, (0 5 2 1) _(-20 15
A_<—4 3)‘(—20 5>’A—AA_<—20 5)(—4 3>_<—60 —5)
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Remark 3.1.2.
VpeN, (I,)! =1,
1 0 1
Example 65. Let A=| 0 —1 0 |. Find A%, A%, A® and A*.
0 0 2

Solution : We get

103 1 0 7 10
A2=101 0|, A=4%4=|0 -1 0 |,A'=A%3A=[01 0
0 0 4 0 0 8 0 0 16

We can easily conclude that

1 0 2P —1
VpeN, AP=|0 (=17 0
0

— —_
(@)
\_—/

Using proof by recurrence

Remark 3.1.3. As multiplication is not commutative :
(A+ B)? = A> 4+ AB + BA+ B*# A*> + 2AB + B?

0 3

0 -1 2

armr=( 4 5) =(5 )

) , (0 =3 11 36\ (-1 5
vamim= (8 e 4 1) (2 0)=( 2 5)

Proposition 3.1.1. Let A € M, (R) and B € M, (R) be two square matrices,

Example 66. Let A = ( 1 _21 ) and B = ( ) We have

But

if AB = BA, then (A+ B)>= A?>+2AB+ B?

and

where : (

Example 67. let’s calculate AP, where A =

(A+B) = zpj ( y ) AP~k BF

k=0
p!
_ P __
) == e —R)

3

oo O
OO = =
O = N
—_ W =
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We pose N = A — [, we get

1111 00 2 4 0006

oo 21 , | 0006 s loooo .

N=tooos|"¥=loooo | M=o | adN =0
0000 0000 0000

The matrix N is said to be nilpotent.

As A =1, + N and the matrices N and I, commute then

p
w1 )i
k=0
J— _1 _ .
N s PP e 2= D= 2)

5 3l ., because N* =0,, Vk >4

Therefore
L p p p(p*—p+1)
01 2p p(3p—2)
0 0 1 3p
0 0 O 1

2
Exercise 24. Let A= | 0
0

N OO

natural p.Prove that AB = B
Solution 24. 1.

and find (A + B)P

A:2]3 SO Ap:2p13.
2. B is nilpotent :

B3=0. Thusforp>3, B?=0.

Sy

[\

I
CR=E=
o oo
o oo

AB = 2I3B = 2B = B(2I;) = BA.

4. Since A and B commute,

p
(A+ B)P Z ( )Ap_kBk. Forp >3, terms with k > 3 vanish.

2
—1
(A+ By Z( ) (2I3)P*B* = 2P I3 +p - 2P~ 1B+(pz)2p—232.

For p =1,2 the formula still holds (with B*> =0 when p = 1).

Substituting a matrix into a polynomial
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Example 68.

Let, p(x) =32 —x +2 and A = ( L2

0 -1 ) We can write

p(A) = 34% —5A + 21,
3
1 2 1 2 10
(0 A) = A) (Y
0 —4 0 —1

(0 3) =)
Definition 3.1.5. Let A € M, (R) be a square matriz, if there exists a matrizx B €
M, (R) such that AB = BA = I, then we say that A is invertible and we note B = A"

Invertible matrices are also called nonsingular. If a matrix has no inverse then it is called
a noninvertible or singular matriz.

Inverse matrices

A € M, (R) Invertible < 3B € M,(R), AB=BA=1,

If A is invertible
VpeN, AP = (A‘l)p = AtA L. AT

pfactors

The set of invertible matrices is called general linear group GL, (F).

GL,(F) ={A € M, (R), Ais invertible}

We'll discuss how and when it is possible to calculate A~! for a given square matrix A,
however, we need to develop a few tools before we’re ready for that problem. This much I
can share now :

Example 69. Consider the problem of inverting a square matric A = < (1) g ) Let’s

search a matrix B = ( CCL Z ) such that AB = BA = I,.

First
a+2c =1
B a+2 b+2d\ (10 b+2d =
AB_I“:’< 3¢ 3d )‘(o 1>(:’ 3¢ —
3d 1

There is only one solution B = (

o k)

To prove that B = A™!, we must also prove the equality BA = I,.

Thus the matrix A invertible and A~! = < (1) _12/é 3 >
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Example 70. The matriz A = < g 8 ) s not invertible
3a+5b =1
B da+5 0\ (10 3c+5d =0
BA_I?‘:)<3c+5d 0)‘(0 1)‘:’ 0 =0
0 =1, Impossible
Example 71.

— The identity matriz I, is invertible and I;l = 1I,, by equality I,1,, = I,
— The zero matriz I,, is not invertible and I;' = I,,, because BO,, = 0,, # I,

Proposition 3.1.2. If the matrix A € M,,(R) is invertible, then its inverse is unique

Proof : Suppose that there exist two different inverses B; and B, of A. As matrix mul-
tiplication is associative, then

By = Byl, = By (AB;) = (BoA) B = B,
1, I

Contradiction, thus the inverse is unique.

Proposition 3.1.3. If the matrices A € M, (R) and B € M, (R) are invertible, then :
— (AB)"'=B71A!

— (AB)™!' = B7'A7'? We have

(B'AYAB)=B'(A'AB=B""1,)B=B'B=1,
and
(AB)(B™'A™) = A(BB YA = A(I,)A™' = AA™ = I,
Therefore
(AB)™' =pBtA™!
— (A™H~7! = A? We have

I'=1, & (AAH =1,
& (A H 1At =1,
and
I'=1, & (A*A) 1 =1,
& AN A =T,
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Thus (A H)1=4
— It is clear that

[ QL
1 a
A)(—A) = —AA =1
(aa)(zA™) =2 :

1
Therefore (aA)™t = —A~1
a

— By definition we have
(Afl)tAt — (AAfl)t — ([n)t

At(A—l)t _ (A—lA)t — ([n)t
Therefore (A1)t = (AY)~!
— Let k € N, we have

I
I

(AN D= (A4A- AT =AtaAT AT = (A

k factors k factors

Corollary 3.1.2. Analogously, if Ay, As,, ..., Am_1, Ay are invertible, then
(AyAgAs. . AN AT =ATATL L ASTATY

Remarks 3.1.2.
— In general AC = BC' does not imply A =B
— In general AC =0 does not imply A=0 or B=0

0 1 0 3 11
Example 72. LetA:<O 0>’B:<O O)andC’:<O O)'

— It is clear that A # B but AC' = BC = 0,

— We have AC = 05 but A # 0y and C' # 05 Here A and C' both are non-zero matrices
but AC = 0y. Thus, the product of two non-zero matrices may be zero.

Proposition 3.1.4. Let A € M, (R) and B € M, (R) be two matrices and C € M, (R)
be an invertible matriz, then
AC=BC = A=1B

Proof : We have
AC = BC = (AC)C™' = (BC)C™
= A(CC™Y) = B(CC™)
= Al, = BI,
= A=1B
Exercise 25.

1. Let A = ( g (1) ) and B = < ; _01 > Calculate A™', B™', (AB)™', (BA)™" and
A72
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|

-1 -2 0
3. Let A= ( 2 3 0 ) . Calculate 2A — A% without calculations, deduce A™'.
0 0 1

=
o NN O
w o O

2. Find the inverse of (

Solution 25. 1. We get

2. .
1 0 0\ 1 6 00
020 =—| 0 30
10 3 6\ —2 0 2
3.
-1 =2 0 -1 -2 0’
2A—A*=2 2 3 0 |- 2 3 0
0 0 1 0 0 1
-2 -4 0 -3 -4 0 1 00
=4 6 0|—-| 4 5 0[|=]1010/|=I
0o 0 2 0 0 1 0 01
Thus 2A — A% = I3, from this equality we can get
ARI; — A)= (23— A)A=1I3
wish mains that (213 — A) is the inverse of A, so
100 -1 -2 0 3 2 0
At=2{010]|- 2 3 0|=|-2-10
00 1 0 0 1 0 0 1

Claim 3.2. Consider the problem of inverting a square matrix

a=G 3

If ad — be # 0, then the inverse of A is given by

1 d —b
Al =
ad — be <—C a )
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Example 73.
1.

(1Y)

2. Consider the rotation by angle 6 in the plane can be represented by a matrix

o) = (53 o)

Calculate the inverse formula

1 1 cos(f) —sin(@)) _ 1 [cos(—0) sin(—0)) _ ot(—
Rot™(0) = cos?(0) + sin?(0) (— sin(f)  cos(#) ) 1 (sin(—@) cos(—@)) = Rot(=0)

We observe the inverse matriz corresponds to a rotation by angle —0, Rot™*(6) =
Rot(—0). Notice that Rot(0) = I, thus Rot(0)Rot~*(8) = Rot(0) = I5. Rotations are

very special invertible matrices.

Definition 3.1.6. The symbol d;; = { (1]’ Z 2 ;; is called the Kronecker delta.

| Example 74. The identity matriz I,, is defined by I,, = (8;5)1<i, j<n

3.1.2 Elementary row operations

Elementary row operations are used in Gaussian elimination to reduce a matrix to
row echelon form. They are also used in Gauss—Jordan elimination to further reduce the
matrix to reduced row echelon form.

There are three types of elementary matrices, which correspond to three types of row
operations (respectively, column operations) :

1. Row switching A row within the matrix can be switched with another row.

RiHRj

2. Row multiplication Each element in a row can be multiplied by a non-zero constant.
It is also known as scaling a row.

kR, — R;, where k#0

3. Row addition A row can be replaced by the sum of that row and a multiple of another
row.

3.1.3 Ring of Square Matrices

Theorem 3.1.1. The set of square matrices has a ring structure for usual addition and
multiplication.

Proof :
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1. (M, (F), +) is an abelian group

2. The usual multiplication is associative

3. Multiplication is distributive with respect to addition,
4. The additive identity is unique

Example 75. The set of 2-by-2 square matrices with entries in a field R is

M2(R):{<Z Z) a, b, c,deR}

With the operations of usual matriz addition and usual matriz multiplication, Ms(R)
satisfies the ring axioms.

The element <é ?) is the multiplicative identity of the ring. If
01 0 1
A= <1 O) and B = (0 O)
0 1)\ (0 1 00
a5= (1 5) (0 0)= (0 1)

10
a3

this example shows that the ring is noncommutative.

then

while

3.1.4 Vector Space of Matrices

Theorem 3.1.2. Let M,,,,(F) be the set of all m x n-matrices with entries in a field
IF, together with the usual operations of matrix addition and scalar multiplication. Then
M (F) is a vector space

Proof :
o Let A = (a;5), B = (b;;) and C = (¢;;) be matrices of the same size, where : a;;, b;;, ¢;j €
F. Since F is Field, the following properties hold.
— The commutative law of addition

A+ B = (a;; + bjj) = (bjj +a;;) = B+ A.
— The associative law of addition
(A+ B)+ C = (ai; + byj) + (cij) = (ay;) + (bij + i) = A+ (B+C).
— The existence of an additive unit
A+ 0= (ai;) + (05) = (ay; + 0i;) = (ay;) = A.
— The existence of an additive inverse

A+ (=A) = (ai;) + (—ai;) = (a;; — a;;) = 0.
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e Let A and B be matrices of the same size, and let k, [ € F be scalars. Then the following
properties hold.

— The distributive law over matrix addition
k(A + B) = k(a;j + bi;) = (kai;) + (kbij) = k(a;) + k(bij) = kA + kB.
— The distributive law over scalar addition
(k+ DA = (k+1)(aij) = k(ai;) + l(aij) = kA+ 1A
— The associative law for scalar multiplication
k(IA) =k (I(ai;)) = (klay;) = (kl)(ai;) = (kD) A.
— The rule for multiplication by 1
1A = 1((ay) = (lay) = (a;;) = A.

We now examine an example of a set that does not satisfy all of the above axioms, and is
therefore not a vector space.

Example 76. Let V denote the set of 2 x 3-matrices. Let us define a non-standard
addition in V by A® B = A for all matrices A, B € V. Let scalar multiplication in V be
the usual scalar multiplication of matrices. Show that V is not a vector space.

Solution : In order to show that V' is not a vector space, it suffices to find one of the 8
axioms that is not satisfied. We will begin by examining the axioms for addition until one is
found which does not hold. In fact, for this example, the very first axiom fails. Let

1 00 000
AZ(OOO)’ B:<100>
Then A®@ B =Aand B® A= B. Since A # B, we have A® B # B & A for these two

matrices. Thus V' is not a vector space.

3.1.5 Column space, Row space

Definition 3.1.7. The set of all vectors that can be obtained by adding up scalar multiples
of the columns of a matriz is called its column space . Similarly the row space is the
set of all row vectors obtained by adding up multiples of the rows of a matriz.

3.1.6 Matrix of a Linear map

Let U and V be two vector spaces over a field F such that dim(U) = n and dim(V) = m.
We know that
U=F"and V=F"

Theorem 3.1.3. Let T : U — V be a linear map. Then we can find a matriz A such
that T'(v) = Av, v € U. In this case, we say that T is determined or induced by the
matriz A

Here is why. Suppose 7' : (U = F") — (V = F™) is a linear map and you want to find
the matrix defined by this linear map as Vv € F", T'(v) = Av.
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Note that
U1 1 0 0 0
vy 0 1 0 0 .
v=| U | =v [ 0 4+u| O |+u| 1 |+ do, | 0= ve
. . =1

where e; is the i* column of I,,, that is the n x 1 vector which has zeros in every slot but
the " and a 1 in this slot.

Then since T is linear,

T(v) = ZUiT(ei)

=1

| | U1
| | U2

=| T(ey) --- Tl(eyn) U3
| | s
| | Un

A

U1
]

=A| U3
UTL

The desired matrix is obtained from constructing the i column as T'(e;) . Recall that the
set {e1, g, -+ ,e,} is called the standard basis or canonical basis of F". Therefore the
matrix of T is found by applying T to the standard basis. We state this formally as the

following theorem

Theorem 3.1.4. Let T : U — V be a linear map. Then the matriz A satisfying T'(v) =
Av, v € U. is given by

where {e1, ey, -+ ,e,} is the standard basis of T and T (e;) is the i'" column of A. A will
be a m x n matriz

Example 77. Suppose T is a linear map, T : R> — R? where

1 0 0
(1)) (o ()0

0 0 1
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Find the matriz A of T such that T'(v) = Av for all v € R3.

Solution : In this case, A will be a 2 x 3 matrix, so we need to find T'(e;), T'(e3) and
T(e3) . Luckily, we have been given these values so we can fill in A as needed, using these
vectors as the columns of A. Hence,

a=(3 % 1)
Thus T is defined by
T: R — R?
v 1 9 1 v T+ 9+ 2
i H<2 3 1) i _<2x—3y+z>

Exercise 26. Suppose T is a linear map, T : R? — R? where

1 1 0 3
(1)) r(5)-3)
Find the matriz A of T such that T'(v) = Av for all v € R%.

Solution 26. To find this matriz, we need to determine the action of T on ey and ey. In
Example (77) , we were given these resulting vectors. However, in this ezample, we have
been given T of two different vectors. How can we find out the action of T one; and ey ? In
particular for eq , suppose there exist x and y such that

(o)== ) ()
o) =)o ( )

Substituting in values, this sum becomes

1 1 3 r =z—2
r(o)==(2) 0 (3) {5 25
Exercise 27. Let T : R* — R? be the linear map defined as
T(v) = Av

Then, since T is linear,

1 111
where A is a matriz given by A=10 1 0 1
1010

1. Determine T'(v)
2. Find a basis of U = ker(T') and a basis of W = Im(T)
3. Find a set of cartesian equations for W, i.e. write W as the set of solutions of a
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homogeneous linear system.

Solution 27.

1.
m THy+z+t
T|Y] = Y+t
z
" T+ z
2. Kernel :
ker(T') = {u eERY, T(u) = oRs}
solve
r+y+z+t=0 r+y+z+t=0 0=0
y+t=20 = qy=—t = qy=—t
r+2z2=0 T =—z T=—z
Automatically. So free variables x,y. Then z = —x, t = —y.
Kernel basis :
1 0
ker(T') = span 1| (1) , These two vectors are independent.
0 -1
So. dim ker = 2.
3. Image : columns of A :
1 1 1 1
aa=|(0], =1, a=|0|=c, aa=|1]|=c.
1 0 1 0
So
1 1
Im7T = span{| 0 1
1 0
1
These two are independent. Basis : L|¢. Sodim(Im(T)) = 2.
0

x
4. Cartesian equations for W : Let u = ) € R3, so
z

1 r=a+f
veWsu=al|0|+3 1 Sy=p0 Sr—y—z=0
W

1 0 z =«
second method : Since dim(W) = 2, W is a plane in R3. Find normal vector by cross
1 1 i j k -1
product : [0 x | 1| =det|1 0 1| =1 1 |. Thus equation : v —y —z=20. So
1 0 110 1
W ={(z,y,2) €ER®: —x +y+ 2 =0}.
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Exercise 28. Rg./» : R? — R? is a rotation by 37 /2 find R(3x/2) (i)
Ryu) = (23?533 ‘cil‘éé?)) ( y > '
R (3) = (ionra) oot} (7 ),
(400 -(5)

Theorem 3.1.5. Let T : R¥ — R™ and S : R — R™ be linear maps such that T is
induced by the matriz A and S is induced by the matriz B. Then S oT is a linear map
which is induced by the matriz BA.

Solution 28. We have

Thus

Composition of Linear maps

RF — R® — R™

Example 78. Let T be a linear map induced by the matriz A = <1 2

9 O) and S a linear

2 3

0 1> Find the matriz of the composite map S o T.

map induced by the matrix B = <

Then, find SoT Cl) )

Solution : the matrix of S o T is given by BA.

()06

To find So T @ multiply (D by BA as follows

6906
-6 906

Then, compute S (T <i>> as follows :

490

3.1.7 The rank-nullity theorem

To check, first determine
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Definition 3.1.8. Let A,,x, be a matriz and T : F* — F™ be a linear map. defined by
T(v) = Av, v € F™. The null space of a matriz A, also referred to as the kernel of A, is
defined as follows.

null(A) = {v € F* Av = Opm }

Definition 3.1.9. The dimension of the null space of a matrix is called the nullity,
denoted dim(null(A)).

> The rank of a matrix A is the maximum number of linearly independent rows (or
columns). Equivalently, it is the dimension of the column space (or row space).

o> The rank of a matrix A, written rankA , is equal to the number of pivots in an echelon
form of A. It is equal to the number of non-zero rows in its echelon form.

The rank is a very important property of a matrix and, depending on the context in which
the matrix is used; it will be defined in many different ways. Of course, all the definitions

lead to the same number.

> The nullity is the dimension of the null space (solutions to Ax = 0).

Theorem 3.1.6. Let A,,«, be a matrixz over B Then the null space of A is a subspace of
F".

Theorem 3.1.7. Let Am X n be an matriz. Then

rank(A) + dim(null(A)) = n.

Proposition 3.1.5. Let A,,x, be a matriz over F. Define T : F™ — F" by T'(v) = Av.
Then

1. T is linear map
2. Im(T) = Col(A)
3. rank(T) = ran(A)
4. ker(T) = null(A)

Example 79. Find the rank of
1 2 3 1 2
2 1 2 31
3 3 5 43
1 -1 -1 2 1
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Solution :
12 3 12\, , (1 2 3 12 1 2 3 1 2
201 2 3 1|0 5|0 =3 -4 1 3| R—Ry|0 =3 —4 1 -3
33 5 430 DpM0 =3 —4 1 =3|Ry—Ry[0 0 0 0 0
1 -1 -121)2_"“%\0 -3 41 -3/ ——\0 0 0 0 0
12 3 1 2
_ip, |01 43 -1/
_32%l00 0 0 0
00 0 0 0

This is echelon form of matrix A and the number of its nonzero rows is 2, therefore, the rank

of Ais 2.

1 2 3
Example 80. Find the rank and nullity of A= |2 4 6
3 6 9
Solution : Row reduce :
1 2 3 1 2 3
2 4 6|22 10 0 0].
3 69 000
Thus rank = 1. Since there are 3 columns, nullity = 3 — 1 = 2.

Exercise 29. In R*, consider the vectors

2 1
—1
11|
1

u3: U4:

= o= W W

1

2 1
Uy = 11 Ug = K

0 1
Find a basis for the subspace W = span{uy, us, us, us}. Determine its dimension.

Solution 29.
Form a matriz with these vectors as rows (or columns). We'll use rows for simplicity :

1 2 1 0
2 1 0 1
A= 1 -1 -1 1
3 3 1 1
Row reduce :
R2<—R2—2R12 (1) 23 12 (1)
Rg%Rg—Rli — 0 -3 -9 1
R4<—R4—3R11 0 -3 -2 1
Subtract Ry from Rs and Ry :
1 2 1 0
0 -3 -2 1
0 O 0 O
0 0 0 O
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Thus only the first two rows are non-zero. Hence a basis for W consists of uy and ug (since
they are linearly independent). Alternatively, the reduced rows (1,2,1,0) and (0,—3,—2,1)
are also a basis. The dimension is 2.

3.2 Change of Basis

The matrix of a linear map on a vector space V depends both on the map itself and on
the basis we choose for V. Some bases make it easy to compute coordinates (components)
of vectors, while others make the maps we are intersted in look simple. Unfortunately, these
bases are usually not the same, so we need to understand how to convert from one basis to
another.

1- Operators
We begin with operators. (i.e : T': V — V). Suppose V is a vector space with bases B
and D, that T is an operator on V, and that we have computed the matrix [T]z (matrix
associated to T with respect to the basis B ). Now, for whaterver reason, we wish to
change our basis from B to D. How does that change our matrix?
The situation is described in diagram below.

[v]g e [T ()]s

|

[v]lp ———— [T (v)]o

We are looking for a matrix [T]p that converts the coordinates [v]p of v in the D basis
into the coordinates [T'(v)]p. We already know that multiplication by the change of basis
matrix Pgp converts [v]p to [v]g, that multiplication by [T]z converts [v]g to [T (v)]z,
and that multiplication by the matrix Ppg converts [T (v)|s to [T (v)]p. The product
of the three matrices therefore converts [v]p to [T (v)]p. This product therefore equals
[L]p. In other words, we have proven :

Theorem 3.2.1. Let T be an operator on a vector space with alternate bases B and
D. The matriz of T relative to D is given by

[T'p = Ppp[T|sPsp.

Pgp define the change-of-basis matrix from B to D.

Since [P]zp = [P]ps, we can alsowrite this result as
[T)p = Pps[T|sPps
or as
[Tl = Pgp[T]sPep

Example 81. Let V = R? with the canonical baisis B = {ey, ea} and let D =
{d1 = e1 + ey, dy = €1 — e} be the alternate basis .
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The change of basis matrices are

(11 o (1/21)2
Psp = (1 —1>’ Pps = FPrp = (1/2 —1/2)
If T is an operator that takes e; to di = 2e; + ey and takes ey to do = €1 + 2¢e5, then
the matrix of T in the B basis is
2 1

while the matrix of T in the new basis D is given by

[Tp = Ppp[T)8Psp

R -0

Remark 3.2.1. We can see that in the basis D we have

(@) = olao = 3 V) (3) = (3) =3
R TR

In this example, the basis D makes our operator look very simple. In fact, every opera-
tor can be made to look simple through the right choice of basis.

and

2- Linear map

Theorem 3.2.2. Let U be a vector space with bases B and D, let V be a vector space
with bases B' and D', and let T : U — V be an linear map. Let [T|gp be the matrix
of T relative to the B and B’ bases. The matrix of T relative to the D and D’ bases

is given by
[Tpp = Pp T8 50
Example 82.
Let U = R? with the canonical basis B = {e1, ea} and the alternate basis

D = {e1+ey, e —er}, and let V = R® with the canonical baisis B = {e1, 9, €3}
and the alternate basis D' {e1 + €2, €1 — €2, €3} .

Let T : R? — R3 be a linear map defined by :

r+y
V(z, y) € R?, T<x> =|ly—=x
y T

Find the matriz relative to the D and D', ([T]pp).
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Solution :

The matrix of T relative to B and B’ is

1 1
1 0

The change of basis matrices are

o= (4 1) roemria= (12 1)

and
1 1 0 1 1 0 1 1
PB’D’ = ]_ —1 0 5 PD/B/ == Plng’ - 5 1 —]. O —]. ].
0 0 1 0 0 2 1 0

while the matrix relative to the D and D’ bases is given by

[Tpp = Ppw|T|psPsp

1 1 0\/1 1
S PR —116_11)
20 0 2/ \1 o0
1 —1
~ (1 1
11

Exercise 30 (see also ?77). Consider the matriz :
2 -1 1
A= (3 2 —3)
Let T : R® — R? be the linear map associated with matriz A with respect to the stan-

dard bases (canonical bases) of R® and R?, denoted by B = {e1, ez, e3} and B' {f1, fo}
respectively. Let :

(fr + fo),
(fr = f2)

D= N =

!
€y = €1 + €3, =
=

!
€ = €2 + €3, =
and !

/
eq = €1 + €3,

1. Show that B' = {6/1, €o, eé} is a basis of R® and that D' = {f{, fé} is a basis of R2.
2. Ghive the matriz associated with T in this new basis.

Solution 30.
1. Readers may verify for themselves that {e’l, €y, eé} and {f{, fé} are bases of R3 and

R?, respectively
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2. The transition matriz of B to B is given by :
011
1 10
Also, the transition matriz from D to D' is given by :

va=;<}fg'

We also know that matriz [T)pp: in the new basis is given by the formula
[T)pp = Ppp[T]55PsD.

From different ways to find [Plpg, here we choose to express the elements of the basis
B’ in terms of the basis D', which allows us to determine [Plpp. We have

, 1
= %(fl + fa), . {f1 = f1+ fa
fézi(fl_fﬁ f2=f1_f2
So
Pl = [Pl = 1 )
Thus,
011
T)pp = Ppp [T)gpPsp = G _11> <§ _21 _13> 101
1 10
Therefore,

-1 3 6
[Tlop = Pps[T]esPsp = ( 1 3 —4> '

3.3 Determinant

let A be a square matrix. The determinant of A, denoted by det(A) is a very important
number which we will explore throughout this section. If A is a 2 x 2 matrix, the determinant
is given by the following formula.

a b

Definition 3.3.1. Let A = (c d)’ Then det(A) = ad — cb

The determinant is also often denoted by enclosing the matrix with two vertical lines.

Thus

det(4) ="

The 2 x 2 determinant can be used to find the determinant of larger matrices. We will now
explore how to find the determinant of a 3 X 3 matrix, using several tools including the 2 x 2
determinant. We begin with the following definition.

The ij* Minor of a Matrix

|:ad—cb.
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Definition 3.3.2. The determinant of a matriz A obtained by eliminating the i" row
and ™" column of A is called the ij™ Minor of A, denote M;;.

Hence, there is a minor associated with each entry of A. Consider the following example
which demonstrates this definition.

1 2 3
Example 83. Let A= |4 3 2|. Find minor Ao and minor Ass.
3 2 1

Solution : First we will find minor Ajs. By Definition, this is the determinant of the
2 x 2 matrix which results when you delete the first row and the second column. This minor
is given by
4 3
Mo = det <3 1) =(4)(1) — (3)(2) = —2.

Therefore My = —2.

Similarly, minor(A)as is the determinant of the 2 x 2 matrix which results when you delete
the second row and the third column. This minor is therefore

1 2
M23 = det <3 2) = —4.

The ij'" Cofactor of a Matrix

Definition 3.3.3. Let A be an n x n matriz. The ij™" cofactor, denoted by cof(A);; is
defined to be o
cof(A)i; = (—1)"" M

1 2 3
Example 84. Let A= |4 3 2|. Find cof (A)12 and cof(A)as.
3 21

Solution :
cof(A)a = (=1)"* My = —(-2) =

2
COf<A>23 = (—1>2+3M23 = —(—4) = 4

Determinant of a Matrix

Definition 3.3.4. Let A = (a;j)1<i j<n be an n xn matriz, the determinant of A, is given
by

det(A) = zn: aijcof (A)i

This process when applied to the i row (column) is known as expanding along the i"
row (column) as is given by

When calculating the determinant, you can choose to expand any row or any column.
Regardless of your choice, you will always get the same number which is the determinant
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of the matrix A. This method of evaluating a determinant by expanding along a row or a
column is called Laplace Expansion or Cofactor Expansion.

Consider the following example.

Example 85. Find det(A) = det

W = =
N W DN
— N W

Solution :

1. First, we will calculate det(A) by expanding along the first column. Using Definition
(3.3.4).

cof(A)11 cof(A)21 cof(A)a1

3 2 2 3 2 3
21 2 1 3 2

= —1+416—-15=0

det(A) =1 (-1)'""

| _'_4 (_1)2+l

| +3 (_1)3+l

2. we can choose to expand along any row or column. Let’s try now by expanding along
the second row. Here, we take the 4 in the second row and multiply it to its cofactor,
then add this to the 3 in the second row multiplied by its cofactor, and the 2 in the
second row multiplied by its cofactor. The calculation is as follows.

cof(A)21 cof(A)22 cof(A)23
2 3 1 3 5|1 2
A 1\2+1 1\242 1\243
det(A) = 4 (~1)**" ] 1|+3( 12 1|+2< 12| 2|
=16—-24—-8=0

You can see that for both methods, we obtained det(A) = 0.

1 2 3
Example 86. Compute det A for A= [0 —1 4
2 3 1

Solution : Expand along first row :

-1 4 0 4 0 —1
detA:1~det<3 1)—2-det<2 1>+3-det<2 3>

— 1[(=1)(1) — 4(3)] — 2[0(1) — 4(2)] + 30(3) — (~1)(2)]
=1(-1-12)—-2(0—-8)+3(0+2)=—-13+16+6=09.
1 2 3 4
Example 87. Find det ? ;l i g
3 4 3 2

Solution :
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As in the case of a 3 x 3 matrix, you can expand this along any row or column. Lets pick
the third column. Then, using Laplace Expansion,

cof(A)is cof(A)a23 cof(A)a3 cof(A)s

5 4 3 1 2 4 1 2 4 1 2 4
det(A) =3 (=1)"*3 |1 3 5[+2(=1)>*3|1 3 5|4+4(=1)**3|5 4 3|+ (=15 4 3
3 4 2 3 4 2 3 4 2 1 3 5

Now, you can calculate each 3 x 3 determinant using Laplace Expansion, as we did above.
You should complete these as an exercise and verify that det(A) = —12.

The following provides a formal definition for the determinant of an n xn matrix. You may
wish to take a moment and consider the above definitions for 2 x 2 and 3 x 3 determinants
in context of this definition.

Definition 3.3.5. Let A be an n X n matriz where n > 2 and suppose the determinant
of an (n — 1) x (n — 1) has been defined. Then

det(A) = zn: aijcof (A)i; = i aijcof (A)i

The first formula consists of expanding the determinant along the it row and the second
expands the determinant along the j" column.

3.3.1 Properties

Properties 3.3.1.
1. Triangular Matrices :

aj; @z a3 -0 Qg a; 0 0 --- 0
0 ap a3 -+ a ag1 azxp 0 - 0 n
det| 0 0 ass -+ asy| =det|as as asgs --- 0 [ = IT a:
: c i=1
0 “ e 0 IR ann aln .. an3 e ann

2. Let A be a matriz where A is the transpose of A. Then,
det (tA> = det(A)

3. Let A be an n x n matriz. Then A is invertible if and only if det(A) # 0. If this is
true, it follows that

1
det(A™!) =
et(47) det(A)
4. If A is an n x n matriz such that one of its rows/columns consists of zeros, then
det(A) = 0.

5. Let A and B be two n X n matrices. Then

det(AB) = det(A) det(B)
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6. If A is an n X n matriz and X € R. Then
det(AA) = A" det(A)

7. Swapping two rows changes the sign of the determinant.
8. Adding a multiple of one row to another does not change the determinant.

9. Multiplying a row by a scalar multiplies the determinant by that scalar.

1 0 01
. . ) 0 21 2 ) .
Exercise 31. Find the inverse of A = 2910 1 using the adjugate formula.
2 01 4
Solution 31. The adjugate formula is given by
1
Al = dj(A
det(A)‘”( )
where adj(A) = (cof (A)y)".
Step1 :
1 0 01 1 00 O
021 2 021 2
det(A) = det 5 10 11~ det 5 1 0 —1 Cy+— Cy — ().
2 01 4 2 01 2
2 1 2
=det|1 0 —1| =2
01 2
Step2 : Cofators Cj;
21 2 01 2 0 2 2 0 2 1
+1 0 11 =12 0 1] +|2 1 1] —12 1
01 4 2 1 4 2 0 4 2 01
0 01 1 0 1 1 01 1 00
—11 0 1] +2 0 1 =2 1 1] +12 1 0
0 1 4 2 1 4 2 0 4 2 0 1 —4 2 ~1606
-1 1 -2 1
cof(A)ij = 12 0 4 2
0 01 1 01 1 01 1 0 0 1 -1 4 1
+12 1 2 —01 2 4]0 2 2 —|0 2 1
2 1 4 2 1 4 2 0 4 2 01
0 01 1 01 1 01 1 00
—12 1 2/ 410 1 2/ —|10 2 2| +/10 2 1
1 01 2 0 1 2 1 1 2 10

Azzi Ahmed 81 University of Tindouf



3.3. DETERMINANT CHAPITRE 3. MATRICES AND DETERMINANTS

Step3 :

—4 -1 2 1

. 2 1 0 -1

adj(A) = (cof (A)y)' = 16 -2 4 4

6 1 -2 -1

Therefore
-4 -1 2 1
. 1 2 1 0 -1
A7l = dj(A) = =
@@ =31 16 2 4 4

6 1 -2 -1
3.3.2 Gaussian elimination

Gaussian elimination is a useful and easy way to compute the inverse of a matrix. To com-
pute a matrix inverse using this method, an augmented matrix is first created with the left
side being the matrix to invert and the right side being the identity matrix. Then, Gaussian
elimination is used to convert the left side into the identity matrix, which causes the right
side to become the inverse of the input matrix.

Let A € M, be a square matrix. The methode is given by augment with I, and row

reduce :
(A[I,) Elementries operations ([n | Ail)

-1 3/2
1 -1
Solution :

—1 3/2]1 0 —1 3/2]1 0 -1 0 [-2 -3
( 1 —110 1>Rl+R2_>R%< 0 1|1 1)31_332%5)%( 0 1/2| 1 1 )

Example 88. Find the inverse of

—R1—>R1<1 012 3)

2Re - R, \ 0 12 2
e

(23
=)

Thus

Example 89. Find the inverse of

01 1

1 11

210
Solution :
01 11100 11 1/]0 10 1 1 110 1 0
111010R1HR3011100R3—2R1—>R3011100
21 010 01 21 0|0 0 1 “\0 -1 =210 -2 1
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1

1 10 1 O 11 10 1 O
R3+R2—>R3 01 11{1 0 O R3+R2—>Rg 01 012 —2 1
00 —-1]1 -2 1 "\0 0 —-1|11 -2 1
10 0]-1 1 O 1 00 1 0
Rl—R2+R3—>R;\[ 01 0 2 -2 1 R3—>R 010 -2 1
00 —-1}{1 -2 — 0 0 1 2 2
Thus
-1 1 0
Atl=12 -2 1
-1 2 =2
Azzi Ahmed 83
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Chapitre

Linear Systems

4.1 Introduction to Linear Systems and Matrices
We now introduce linear equations, linear systems, and matrices.
4.1.1 Linear equations and linear systems

We consider
amx + ax® + -+ apa™ = b,

where a; € R (i = 1,2, ---, n) are coefficients, z; (i = 1,2, ---, n) are variables (unk-
nowns), n is a positive integer, and b € R is a constant.

Definition 4.1.1. A linear system (or system of linear equations) is a collection of
equations of the form

A11T1 + Q12T + ** + + A1 Ty = bl
2121 + Q99T9 + - - - + AonTy — bQ

Am1T1 + Qpa®o + - - - + App Ty = bm

When b; =0, V1 <1 < n, the linear system is called a homogeneous linear system.

The goal is to find all n-tuples (z1, ..., z,) that satisfy all equations simultaneously. The
set of all solutions of the equation is called the solution set of the equation.

Example 90. Consider the system
20 — 3y =5
—x +4y =2

This is a linear system with two equations and two unknowns. It can be solved by substi-
tution or elimination. For instance, multiplying the second equation by 2 and adding to the
first yields 5y = 9, so y = 9/5, and then x = 2+ 4y = 2+ 36/5 = 46/5, thus the solution set
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) S = {(46/5, 9/5)}

Example 91. Consider the following linear system

an + apy = bl
91T + a2y = b2.

The graphs of these equations are lines called [; and [,. We have three possible cases of
lines /; and [y in xy-plane. See Figure 1.1.

— When [; and [y are parallel, there is no solution of the system.
— When [; and [, intersect at only one point, there is exactly one solution of the system.
— When [; and Iy coincide, there are infinitely many solutions of the system.

Example 92. We consider the following linear equations :
(a) z4+y=1.
b)) z4+y+z=1.
It is easy to see that the solution set of (a) is a line in xy-plane and the solution set of (b)

is a plane in xyz-space.

Definition 4.1.2. Two linear systems with m equations in n unknowns are equivalent to
each other if they have the same solutions.

4.1.2 Matrix Representation

The system can be written compactly using matrices. Let

aixz a2 - Qip X1 by
Ag1  QAg2 -+ Q2p X2 by
A= . x= . b=
Am1 Am2 - Omnp Tn bm
Then the system is
Ax = b.

Here A is called the coefficient matrix, x the unknown vector, and b the constant
vector. If m = n (square matrix), we often look for a unique solution.

Corollary 4.1.1. For a linear system Ax =b :
— If rank(A) = rank([A|b]), the system is consistent.
— If rank(A) = n (full column rank), the solution is unique.

— If rank(A) < n, there are infinitely many solutions (if consistent), parameterized by
n — rank(A) free variables.

Example 93. The system

20 — 3y =5
—r+4y =2
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(5 )66
o =00

4.2 Solving Linear Systems

becomes

There are several methods to solve linear systems. We present the most important ones.
4.2.1 Gaussian Elimination and Gauss-Jordan Elimination

a- Augmented matrix

Let
ay; G2 - Aip € by
Q21 Q22 -+ A2y X2 by
A= , X = , b=
Am1 Qm2 - Amp Tn bm
Then the system is
Ax = b.

Definition 4.2.1. The matriz which is made up of the coefficient matriz A and the right-
hand side b is called the augmented matriz of the system and is denoted by [Alb] . For

a linear system of m equations in n unknowns the augmented matriz is the m x (n + 1)
matric :

ayp @iz o Qi | by

Az Gga - Qg | bo
(Alb) =

Am1 Am2 °°° Amn bm

Example 94. Derive the augmented matriz for the following linear system.

20 +3y =7
r—4y —z=-2
2y —3z=1

Solution : We have the coefficient, unknown, and right-hand side matrices :

20+ 3y =7 2 3 0 T 7

r—4y—2z=-2 < |1 —4 -1 y | =1 -2

2y — 3z =1 0o 2 =3 z 1
——

A T b
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so the augmented matrix is :

2 3 07
(Ap) =] 1 —4 —1| -2
0 2 —3|1

b- Row Echelon Form

Definition 4.2.2. The leftmost, nonzero entry in a row of a matriz is called the leading
entry or pivot.

Example 95. Consider the linear system

20+ 3y =7
dy — 2z = =2
—3z=1

Solution :

So its corresponding augmented matrix is therefore

2] 3 0|7
(Alp)=1{ 0 [4] —1|-2

0 0 =3|1

and | 4] are two pivots .

Definition 4.2.3. A matriz is in row echelon form (REF) if :

1. All zero rows (i.e. rows consisting entirely of zeros) are at the bottom of the matriz.
2. All elements below a leading entry (pivot) are zero.

3. Fach leading entry is to the right of the leading entries of all rows above it.
4. Fach leading entry is equal to 1. Such an entry is called the leading 1.

Examples 1. These matrices are in (REF) form,
L2 -3 12 -3 3
SO I R g
00 O

c- Reduced Row Echelon Form

Definition 4.2.4. A matriz is in reduced row echelon form (RREF) if it is in row
echelon form and the leading one is the only nonzero entry in its column.

Examples 2. These matrices are in RREF form,

1 0 0 2 1 0 -3
01 0 5 , 01 -5
00 1 =2 00 O
Azzi Ahmed 87
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Exercise 32. Determine if the matrices are in REF, RREF, or neither.

1 8 -3 100 2
oﬁw,<(1)7{_223£2>, 010 5 |,
0 0 0 001 —2
10 -3 2100 123
01 51|, lo1oo], |ooo
00 0 1010 001
Solution 32.
1 8 -3 X 2 3/ 100 2
0 v2 7 |= REF, (07{_2 4>:>REF, 010 5 |= RREF,
0 0 0 001 —2
10 -3 2100 12 3
0 1 =5 |= RREF, 0 1 0 0 | = Neither form, 0 0 0 | = Neither form
00 0 1010 00 1

d- Gaussian Elimination (Row Reduction)
e Elementary Row Operations

Performing one of the following three operations, called elementary row operations
on a given linear system gives an equivalent linear system.

1. Swap two rows or Interchange two equations (or rows) R; <+ R;.
2. Multiply a row by a non-zero scalar R; — cR;,
3. Add a multiple of one row to another R, — R; + cR;.
Here R; denotes a row of an augmented matrix and ¢ represents a scalar.

Note : Every augmented matrix can be reduced to its row echelon form (REF) using
elementary row operations. This process is called Gaussian elimination. Every augmen-
ted matrix can be reduced to its reduced row echelon form (RREF) by a process called
Gauss-Jordan elimination..

e Steps in Gaussian Elimination

1. Locate the leftmost nonzero column in the augmented matrix. If the top entry of the
column is zero, interchange the top row with another so the top entry (call it a) is
nonzero.

2. If a is not a leading 1 make it so by multiplying the row by 1/a .

3. Make all other entries in the column below the leading 1 equal zero by adding suitable
multiples of the first row to the remaining rows.

4. Consider the remaining matrix produced by ignoring the top row. Repeat steps 1 — 4
on that matrix. If the remaining matrix has no rows the original matrix is now in row
echelon form.

Note that once the matrix is in row echelon form the system may be solved as shown in the
following examples.
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Example 96. Solve
r+y+22=9
20 +4y —3z=1
3r+6y—5z=0

Solution : The augmented matrix for the system is

11 219
(Ap)=1] 2 4 3|1
36 =50

Since the top left entry is already a leading 1, zero the 2 below it by adding —2 times R;
to Ry. (This is the same as subtracting 2 times R; from Rs.)

11 2 9
Ry < Ry + (—Q)Rl 0 2 —71|-17
36 =5 0
Next zero the first entry in the third row by adding —3 times R; to Rs.
11 2 9

Rs < R3; — 3R, 0 2 -7 |-17
0 3 —11|-27

To get a leading 1 in the second row (Rg), multiply the row by 1/2, or equivalently, divide
the row by 2.
1 11 2 9
Ry +— —Ry = 0 1 —7/2 —17/2
2 03 —11| —27
Zero the second entry in the third row by adding —3 times Ry to Rj3.

11 2 9
R3 + R3— 3Ry = 01 —7/2 —17/2
00 —1/2| —3/2

Get a leading 1 in the third row by dividing the row by —1/2, or, equivalently, multiplying
it by —2.

11 2 9
R3 + —2R3 = 01 —7/2 —17/2
00 1 3
The linear system represented by the last augmented matrix is
rT+y+22=9
yRE= 5
z=3

so back-substitution gives the following
rxr=1, y=2 and z=3
S{(z=1,y=2, z=3)}

which is easily checked in the original system.
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Example 97. Solve the linear system

rT+2y+2=4
2r4+y—2z=1
3r —y+2z2=3

Solution : The augmented matrix is

1 2 1|4
2 1 —-1/|1
3 -1 2|3

Row operations :
Ry ¢ Ry — 2R, : (0 3 -3 —7)
Rs < Rs — 3R, : (o 7 -1 —9)

Now we have

1 2 114
0 -3 3|7
0 =7 —-1|-9

Row operations :
1
Ry Ry (0113
Ry« Rs+TRy: (0 0 6 2)

3

we get
1 21 4
01 1| 7/3
0 0 6|22/3
Now

— 62=22/3=2=11/9.

— From y+ 2z = 7/3, we get y = 10/9.
— Finally z +2y+2=4=2=5/9.
The set Solution :

S{(x=5/9, y=10/9, z=11/9)}.

Exercise 33. Use Gaussian elimination to solve the system

r+y+z=6
20—y +32="7
3r+2y—z2=4

Solution 33. The augmented matriz is

1 1 116
2 -1 3|7
3 2 —-14
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Row operations :

Ry « Rp—2R [ L 1 110
Rg <—R3—3R1

1

0

0

1 1 6
R2 — _%RQ o
Ry < R3+ iR, ( (1] 1/3 | 5/3 ) '

—13/3 | —=37/3
we get
11 1 6
01 -1/3 5/3
0 0 —13/3|-37/3
Now
13 37 N 37
— 2z =——=>z=—.
’ 13 D t 1,37 5 34
— B = — t = (—)(— - = —,
romy 32 3’ we get 'y (3);%3)"3‘43 713
mallyr +y+z2=6=2x==06 3 13-13

The set Solution :
S{(x="7/13, y=34/13, 2 = 37/13)}.
Exercise 34. Solve in R* the following linear system

w—r+2y—z=-1
2wz -2y —2z=-2
—w+2r—4dy+z=1

3w —3z2=-3
Solution 34. we have
1 -1 2 —1]-1
2 1 -2 —2|-2
(Alp) = -1 2 —4 11
3 0 0 -3|-3
Ry Ry— 2R, 1 -1 2 —1]1
0 3 —6 010
Rg(—R3+R1
Ry« Ry 3R, | O L =2 010
4 4 'No 3 =6 0|0
and
1 -1 2 —1]1 1 -1 2 —1]1
1 0 1 =2 0|0 | Rs+<R—Ry | 0 1 =2 010
feoe=ghal g 1 9 o0 lo|ReRi—3R|0 0 0 00
"\o 3 =6 00 0 0 0 010
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The linear system corresponding to the row echelon form is then

w—r+2y—z=-1

x—2y=20
0=0
0=0

This system will have an infinite number of solutions. To characterize them we will introduce
parameters.

Definition 4.2.5. The variables that correspond to the leading entries of the row echelon
form of an augmented matriz are called the leading variables or dependent variables. The
remaining variables are called the free variables or independent variables

To solve a system of linear equations, set the free variables equal to parameters and use
the row echelon form with back-substitution to solve for the leading variables.

Complete the solution to the exercise (34).

The row echelon form found and corresponding linear system are

1 2 -1l1 w—x+2y—z=-—1
0 -2 010 r—2y=0

0O 0 0 00 0=0

0 O 0 010 0=0

The leading entries are boxed and are found in the w and x variable columns. Thus w and
x are the dependent variables and y and z are the independent variables. So introduce two
parameters for the independent variables letting y = a and z = [ . Next solve for the
dependent variables in terms of the parameters using back-substitution.

r=20a w=p~-1
We can write the solution to the system as
wzﬁ_lv lL'ZQOé, Yy=aq, Z:/Ba

where o and [ are parameters taking on any numbers.

We can also write the solution in the form :

81
s=1| 2 | |a ger

0%
B
e- Gauss-Jordan Elimination (Reduced Row Reduction)

Gauss-Jordan elimination takes Gaussian elimination one further step to produce an
augmented matrix in reduced row echelon form. One does the following steps :
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1. Perform Gaussian elimination to put the augmented matrix in row echelon form (REF).

2. Add suitable multiples of the last nonzero row to the rows above it to introduce zeros

into them above the leading 1 of this row.

3. Consider the remaining matrix produced by ignoring the last nonzero row and any zero
rows beneath it, if any. Repeat steps 2 — 3 on that matrix. If the remaining matrix has
no rows the original matrix is now in reduced row echelon form (RREF).

Example 98. Solve the linear system using Gauss-Jordan elimination :

—y+52=9
T+y+22=38
3r — Ty + 42 =10

Solution : We have

0 -1 5|9
Apy=[1 1 2|8
3 =7 410

First put the augmented matrix in row echelon form :

1 1 2|8
R; < Ry 0 -1 519 = R3 <+ R3—3R;
3 =7 4110

1 1 2 8
R3 + R3—10R,| 0 =1 5 9
0 0 =52|-104

R3 — —%Rg
Ry +— — R,

O O =

SO =

—10

—10

1
-1

1
—1

2
)
—2

2
>
-2

8
9
—14

8
9 (REF)
—14

To achieve reduced row echelon form work from the bottom of the matrix upward, to get

zeros above any leading one.

1 1 0|4
R31%R1—2R3
B |00 R R

The unique solution to the system is therefore

4.2.2 Inverse Matrix Method

S O =

o = O

_ O O

N — W

(RREF)

If A is square and invertible, the solution is x = A~'b. Computing the inverse can be

done via Gaussian elimination on [A|I].

L 7)6)-6)

Example 99. For the system (

We compute the inverse of A = (

> . The determinant

det A=2-4—(=3)(~1) =8 —3 =5.
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Then

o, 1/(4 3

1—7

4 _5<1 2)
check :

a1 (2044(=3)-1 2:3+4(=3)-2) _1(5 0\ _,
5\ (=1)-4+4-1 (=1)-3+4-2) 5\0 5

Then

v\ _ 1[4 3\ (5) _1[20+6) _1/26) (26/5
y] 5\1 2)\2) 5\54+4) 5\9) \9/5/"
Example 100. Solve the system using the inverse matriz :
20+ 3y =17
r—4y = -2
Solution : Write as Ax = b with
2 3 7
-0 2) e-(5)

Compute det A = 2(—4) —3(1) = -8 =3 = —11#0, so A~ exists :

1 [—4 -3 4 3
-1 _ - (11 11
8 —n(—l 2) ( —)
4 3 7 28 _ 6 9
o (i 4)()-()0)
o) \ 2 T 1

4.2.3 Cramer’s Rule
For a square system Ax = b with det A # 0, each variable z; is given by
 det(4))
T det(A)’

where A; is the matrix obtained by replacing the j-th column of A by the column vector b.

Then

Example 101. Using the same matriz A and vector b as above.

2 9)0)-6)

We have
det A=5
5 —3
A1:<2 4>, det Ay =5-4—(-3)-2=20+6 = 26,
2 5
A2:<_1 2), det Ap=2.-2—-5-(-1)=44+5=0.
Thus

. det Al det AQ

v det A 6/5, v det A 9/5
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Solution : (; i) @ - (2) :

— The rows are linearly dependent (second row is twice the first), so rank is 1.

Example 102. Consider

— The nullity is 1. For b = <3

6)’ the system is consistent because b is also twice the first

column combination.
— The general solution is z 4+ 2y = 3, so x = 3 — 2y, with y free.

4.3 Eigenvalues and Eigenvectors
Definition 4.3.1. Given a square matriz A, a scalar A\ and a non-zero vector v such that
Av = )v

are called an eigenvalue and corresponding eigenvector. They satisfy the characteristic
equation

det(A — \I) = 0.

Eigenvalues are important in many applications : diagonalization, stability analysis, dif-
ferential equations, etc.

Example 103. Find eigenvalues and eigenvectors of A = (? ;)

Solution :
— We have

det(A—)J)—det<2I)\ Qi/\> S (2 A2 1=MN—dA+3=(\—1)(A—3).

So eigenvalues A\ = 1, Ay = 3.
— ForA=1:solve (A—I)v=0:

11\ (v (1
<1 1) <U2> =0=>v+1v,=0, v= (_1> (up to scale).

— For A=3:(A-3[)v=0:
1 1) (v !
(1 _1> <v2>—0:>—vl+02—0,v—(1>.

1. Compute the inverse of A =

Exercise 35.

[ e R
— = O
—_ N =
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1
2. Find the rank and nullity of B = | 2
3

O = N
O Oy W

Solution 35.

1. Inverse of A : Augment with I3 and row reduce :

1 2 1|1 00 1 0 =-3|1 -2 0 1 004 -5 -3
o12(010[|~}01 21/0 1 0 |~]01O0|-2 3 2
11 1/0 0 1 00 11]1 —1 —1 0011 -1 -1
Hence
4 -5 -3
At=1-2 3 2
1 -1 -1
1 2 3
2. B=1\|2 4 6] has rows that are multiples : Ry = 2Ry, R3 = 3R;. Hence
3 6 9
rank(B) =1, nullity=3—-1=2.
Azzi Ahmed
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Exercise 36. Determine whether the set

T
S=Sly|leR®: 2 —-2y+32=0
z

is a subspace of R3.

Solution 36. We check the three subspace conditions :

0
1. Zero vector : | 0| satisfies0—2-04+3-0=0, so, 0 € S.
0
il )
2. Closed under addition : Letu= |y, |, v= |y | € 5.
21 Z9
We have
ueSer —2y1+31 =0
VESES Ty —2Ys+320=0
T1+ X
Thenu+v = |y + Y
21 + 22

(1 +22) —2(1 +y2) +3(21 +22) = (21 —2y1 +321) + (2 — 2Y2 +32) =0+ 0 =0,

so,u+uv€ES.
AT
3. Closed under scalar multiplication : For any scalar o € R. Then au = | ay;
(0%}

(axy) — 2(aay) + 3(az1) = a(zy — 2y1 +321) = a-0=0,

so au € S.
All conditions hold, so S is a subspace.

97



CHAPITRE 5. EXERCISES

1 0
Exercise 37. Let V = R3 and let W = span{ | 2|, | 1| . Find a basis for W and
3 4

determine its dimension.

Solution 37.
The two vectors are linearly independent because neither is a scalar multiple of the other

check : if

1 0
21=XA|1
3 4

then first component gives -0 impossible). Thus they form a basis of W. Hence

1=A
1 0
dim W = 2 and a basis is 21,11 ¢
3 4

Exercise 38. Determine whether the following subsets of R® are subspaces. Justify your
answers.

x x
Wi={|y|leR:z4+y+2=0p, Wo=<S|y|eR: 2>+’ +22=1,,
z z
x x
Wy = y|eR: o =2yand 2= -y, W,= y| €R*:zy=0
z z

Solution 38.
1. Wy is a subspace. Check :

0
— Ops = | 0| satisfies : 04+040=0.
0
x x!
— Ifly |,y | €Wy, thenx+y+2=0and 2’ +y + 2 =0. Adding gives
z 2
(z+2)+@w+y)+(z+2) =0,
50
x+a
y+vy' | € Wi
z+ 2
x
— If [y | € W and a € R, then
z

art+ay+az=alr+y+z) =0,
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S0
ax

ay | € Wl-
az
Hence Wy is a subspace (in fact, a plane through the origin).
2. Wy is not a subspace.

0

The zero vector Ops = | 0| does not satisfy : 02 + 02+ 0% = 1 £ 1. So it fails the first
0

condition.

3. W3 is a subspace. Conditions :

xr=2y and z=—y.

Then any vector in W3 is of the form

2y
y | =yl 1
—y 1
Check :
— Ogs corresponds to y = 0.
2y 2y’
— Ify and i/ give vectorsu= | y |,v=1| v |, then
—y —y
2(y + ')
utv=| (y+y)
—(y+v)
which is again of the same form.
2ay
— Scalar multiple ou = | oy | also of the form.
—ay
Thus W3 is a subspace (a line through the origin).
1 0
4. Wy is not a subspace. Takeu = | 0| andv = | 1|. Both satisfy xy = 0 because 1-0 =0
0 0
1
and0-1=0. Butu+v=|1]| has1-1=1%#0, so not closed under addition. Hence
0

not a subspace.

Exercise 39. Let V' be the vector space of all real-valued functions defined on R. Deter-
mine whether the following subsets are subspaces.

1. Uy ={feV:f0)=0}.
3. Us={f €V :fis continuous}.
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4. Uy ={feV:f(x)>0 forall z}.

Solution 39.
1. Uy is a subspace :
— Zero function satisfies 0(0) = 0.
— If f(0) =0 and g(0) =0, then (f +¢)(0) =0+0=0.
— If f(0) =0 and o € R, then (af)(0) =a-0=0.
So Uy is a subspace.
2. Uy is not a subspace because the zero function does not satisfy 0(0) = 1.

3. Us is a subspace : the sum of continuous functions is continuous, and scalar multiples
are continuous. The zero function is continuous. So yes.

4. Uy is not a subspace : the condition f(x) > 0 is not closed under scalar multiplica-
tion with negative scalars. For example, f(x) = 1 (nonnegative) but —1 - f = —1 1is
not nonnegative. Also closure under addition holds (sum of nonnegative functions is
nonnegative), but scalar multiplication fails.

Exercise 40. Let

1 2 1 0
V1 = 1 , Uy = 2 , W1 = 3 , Wy = —2
2 4 -2 4

be vectors in R3
(a) Let V = span(vy, va) and W = span(wy, we). Find a basis of VNW.
(b) Complete {wy, wy} to a basis of R.

Solution 40.

(a) We have V' = span {vy, va} The two vectors vy, ve are linearly dependent because vy =
2v1 so,
V =span{n} <=V = { v, A € R}

W = span {wy, wa}. The two vectors wy, we are linearly independent because neither is
a scalar multiple of the other. so

W = span {wy, we} & W = {aw; + Pws, a, f € R}
Let u € R3, we have
veVNWsueVandue W
{u = A\vg
=
u = awy + fws
& Ay = aw; + Sws,
& v, wy, wy are linearly dependent or linearly independent

— If vy € W, vy, wyi, wy are linearly dependent and V "W =V
— If vy ¢ W, vy, wy, wy are linearly independent and V N W = {Ogs }
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1 0 1
aw1+ﬂw2)\v1{OR3}<:>a< 3 )+6<2))\<1)<
-2 4 2

For example if we take o« = f =~v =1 we ge

Wy + we — v = {OR:a}

1
Therefore v € W and vy, wy, we are linearly dependent and VW =V, then vy = | 1
2
is a basis of VNW
1 0
(b) {wy,wy} = 3 1, -2 . They are independent. Add any vector not in their
—2 4

0 1 0 0
span, e.g., = | 0 |. Then 3 s =2 1,10 is a basis of R3.
1 -2 1 1

Exercise 41. Find the coordinates of the vector v = ( i ) with respect to the basis

{ul, u2} of R?, where
(3 (2
Uy = 9 y Uz = 3

Solution 41. let x, y the coordinates of v with respect to basis {ul, u2}, we have

— vty s (T = [3) 4y
v = xuy + Yus y =, Y3
2=3r+2y 4/5
1 =2z + 3y —1/5

Exercise 42. Let V = span(vy, vy, v3) (over F =R), where
1 2 1
1 2 1
V1 = 1 , U2 = 9 , U3 = 9
1 3 -1
(-) Compute dimV .

Solution 42.
(-) We have
V' = span{vi, v, v3}
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a+28+v=0
L a+28+7=0
a+28+v=0
avi+Buatyvs = Oge < L2549 0 Sqa+2604+2y=0 ©a=0=7=0
« =
7 a+38—-—v=0
a+38—-v=0

Since {v1, va, v3} are linearly independent. Thus, {vy, va, v3} is a basis of V, whereby

dimV = 3.
Exercise 43. In R3, let

1 2 3
V1 = 0 s Vo = 1 s V3 = 1
1 0 1
5
1. Determine whether w = | 3 | lies in the span of {v1, ve,vs}.
2
2. Find a basis for the span of {vy, va,vs}.
3. What is the dimension of this span ?
Solution 43.
1. We need scalars a, b, c such that
1 2 0 5
al0]l+b[1|+c|l]=]3
1 0 1 2
This gives the system :
a+2b=5 a=1
b+c=3 =<¢b=2 .50 w=1v 4+ 2vy+ lvy Thusw is in the span.
a+c=2 c=1

2. To find a basis, we check linear independence. Form a matrix with these vectors as rows
(or columns) and row reduce. Write them as rows :

1 01
210
011
Row reduce :
1 0 1 1 0 1
(R2<—R2—2R1)—> 01 =2 :>(R3%R3—R2)—> 01 -2
01 1 00 3

The rows are linearly independent (no zero rows). Hence the three vectors are linearly
independent and form a basis of their span.

3. Since we have three linearly independent vectors in R3, they span all of R® 2 Wait, R3
has dimension 3, so three linearly independent vectors indeed form a basis of R®. So the
span is R3 itself, dimension 3.
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Exercise 44. Determine whether the following sets of vectors in R? are linearly inde-
pendent.

1\ /2\ /3
.4lol], 1], |1
1) \o) \1
1\ /2
2.012], [4
3] \6
1\ /1\ /o
2.{1], o], |1
o/ \1/ 1

Solution 44.

1. Form a matrixz with these as rows (or columns) and compute determinant if square. Here
we have three vectors in R3, so we can form a 3 x 3 matriz and check if determinant is
zero. Matriz with vectors as columns :

1 2 3
M=10 11
1 01
Compute determinant :
1 2 3 1 2 3 1 2 3
M={0 11 —>R3%R3—R13 0 1 1 —>R3%R3+2R22 011
1 01 0 —2 -2 000
Thus
det M = 0.
So they are linearly dependent. Indeed, the third is the sum of the first two ?
Check :
1 2 3
Of+11]1=1]1
1 0 1

exactly. So dependent.
2. Two wvectors are linearly dependent if one is a scalar multiple of the other. Here

2 1
41 =212/,
6 3
so they are linearly dependent.
3. Form matriz with these as columns :
1 10 1 1 0
M=1]1 0 1| = Ry<+ Ry— Rj3: 1 -1 0
011 0 1 1
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Determinant :
det M = det G _11> =—2#0.
Hence linearly independent.
Exercise 45. In Ry[t] (polynomials of degree < 2), consider the polynomials
) =14t po(t)=t+13, ps(t) =1+t
Are they linearly independent ¢

Solution 45.
We need to check if

apr + Bpe + vps = 0 (the zero polynomial) = o= =~ =0.
Write :
a(1+1) + B+ 1) +7(1+1°) = (a+7) + (a+ Bt + (B +)t° =0,

Thus we have the system :

a+v=0
a+pf=0 =a=F=7=0.
Bt+y=0

So they are linearly independent.

Exercise 46. Find a basis for the subspace W = {(x,y,2) € R® : & + 2y — 2 = 0}. What
is its dimension ¢
Solution 46.
The equation defines a plane through the origin. We can express z = x + 2y. Then any
vector in W is of the form

x 1 0
Yy =z (0] +y]|l
T+ 2y 1 2
1 0
Thus the vectors | 0| and | 1| span W. They are linearly independent because neither is a
1 2

multiple of the other. Hence they form a basis, and dim W = 2.

Exercise 47. Let V be the vector space of all 2 x 2 symmetric matrices (i.e., AT = A).
Find a basis for V and determine its dimension.

Solution 47.
A symmetric 2 X 2 matriz has the form
a b
b ¢
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with a,b,c € R. This can be written as

(o 0) i)+ 1)

These three matrices are linearly independent : if a linear combination gives the zero matriz,
then each coefficient must be zero. Thus a basis is

10 01 00 ) L
{(0 O)’ (1 0), (0 1)} So Dimension 1s 3.

Exercise 48. In R*, find the dimension of the subspace spanned by

1 2 1 0
1 1 2 1
V1 = K Vo = 3| U3 = -3’ Vg = 1
1 1 2 0

Solution 48.
Form a matriz with these vectors as rows (or columns). We’'ll use rows :

11 0 1

21 3 1

A=119 3 9

01 1 O

Row reduce :

1 1 0 1 1 1 0 1
Ry Ry —2Ry: |10 -1 3 -1 :>R3<—R3+Rzi 0 -1 3 -1
0 1 1 0 0 0 4 -1

Thus there are three non-zero rows, so the rank is 3. Hence the subspace has dimension 3.

Exercise 49. Let
U={(z,y,2) eR*:2 =9y} and V ={(z,y,2) €ER*:y =2}

Find a basis for UNYV and U + V. Determine their dimensions.
Solution 49.

x 1 0
— U consists of vectors | x| with x, z € R. A basis for U is 1|, 10| . Hence the
z 0 1
subspace U has dimension 2
x 1 0
— V consists of vectors |y | with x, y € R. A basis for V is 0, |1];. Hence the
Y 0 1

subspace V' has dimension 2.
— Now U NV : wectors satisfying both x =y and y = z, so v =y = z. Hence vectors of

t 1
form [t],teR. A basis is 1| ¢, Hence the subspace U NV has dimension 1.
t 1

Azzi Ahmed 105 University of Tindouf



CHAPITRE 5. EXERCISES

— For U+ 'V, we find the span of all vectors in U and V. Combine bases :

1) 66O

We can row reduce to find a basis. Form a matriz with these as rows :

1140 1 010
0 0 1

or 1 0 0 1
100 01 01
011

Row reduce : swap to get order, but we can see that these four vectors span R3 21!

1 0 1
Check : if they span all. The first three : | 1], |0, | 0| already span R3 ? For
() ) )
1 1 0
instance, | 1| and | 0| give | 1| by subtraction, so we can get the standard basis.
0 0 0

1 0 1 0
Indeed, | 0] and | 0| give two axes; from | 1| we get [1]. So
0 1 0 0

U+V =R> Hence the subspace U +V has dimension 3.
We can also verify dimension formula :
dim(U+V)=dimU +dimV —dim(UNV)=2+4+2—-1=3.
Exercise 50. In Ryt], let
U={p(t) :p(0) =0} and V ={p(t):p'(0) = 0}.
Find bases for U, V, UNV, and U + V.

Solution 50.
First, Ry[t] consists of polynomials p(t) = a + bt + ct?.
— Let p(t) € Ryt], we have
p(t) €U <= a+bt+ct?l—o=0<a=0.

So
Vp € U < p(t) = bt + ct’.

Thus {t,t*} is a basis for U : and dim U = 2.

— V={p:p'(0) =0}. p'(t) = b+ 2ct,

we have

pt) €V & (a+bt+ct?)|imo=0¢ (b+2t)|=o=0=b=0.
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So
VpeV & p(t) =a+ct.
Thus {1,t*} is a basis for V : and dimV = 2.

— U NV : polynomials with both a =0 and b =0, so

VpeUNV & pt) = ct?.
Thus {t*} is a basis for UNV : and dim(UNV) = 1.

— U+V :since U and V are subspaces of a 3-dimensional space, and
dim(U+V)=dimU +dimV —dim(UNV)=2+2—-1=3,
s0
U+V =Ryt
A basis is the standard basis {1,t,t*}.

Exercise 51. Let W be the set of all 2 x 2 matrices of the form

a b
c 0
where a,b,c € R. Is W a subspace of My(R) ¢

Solution 51.
Check :

— Zero matrix has the form witha=0b0=c=0, so0 & W.

/ /
— Tuke two matrices A = (i 8) and A’ = <OCL, %) Their sum is

a+ad b+
c+cd 0 )
which is again of the required form. So closed under addition.
— Scalar multiplication :
aa  ab
ad = (ac 0) ’
still of the form.
Thus W is a subspace. A basis could be

0606 0))

Exercise 52. In the vector space C0,1] of continuous functions on [0,1], consider the
subset

And the Dimension is 3.

S=A{feCl01]: f(0) = F(1)}.
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Show that S is a subspace and find its dimension (if infinite, state so).

Solution 52.
Check :

— Zero function satisfies 0(0) = 0(1), so 0 € S.
— If f,g €S, then f(0) = f(1) and g(0) = g(1). Then
(f +9)(0) = f(0) +9(0) = f(1) + 9(1) = (f + 9)(1),

sof+ges.

— If f € S and a € R, then

(@f)(0) = af(0) = af(1) = (af)(1),
soaf eS.

Thus S is a subspace. The space is infinite-dimensional. For example,
the functions : f(t) = sin(27nt), forn € N

satisfy f(0) = f(1) = 0 and are linearly independent, so dimension is infinite.
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> In this section we write the vector in R" in component form as (z1, 23, z,).

Exercise 53. which of the following is linear map

T : R — R? Ti(a,b,c)=2a—b,at+c+5), Tp:R>—R, Tya, b, c)=2a—b,

T3 : R — R® Ty(a) = (a, 3a, sin(a)), Ty: My(R) — Ry[x], T} (CCL Z)) = a+tc(z’+1),

Ts: R* — R®, Tx(a, b, ¢) = (a+b, 0, ¢), Tg: Ro[z] — R, Ts(a+br+ca®) = a—c+3,

Ty : R* — R® Ty(a, b, ¢) = (a®+b, 0, ¢), Ty : Ry[z] — Ry[z], Te(a+br+ca?) = a+b’z,
Ty : R® — Rolz], To(a+ bz + ca®) = (a+b) + cx®, Tio: R® — R, Tyo(a, b) = |al,

Ti1 @ Ma(R) — My(R), Ti1(A) = A'A,  Tip: Ma(R) — My(R) Tio(A) = A%
131 Ma(R) — M3(R), Ti3(A) = A'4+2A, Ty : My(R) — My(R), Tiu(A) = det(A),
Tis: Rofz] — R, Ti5(P(z)) = P(2)—P(1), Tis: F(R) — F(R), Tis(f(x))=uzf(x),
) —

Tz FR) — F(R), Tizr(f(2)) = f(=2); Ts: F(R F(R), Tis(f(x)) = 2 f(2)

Solution 53. [t easy to prove that :

— Ti(a,b,¢c) = (2a — bya+ c+5) : not linear because T1(0,0,0) = (0, 5) # 0.

— TQ(a b,c) =2a —b : linear.
= (

— Ts(a a,3a,sina) : not linear due to sina.

T4< >—a+cm +1) : linear.

— T5(a,b,¢) = (a+b,0,c) : linear .

— Ts(a+ bz + cx?) = a—c+3 : not linear Tg(0) = 3 # 0.
— Ty(a,b,c) = (a®* + b,0, c) not linear because of a*.

— Ty(a + bx + cx?) = a + b*x : not linear because of b?.
— To(a + bx + cx?) = (a + b) + cx? : linear.

— Tho(a,b) = |a| : not linear.

— T11(A) = A*A : not linear (quadratic).

— Tia(A) = A? : not linear.

— T13(A) = A"+ 2A : linear.

— T14(A) = det A : not linear.

— Ti5(P(x)) = P(2) — P(1) : linear (difference of evaluation maps).
— Tie(f(x)) = xf(x) : linear on function space.

— Ti7(f(x)) = f(—x) : linear.

— Ts(f(x)) = 22 f(x) : linear.

Exercise 54. Determine whether each of the following maps T : R? — R? is linear. If it
1s, prove it; if not, give a counterexample.

1. T(z,y) = (x +y,2x —y).
2. T(z,y) = (2%, y).
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3. T(x,y) = (x+ Ly).
4. T(x,y) = 3z, —x + 2y).
Solution 54.
1. T is linear. Check : ¥ (z1,y1), (72,92) € R?

T((z1,91) + (22, 92)) = T(21 + 22, Y1 + y2)
= ((z1 +22) + (Y1 + o), 2(z1 +22) — (11 +42))
= (z1 + 11 + 22+ Yo, 221 — Y1 + 272 — ¥2)
=T(z1,y1) + T(z2, y2).

For scalar multiplication : V (z,y) € R?, Va € R,
T(a(x,y)) =T(ax,ay) = (ax + ay, 2ax —ay) = a(z +vy, 2z —y) = a1 (z,y).
Hence linear.
2. T is not linear. For example, T(2(1,0)) = T(2,0) = (4,0) while
2T(1,0) = 2(1,0) = (2,0) # (4,0).
Or note that the first component is quadratic.

3. T is not linear because T'(0,0) = (1,0) # (0,0). A linear map must send zero to zero.
4. T is linear. Check : ¥ (x1,11), (z2,1y2) € R?

T((x1,91) + (22,92)) = 3(@1 + 22), —(T1 + 72) +2(¥1 + ¥2))

= (3x1 + 3xg, —x1 + 2y1 — 23 + 2y2)
=T(z1,11) + T(x2,y2).

AlsoV (z,y) € R?, Va € R,
T(ax, ay) = (Bax, —azx + 2ay) = a3z, —x + 2y) = o1 (z,y).

Exercise 55. Let V' be the vector space of all real-valued functions on R. Determine
whether the following operators T : V. — V are linear.

1. (Tf)(x) = f(z) + 1.
2. (Tf)(x) = f(2?).
3. (Tf)(x) = f'(x) (differentiation, assuming f is differentiable).
4. (Tf)(x) = f(0) (constant function).
Solution 55.
1. Not linear because T'(0)(x) = 0(z) +1 =10 (zero function).
2. Linear : ¥ f, g eV

(T(f +9)(@) = (f +9)(=*) = f(2%) + g(2) = (Tf)(2) + (Tg)(2),

and

VfEV.VaeR, (T(af))(x)=/(af)(a")=af(z?)=a(Tf)().
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3. Differentiation is linear :

(f+9)=f+g, and (af) =af"
4. Linear :

(T(f +9)(x) = (f +9)(0) = £(0) + 9(0) = (Tf)(x) + (Tg)(x);
similarly for scalar multiplication.

Exercise 56. For the linear map T : R?* — R? defined by

T(x,y,2) =(x+y,y+z,2—2),
find ker T" and Im'T. Determine their dimensions.

Solution 56.
Kernel :
ker T = {u =(z,y, 2) €R®, T(u) = ORs}.

Solve T'(x,y,z) = (0,0,0) :

r+y=0 T=x
y+2=0 =< y=—=x
r—2z=0 z=u
So,
uekerT & u=(x,—z,z)=x(1,-1,1).
Hence

ker T = span{(1, —1,1)} = dim(ker) = 1.
Image : The image is spanned by the images of the standard basis vectors :
7(1,0,0) = (1,0,1), 7(0,1,0)=(1,1,0), T7(0,0,1)=(0,1,—1).

We need a basis for these three vectors. Form a matriz with them as rows (or columns) and
row reduce. Put them as rows :

1 0 1
11 0
01 —1
Row reduce :
1 0 1 1 0 1 1 0 1
Ry+ Ry—R;: |11 0|=R3+<R3—Ry: |01 —-1|=1]01 -1
01 —1 01 —1 00 O

So rank = 2. Thus Im T is 2-dimensional. A basis could be {(1,0,1),(0,1,—1)}.

Check rank-nullity :
dimkerT +dimIm7 =1+2 = 3.
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Exercise 57. Let T : Ry[z] — Ry[z]| be the linear transformation given by

T(p)(z) = p'(z) + p(0).
Find a basis for ker T and ImT'.

Solution 57.
Write a general polynomial
p(r) = a+ bz + ca’.

Then
p'(z) = b+ 2cx,
S0
T(p)(x) = (b+2cx)+a=(a+b)+ 2cx.
Thus T'(p) is a linear polynomial (degree < 1). In coordinates (a, b, c) (with respect to basis
{1,2,2°}), we have
T(a,b,c) = (a+b, 2c, 0), coefficients of 1, x, x*, respectively.

Kernel : T(p) = 0 means a +b = 0 and 2¢ = 0 and the coefficient of z* is already 0. So
c=0and b= —a. Hence
p(r) =a—axr=a(l —x).
Thus
ker T' = span{l — 2} = dim(ker(7)) = 1.

Image : The image consists of all polynomials of the form (a+b)+2cx. That is, any linear
polynomial o + Px can be obtained : take ¢ = /2 and choose a,b such that a +b = «
(e.g., a=0,b=a). So

ImT ={a+ pz:a,p R},
which is the set of all polynomials of degree < 1. A basis is {1,x} and dim(Im(T)) = 2.
Check rank-nullity :

dim(ker T') + dim(Im7") = 1 + 2 = 3 = dim(Ry[x]).

(Y ey

Exercise 58. Let

Compute :
1. A+B
2. 3A - 2B
3. AB and BA
4. AT

. (145 246\ (6 8
Solution 58. 1.A+B—<3+7 4+8>_<10 12).

3 6 10 12 -7 —6
2. 3A-<9 12>,QB—<14 16),503A—2B—<_5 _4>.
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(15427 1:642-8
B'AB_<3-5+4-7 3-6+4-8>
(51463 5-2+6-4
BA_<7-1+8-3 7-2+8-4>

1 3
(1)

Exercise 59. Let A € M,, be nilpotent of index p. Show that I — A is invertible with

Solution 59.

(I—A)T+A+ A+ AT =T A+ AP AT - A AP —

19
43
23
31

(I-A)'=T+A+A ...+ AL

By assumption, AP = 0. Since

we see that I — A is invertible and

(I-A) ' t=T+A+ A+ .+ AL

Exercise 60. Let

=1,

1
A=y

)

— AP AP,

By calculating A2, show that A is invertible and deduce the inverse matriz A",

)~

Since A% = I, we get AA = I, which clearly shows that A is invertible, and its inverse

Solution 60. .

is itself.

We have

A% =

(

1
0

4

Exercise 61. Let A be the matriz :

1. Check that A% = 21 — A, where I is the identity matriz of M3(R).

46

4
-1

2. Deduce that A is invertible and give A~L.

)

10
01

Solution 61. 1. We have
-1 1 1 3 -1 -1
A2=11 -1 1 |=|-1 3 -1
1 1 -1 -1 -1 3
On the other hand
2 00 -1 1 1 3 -1 -1
2 - A=10 2 0l—-f1 -1 1 |=|-1 3 -1
0 0 2 1 1 -1 -1 -1 3
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Thus
A2 =21 — A

2. We have :
A2 =2 A= A* 4 A=2] e <;(A+[)>A:A<;(A+I)> _ 1.
This shows that A is invertible, and its inverse is given by
1 0 1/2 1/2
—(A+1)=1|(1/2 0 1/2
2 1/2 12 0
Exercise 62. Suppose that the matriz A satisfies
(-1 2
e (37)
Find A.

Solution 62. It is the inverse process! Set B = (I +2A)~t. Then, by the definition of an
inverse matriz, we have :

B(I +2A) = L.
Assume that
a b
1= (e a)
hence
(2a+1 2b
I'+24= ( 2% 2d+1>'

Let us determine the values of a, b, ¢ and d satisfying the equation :

-1 2\ (2a+1 2b (10
4 5 2c 2d+1) \0 1
Expanding the left-hand side, we obtain :
—2a—1—4c —2b+4d+2\ (1 0
8a+4+10c 8 +10d+5) \0 1
Solving the system, we find :

a=-9/13, b=1/13, ¢=2/13 and d = —6/13.

Thus, the sought matrix is :

()
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Exercise 63. Using the method of Gaussian elimination find the inverse of the matriz :

0 1 -1
A=14 -3 4 |.
3 -3 4
Solution 63. We have

0 1 —-1{1 0 O 4 =3 4 10 1
4 -3 4101 0 |R« R% 0 1 —-1(1 0
3 =3 4|0 01 3 =3 4100

40 1103 1 0\,
R1+3R2—>R1 01 —111 0 0 Rl R3—>R1
00 4
0
1
0

= O O

4 -3 4]0 1 0
)4R33R1—>R§(0 1 —1{1 o0 o)
0 -3 4|0 -3 4
00[0 4 —4
1 04 -3 4
0 13

-3 4

O O =~

R3+2R2—>R3 R2+R3—>R2

0j0 1 -1
04 -3 4

113 =3 4

0 1 -1
Al=1[4 -3 4

3 -3 4

we notice that A= = A and A% = I

Thus

Exercise 64. Using the method of Gaussian elimination find the inverse of the matrix :

1 6 4
A=12 4 —-1].
-1 2 5
Solution 64. We have

1 6 4 1 6 4|1 00 1 6 41 0
Ry — 2R, — R
2 4 —1 32 3132 0 -8 —9/-2 10 |R+R,—R| 0 -8 —9|-21
12 5)frm=As g 8 91 01 (0] [o] [0]]|-1 1

Since we have obtained a row of zeros on the left side, we conclude that A is not invertible

0
0
1

Exercise 65. Prove the nonexistence of square matrices of ordern € N* | A and B such
that
AB — BA=1,,

where I, is the identity matrixz of order n.

Solution 65. Assume, for the sake of contradiction, that such matrices A and B exist, that
is, AB— BA=1,, n#0. Then,

tr(AB—BA)=tr(I,)=14+1+---+1=mn,

and since
tr(AB — BA) = tr(AB) —tr(BA) =0 = 0 = n,

which is absurd! Thus, no such matrices exist.
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Exercise 66. Let A € M, (R). Assume that tr(A*A) = 0. Show that A = 0.

Solution 66. Let A = (a;;), where 1 < i, j < n, then the diagonal elements of A'A are of
the form

n

2

Qi = Z A
k=1

Since tr(A*A) = 0, we must have

Since each a;; is nonnegative, we have
11 = Qg =+ = Qpy = 0.
Thus
n
> az, =0, for alli
k=1

, which due to the mnonnegativity of a2, then implies that a;; = 0 for all 1 < 4,57 < n.
Consequently, A =0, as required.

Remark 5.0.1. Remark. If A € M, (C), (has complex entries) , then tr(A*A) =0 does
not necessarily yield A = 0. A counterexample is

1 1
a=(4)
where it can be shown that

tr(A'A) = tr [(_12 i) (1 Elﬂ =tr (8 8) =0, yet A#OQ.

Exercise 67. Define

T : My(R) — My(R) by T(A)= A" (transpose).
Find kerT' and ImT'. Is T injective ¢ Surjective ¢
Solution 67.
Kernel : T(A) =0 means AT =0, hence A =0. So
kerT'= {0} = dim(kerT') = 0 =T is injective.

Image : Since T(A) = AT, for any matriz B, B = T(BT), so every matriz is in the image.
Hence
ImT = My(R) = dim(ImT) =4 =T s su rjective.

In fact, T is an isomorphism because T? = 1.

Exercise 68. Find all square matrices of order 2. X such that X* = I (the identity
matriz). Such matrices are called involutory.
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d

Y2 a’>+bc ab+bd) (1 0
“\ac+cd be+d?*) —\0 1)

Solution 68. Let X = (Z b). Then

This gives the system :

a’*+bc=1 (1)
ab+bd=0bla+d)=0 (2)
ac+cd=cla+d)=0 (3)
be+d* =1 (4)
We have either a +d =0 orb=c=0.

Casel:a+d=0,ie d=—a. Then (1) and (4) become

a>+bc=1 and bc+a*=1 [(same).
So a®+bc = 1. Thus any matriz of the form (CCL _ba> with be = 1 —a? satisfies X? = 1.
This includes, for example,
01 d cosf  sinf
10 an sinff —cosf)’

Case 2 : b=c=0. Then (1) gives a* =1, (4) gives d* =1, so a = +1, d = +1. Thus

696096

-1 0
But note that 0 —1

involutory matrices.

) = —1 also satisfies (—I)> = I. So these are the diagonal

Thus the general solution is : either X is diagonal with +£1 on diagonal, or X has zero
trace and a* + be = 1.

Exercise 69. Compute the determinants of the following matrices.

1 0 2
A—<§ _51), B=|-1 3 1|, C=
2 1 0
Solution 69.

—det A= (2)(=1) - (5)(3) = -2 — 15 = —1T.

— For B, expand along first row :

dethl‘det<3 1)—0~det<_1 1>+2-det<_1 3):_15_

o OO
O DO =N
O = NN W
— N W

10 2 0 2 1

— C s upper triangular, so its determinant is the product of diagonal entries : 1-1-1-1 = 1.
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1 2 3
Exercise 70. Use row operations to compute det |2 3 4
3 4 5
1 2 3
Solution 70. Let A= |2 3 4. Perform :
3 45
1 2 3
Ry + Ry — 2R : 0 -1 -2
3 4 5
1 2 3
R3FR3—3R1 : 0 -1 -2
0 -2 —4
1 2 3
R3FR3—2R2 : 0 -1 -2
0 0 O

The last row is zero, so det A = 0. (Alternatively, note that rows are linearly dependent :
Rl + R3 - 2R2)

Exercise 71. Let A and B be square matrices of order n. Prove that

det(AB) = det A - det B.

Solution 71.
This is a standard theorem. One proof : For an elementary matriz F,

det(EFA) = det E - det A.

Since any invertible matriz is a product of elementary matrices, and if A is invertible we can
write

A=E---E,

then
det(AB) = det(E; -+ ExB) = det By - - - det Ey det B = det Adet B.

For non-invertible A, both sides are zero because det A = 0 and det(AB) = 0 (since AB is
singular). The case where A invertible but B singular is similar.

Exercise 72. Show that det (AT) = det A.

Solution 72.

This can be proved by induction using the definition of determinant via cofactor expansion.
Alternatively, note that row operations correspond to column operations on the transpose,
and the effect on determinant is the same. Formally, one can show that the determinant of
a matriz and its transpose are equal because they have the same characteristic polynomial.

Exercise 73. Let A be an square matriz of order n, such that A> = A (idempotent).
Show that det A is either 0 or 1.
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Solution 73.
Take determinants :

det(A%) = det A - det A = (det A)”.

But det(A?) = det A. So
(det A)* = det A,

hence
det A(det A —1) =0.

Therefore
det A=0 or detA=1.

Exercise 74. Find the inverse of A = (é Z) using the adjugate formula.

Solution 74.

detA=1-4—-2-3=4—-6=-2.

The adjugate is the transpose of the cofactor matriz. Cofactors :
Cni=4, Cnp=-3 Cy=-2 Cp=1

So the cofactor matriz is
4 -3 oy . 4 =2
o9 q |» s transpose is 2 1]
1 1 (4 =2 -2 1
A7l = dj(A) = — = :
a5 (5 )= (7 )
Check :

=53 (53 -0s) = (GEITID) s 103 - (578 572) (0 1)

Exercise 75. For the matrix )

compute adj(A) and verify that Aadj(A) = (det A)I.

Solution 75.
First compute det A. Fxpand along first row :

-1 1 2 1 2 —1
detAzl-det(3 0>—O-det<1 O>+2-det<1 3>:11.

Thus

1 2
2 -1 1
1 0
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Now compute cofactors :

Oy = +det <_31 é) — (=1)(0) = 1(3) = -3,
012:—det<? é) =—(2:0-1-1)==(0-1) =1,
Oy = +det (f ‘31> —(2)3) = (~1)(1) =6+1=71,
C’glz—det<g (2)> =—(0-0-2-3) = —(-6) =6,
Cop = +det G (2)> = (1)(0) = (2)(1) = -2,
ngz—detG g) =—(1-3-0-1) =-3,
Cg1 = +det <_01 %) =(0)1) - @2)(-1) =2,
C’32——det<; f =—(1-1-2-2)=-(1-4) =3,
Co — + det (; _°1> — (1)(-1) — (0)(2) = —1
Thus the cofactor matrix is
-3 1 7
cof(A) = ( 6 -2 3) :
2 3 -1
The adjugate is its transpose :
-3 6 2
adj(A) = ( ; —; 31) .

Now compute Aadj(A) :

1 0 2\ /-3 6 2
Aadj(A)=12 -1 1 1 -2 3
1 3 0/\7 -3 -1
1(=3)+0-14+2(7)

1(=3)+3-1+4+0(7)
—-34+0+14 64+0—-6 2+0-—2
—-6—-1+7 1242-3 4-3-1
—34+34+0 6—-64+0 2+9+0

)

11
0
0

1-640(—2)+2(—3)
2(=3)+ (D1 +1(7) 2-6+(-1)(-2)+1(-3) 2-24+(-1)3+1(—
1-6+43(—2)+0(-3)

0
11
0

1.2+0~3+2(1))
1)
)

1-243-3+0(—1
0
0 | =117 = (det A)I.
11
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Exercise 76. Use Cramer’s rule to solve the system

20+ 3y =8
4y —y =2

Solution 76. Write in matrix form

. 2 3 8
Ax =b with A:<4 _1>, b:<2>.

det A =2(—1)—3(4) = -2 — 12 = —14.

For x, replace first column with b :

Compute

A, = (g _31> det A, —8(—1)—3(2) = -8 — 6 — —14,

Thus
_detA, 14

YT detA T —14
For y, replace second column :

1.

Ay:@ 2) detA, =22 8.4=4—32= 28,

Thus
B det A, 28

= = — =2.
det A —14

Y
Therefor (z,y) = (1, 2).
Exercise 77. Use Cramer’s rule to find z in the system
rT+y+z2=06

20—y +3z2=7
3r+2y—z=4

Solution 77. Write in matrix form

1 1 1 6
A=1(2 -1 3|, b=|T7
3 2 -1 4
. First Compute
1 1 1
detA=det|2 -1 3 | =13.
3 2 -1
For x, replace first column with b :
6 1 1
A, =17 =1 3 |., detA, =7,
4 2 -1
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Thus
_detA, l

T et A T 13
For y, replace second column with b :

6 1
7 3 ) , detA, =34.
4 -1
Thus
~detA, 34
v= detA 13
Now for z, replace third column with b :

1 1 6
A, =12 -1 7|. detA,=37
3 2 4
Thus
det A, 37
T detA 13

Therefor (z, y, z) = (7/13, 34/13, 37/13).
Exercise 78. Show that the determinant of an orthogonal matriz is +1.

Solution 78. If Q is orthogonal, then QTQ = I. Taking determinants,
det(QTQ) =detQTdetQ = (detQ)* =detI =1, so det@Q = 1.

Exercise 79. Let A be a skew-symmetric matriz of odd order. Prove that det A = 0.

Solution 79.
If A is skew-symmetric, AT = —A. Taking determinants,

det(A”) = det(—A) = (=1)" det A.
But det (AT> = det A. Hence
det A = (—1)"det A.
Ifn is odd, (—=1)" = —1, so det A = —det A, implying det A = 0.
Exercise 80. Find the area of the parallelogram in R? spanned by the vectors
u=1(2,1) and v=(3,4).
Solution 80. The area is the absolute value of the determinant of the matriz whose columns

(or rows) are u and v :

2 3
det (1 4> = 5. Thus area = 5.
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Exercise 81. Find the volume of the parallelepiped in R3 spanned by

u=(1,0,1), v=(2,1,0), w=(0,1,2).

Solution 81. The volume is given by

V = |det[uv, w]|.

Compute :
1 20

det |0 1 1] =1-det L1 — 2 -det 01 +0-det 0 1 =4. Thus volume = 4.
10 92 0 2 1 2 1 0

Exercise 82. Let A be a square matrixz of order n, with integer entries. Prove that A™*
has integer entries if and only if det A = £1.

Solution 82.
— If A7 has integer entries, then

1
det(A™!) =
( ) det A
1
must be an integer (since determinant of an integer matriz is an integer). Thus Tt A
e

is integer, so det A = £1.

— Conversely : If det A = £1, then
1 1
det A

The adjugate of an integer matriz has integer entries, so A~! has integer entries.

adj(A).

Exercise 83. Show that for any square matrices of order n, A and B,

A B
det (B A) = det(A + B)det(A — B).

Solution 83. Use block matriz operations :

o) D06 7)=("" als)

The left and right multipliers have determinant 1, so the determinant of the original block
matriz equals det(A + B) det(A — B) (since the determinant of a block triangular matriz is
the product of the determinants of the diagonal blocks).

Exercise 84. Prove that for any square matrixz of ordern A,
det(adj(A)) = (det A)"*.
Solution 84. We know that Aadj(A) = (det A)I. Taking determinants :
det(A) det(adj(A)) = det((det A)I) = (det A)".
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— Ifdet A # 0, we can divide to get
det(adj(A)) = (det A)" .

— Ifdet A = 0, then adj(A) is singular (unless n = 1), and the formula still holds as
0=0"""1 (with 0° interpreted as 1 forn=1). Forn =1, adj(A) =1 and det A = a, so
det(adj(A)) = 1 = a® holds.

Exercise 85. Let T : R® — R? be defined by
T(z,y,z) = (2x —y,x + 3z).
Find the matrix of T with respect to the standard bases.
Solution 85. Compute images of standard basis vectors of R? :
T(1,0,0)=(2,1), T(0,1,0)=(-1,0), T(0,0,1)=(0,3).

Place these as columns of a 2 X 3 matriz :

m=(1 3 5)

2 —1 0\ (") [2z—y
1o 3)|\Y) " \e+3:2)
z
Exercise 86. Let T : Ry[z] — Ry[z]| be given by

Tlp(z)] = p(z) + P/ ().

Find the matriz of T with respect to the standard basis {1,z,z*}.

Check : For v = (x,y, 2),

Solution 86. Let p(x) = a + bx + cx®. Then p'(x) = b+ 2czx, so
Tip(z)] = (a+b) + (b + 2¢)x + ca®.
In coordinates (a, b, c), we have
T(a,b,c) = (a+b, b+ 2¢c, c).

Thus the matriz is :

1] =

[ e
O~
— N O

(columns are images of basis vectors).

Check :
T[1] =1 gives (1, 0, 0)
Tlx] =1+ gives (1, 1, 0)
T[x?) =2z + 2* gives (0, 2, 1)
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Exercise 87. Let T : R* — R? be a linear map defined by

1 -2 3
T(X)=AX where A=|-1 3 —4].
2 4 6

1 1 1
1. Find T (O) Is the vector (2) in ker(T') 2. Is the vector (1) in Im(T) ?
2 1 3

2. Find basis for Im(T)
3. Find basis for ker(T')
4. Find rank(T) and Nullity(T).

Solution 87.
T (
1

- Check if (2) € kerT' : compute

N O =
~__
I
o
~
N O =
~__
Il

1-14(=2)-0+3-2 7
—1-143-04(-4)-2|=|-9].
2.144-04+6-2 14
1

AN1,2,1)=(1-4+3=0, -1+6—-4=1, 2+8+6=16)#0, so0 no.
- Check if * (1,1,3) € Im T : Solve AX =" (1,1, 3). Augmented matriz :

1 -2 3|1 1 -2 3|1 1 0 1 )
-1 3 —4/1|~10 1 —-1(2|~]101 —-1| 2
2 4 6|3 0 8 0|1 00 8 |-15

The system is consistent (last row gives 8z = —15), so yes, it is in the image.
2. Find kernel : solve AX = 0. Row reduce A :

1 -2 3 1 -2 3 1 0 1
A=|-1 3 —-A4|~]0 1 —-1|~]0 1 -1
2 4 6 0 8 0 00 8

So rank = 3 (since last row gives 82 = 0= 2 =0, theny =0,  =0). Thus
ker "= {0}.

3. Nullity=0. Image is all of R3, rank 3.
4. Basis for image : standard basis; basis for kernel : none (empty set).

Exercise 88. Write the matriz associated with the linear map f : My(R) — R defined
by f(A) =trA, with respect to the canonical bases.

Solution 88. Denote the matriz associated with f, which is of size dim (R) xdim (M (R)) =
1 x 22, by [f]. Recall that the standard basis of Ms(R) is given by

10 01 0 0 0 0
E11:{<0 0>7E12:<0 0>7E21:<1 0>7E22:<0 1)}
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Since
t’f‘Eu = t’f‘EQQ =1 and tTEu = tT‘EQl = 0,

the matrixz [f] is given by :
=100 1)

Exercise 89. Let T : R* — R? be a rotation by 7/3 counterclockwise. Find its matriz
with respect to the standard basis. Then find the matriz of T with respect to the basis

B={(1,1),(1,-1)}.

Solution 89.
Rotation by 6 has matrix

cosf) —sin6
Fo = (sinQ cosf ) '
The matriz of T with respect to the standard basis

cosT —sinZ 1 _v3
[Tga= (. 3 3 — [ 2 2 |
smg cos Z V3

1
3 2 2

w

Now for basis B = {vy, vo} with vy = (1,1), vo = (1,—1). First find the change-of-basis
matrix P from B to standard :
1 1
P (1 _1>.

Then [T)|g = P~ [T)saP. Compute

(since det P = —2) ¢ Actually
det P = (1)(=1) = (1)(1) = =2,

1 /-1 —1 1/1 1
,1__7 _
e (07 el )
1/1 1
-1 _ -
P _2<1 —1)

(note this equals 5P but not exactly). Then compute :

[TJB%G —11> (% _;f) G —11>'

Multiply stepwise : Let M = [T)sqP. First compute M :

S0

1 _v3\ /1 1 1_¥3 1, v3
M = 2 2 — | 2 2 2 2

V3 o1 1 -1 V341 3 _ 1"

2 2 2 2 2 2
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Then multiply by P~' on the left :

Thus

This is a rotation matriz as well (by 7/3 but maybe in a different coordinate system,).

Exercise 90. Construct a linear transformation T : R* — R* with ker T = Im. Is this
possible ¢

Solution 90. We know that
ker 7' = {v € R T(v) =0}, ImT ={f(v) € R'|veR

If kerT = ImT, then any vector in the image is also in the kernel, so T applied to any
vector in the image gives zero. In particular, for any v,

T(T(w)=0= T*=0.
Also, by rank-nullity,
if dim(kerT)=d then dim(ImT)=4—d.

Setting them equal gives
d=4—-—d=d=2.

So we need a linear map on R* with

dimkerT =2, dimImT =2, and ImT CkerT.

SO
T2 = 0.

This is possible. For example, define T on standard basis :
T(e1) =e1, T(e2) =e2, T(e3)=0, T(es) =0

would give image spanned by ey, es but kernel is spanned by ez, eq4 and ey, es are not in kernel.
So that doesn’t satisfy ImT C kerT'. We need image contained in kernel. So choose :

T(ey) =es, T(ea) =eq, T(es) =0, T(ey)=0.

Then
Im T = span{ey, e}, ,ker T = span{es, e4}.

Actually check :

T(e3) =0, T(es) =0 so e3,eq€kerT.

Also T(e1) = ez not zero, so ey ¢ ker T'. Kernel consists of vectors

ker T'= {ae; + fes + yes + Aey, a, 5, v, A€ R},
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such that
T(v)=ae3+ fes=0=a=pF=0.

So
ker T' = span{es, e, }.

That equals image. So this works.

Exercise 91. Let T : R? — R? be the linear map given by the matriz

A:G ;))

Find the eigenvalues and eigenvectors of T.

Solution 91. Characteristic polynomial :

det(A—)J)zdet(gz/\ Si/\>:(3—)\)2—1:()\—2)(/\—4).

Eigenvalues : A\ = 2, \y = 4.
— For A\=2 : solve (A—2[)v=0:

1 1\ (=« 1 '
<1 1) (y) =0=>x+ Yy = 0=v = <_1> , ﬁ?”St etgenvector.

— ForA=4:(A—4)v=0:

<_11 _11> <z> =0=-a2+y=0=uv= G) , second eigenvector

Exercise 92. Let T : Ry[z] — Ro[z] be defined by
Tlp(z)] = p(x) + zp'(x).

Find the eigenvalues of T' and a basis of eigenvectors.

Solution 92.
Write
p(z) =a+bx+cx®. Then p'(v)=>b+2cz,

SO

Tlp(z)] = a + bz + cx® + z(b + 2cz)
= a+ bx + cx® + bx + 2cx?
= a + 2bx + 3ex’.

Thus in coordinates (a,b, c),
T(a, b, ¢) = (a, 2b, 3c)
whish gives

T(1,0,0)=(1,0,0), T(0,1,0)=2(0,1,0) andT(0, 0, 1) = 3(0, 0, 1)
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Or
T(1)=1, T(z)=2x and T(2*) = 32>
So eigenvalues : 1, 2, 3 corresponding eigenvectors 1, , x2.

Exercise 93. Let S,T : R3 — R3 be linear maps given by

S(w7 y7 Z) = (x7 y’ 0)7 T(x’ y’ Z) - (:E? Z’ y)’
Find the matrices of S, T, SoT, and T o S. Verify that SoT # T o S.

Solution 93.
Standard matrices (with respect to standard basis) :

1 00 1 00

[S]=10 1 0|, [T]=10 0 1

000 010

Then

1 00 1 00 1 00
[SoT]|=[5]T]=10 1 0|0 0 1|=1]0 0 1
0 00/ \O 10O 0 00
1 00 1 00 1 00
[ToS]=[T][S]=10 0 1 01 0l=1(0 00
01 0/\0 0O 010

Clearly different, so SoT #T o S.
Exercise 94. Show that the linear transformation T : R?> — R? given by
T(z,y) = 2z +y,z+y)
is invertible, and find T—1.

Solution 94. The matriz of T is given by

()

Its determinant det A =1 +# 0, so A is invertible. The inverse matriz is
11 -1 1 -1
-1 _ - .
i e B G|

TV R*—=R* and T Ya,y)=(x—y,—x+2y).

Thus T~ is given by

Exercise 95. Let V' be a finite-dimensional vector space and let T : 'V — V' be linear.
Prove that
if T> =T (a projection), then V =kerT @ ImT.

Solution 95.
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— First, note that if v € ImT Nker T, then v = T(u) for some u and also T'(v) = 0. Then
0="T()=T(T(u)) =T*u) =T(u) =v.

So the intersection s
ImT NkerT = {0}.

— For anyv € V, write v ="T(v) + (v — T'(v)). Clearly

T(v) € ImT.
Also
T(v—Tw))=T()—T*v)=Tw)—T(v) =0,
" v—T(w) €kerT.
Hence

V=ImT -+ kerT.

Since the sum is direct (ImT Nker T = {0} intersection trivial), we have

V=ImT ®kerT.

Exercise 96. Let T : R® — R? be the linear map that reflects vectors across the plane
r+y+2z=0. Find the matriz of T (with respect to the standard basis).

Solution 96. The reflection across a plane through the origin with unit normal n is given
by
T(v) =v—2(v-n)n.

1
For the plane x + vy + z = 0, a normal vector isn = —(1,1,1). Then

V3
T(v)=v—2 (W) \}5(1, 1,1)=v— g(vl + vy +v3)(1,1,1).

Thus in coordinates,

2 2 2
T(x,y,2) = (x—g(x—i—y—l—z), y—g(x+y+z), z—3(x+y+z)).

Simplify :
o =g —3y— 32z
y’z—%x—i—%y—%z
Y= —%r—3y+ 32
3 3 3
Hence the matrix is
1 1 -2 -2
-1-2 1 =2
3l 2 1

Exercise 97. Define T : R? — R? by

T(x,y) = (x +y,2x —y).
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Show that T is linear and find its matriz with respect to the standard basis.
Solution 97. Check Linearity :
T V(.’L’l, yl)v ([E% 92) € RQ :
T((x1,91) + (22,92)) = T(x1 + 22,91 + y2) = (21 + T2 + Y1 + Yo, 2(71 + 2) — (Y1 + ¥2))
= (v1 +y1 + 22+ Y2, 201 — Y1 + 202 — ) = T(21,y1) + T(72,92).

— For scalar multiplication : V(z, y) € R* Va e R :
T(a(z,y)) = T(az,oy) = (ax + cy, 2ax — ay) = a(z +y, 2z —y) = oT(z,y).

Thus T is linear. The matriz with respect to standard basis is formed by the images of (1,0)
and (0,1) :

T(1,0) = (1,2), T(O,1)=(,—1) = [T]:(é _11>

Exercise 98. Let T : R?* — R? be given by

T(z,y,z) = (x+y,y + 2).
Find the kernel and image of T'. Determine their dimensions.

Solution 98.
1. Kernel :
kerT = {(z,y,2) |z +y =0 and y + z = 0}.

From x +y =0 we have x = —y ; from y + z = 0 we have z = —y. So
(x7y7z) = (_y7y7 _y) = y<_17 ]-7 _]-)
Thus

kerT'= span{(—1,1,—1)}, a one-dimensional subspace.

2. Image : The image is the span of T(e1),T (e2), T (e3) :
7(1,0,0) = (1,0), T(0,1,0) = (1,1), T(0,0,1) = (0,1).

These three vectors span R? since (1,0) and (0,1) can be obtained as combinations.
Hence

ImT =R?, dimension 2.

The rank-nullity theorem :

dimker T+ dimIm7T = 142 = 3 = dimR?, satisfied.

Exercise 99. Let T, : R? — R2, where

xr xr
_(r+y _(rt+y—=
Ty |y —<x_z>,T2 Yy —( 1 )
ya ya

Determine whether T, are linear or not
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x x!
Solution 99. Let a € R, u = (y) LU= (y’) € R3, we have
z b4

]' x 7’ ax + 2
ressano) (1)) n(
S (o ) I (Yt

x
r+ x—l—
- (x—g> + y/) =ali (?J) +T;
z

= aTi(u) + T1(v)

x/_’_ /
+ ( T y,>
=z
x/
y/
ZI
thus Ty is linear map.

0
2. We can see that Ty (O) = (?) # <8>, so Ty is not linear.
0

Exercise 100. Let T : My(R) — R?, where

(o) = (20

Determine whether T is linear or not

!/ /
Solution 100. Leta € R, A = (Z 2) , B = (i, Z,) € My(R), we have

B a b a v B aa+a ab+b
T(OéA—f-B)—T(O[( d>+<c/ d/>>_T<aC—|—C/ (Jéd—l—d/)

_(ala=b)+d =b)  [a—b a -V
N (a(c—d)—i—c’—d’) _a<c—d>+<c’—d’>
=aT(A)+T(B)

thus T is linear map.

Exercise 101. Let T : My(R) — R, where T(A) = tr(A). Determine whether T is
linear or not
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Solution 101. Let o € R and A, B € My(R). Let A = a <CC‘ Z) B = (g £> So

B a b e f\\ _f(eate ab+ f
T<O‘A+B)_T<O‘<c d>+<g h>>_T<ac+g ad+h>
aa+e ab+ f
ac+g ad+h

_ o a b e f
—a(a+d)+e+h—atr<c d)—i—tr(g h)

= atr(A) +tr(B) = oT(A) + T(B)

)zaa+6~|—ad+h

thus T is linear map.
Exercise 102. Let f: R — R2% g: R?2 — R? be two linear mappings defined by :
flz)=(—x,x) and g(z,y)= (x+y, x— 3y) respectively.

1. Findgo f.
2. Find the matrices associated with f, g and go f with respect to their canonical bases.
Solution 102.
1. The composition g o f is defined from R to R? by :

(go f)x) =g(f(x)) = g(—z,x) = (0, —4x).

2. The canonical basis of R is 1. Then, we have
f(l) = (_17 1)7
which signifies that the associated matrixz is given by :
—1
n=(7)

As for g, we have g(1, 0) = (1, 1) and g(0, 1) = (1,-3), and so

= (1 )

To find the associated matriz [go f] , we will present two methods to achieve this.
First method : Since (go f)(1) = (0,, —4), we see that

lgofl= (_04> :

Second method : We know that [go f] = [g][f] , and so
ven= (i 5) (V)= (%)
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Exercise 103. Let E = R3[x| and let f : R? — E be a linear map defined by :
f(a, b) = a+ b+ ax + bx® + (a — b)z®.

1. Determine the matriz associated with f, noted A, with respect to the canonical bases
of R? and E.
2. Let g E — R? be defined by :

g[P(X)] = (P(0), P(1)).

Say why g o f is linear and give its matriz in the canonical basis of R?

Solution 103.
1. Since dim E = 4 and dimR? = 2, matriz A is of size 4 x 2. We have

fL,0)=14+r+2=1x1+1xo+0x2*+1x2*

and
fO,)=1+2"-2°=1x1+0xz+1x2*+(-1) x 2°.

Therefore,

A=

— O =
—_ O =

—1

2. We can easily show that g is linear, then g o f be linear (since f is already linear). To
find the matriz C' associated with g o f, we can either multiply the matrix of g by the
matrix of f or find it directly. Let us work through both methods.

First method : The matriz associated with g is of size 2 X 4, denoted by B. Since

g(1) = (1, 1), g(z) = (0, 1),9(z*) = (0, 1) and g(*) = (0, 1),

it follows that
1000
B= (1 1 1 1)

1
ol (11
1|~ \3 1)
~1

Second method : To begin, we explicitly find go f. Let (a, b) € R?. Then
(go f)(a, b) = g[f(a, b)] = g(a+ b+ ax + bx* + (a — b)z?),

So,

C:BA:<1 0 0 0)

1111

—_ O = =

which simplifies to
(go f)(a, b)=(a+ba+b+a+b+a—b)=(a+b,3a+Db).

Since

(go f)(1,0)=(1,3) and (go[f)(0,1)=(1,1),
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it ensues that
11
- <3 1) |
Exercise 104. Let f : R? — R? be a linear map defined by :

[z, y) = (2 =2y, y).
1. Find the matriz A associated with f with respect to the canonical basis of R?, denoted
by {e1, ea}.
2. Let e; = ey and ey = e; + 5. Show that {61,612}, is a new basis of R?.
3. Find the matriz of f in this new basis.

Solution 104.
1. Since

flen) = f(1,0) = (1-2x0,3x0) = (1, 0),

and

fle2) = (0, 1) = (O -2, 3) = (_27 3)7

A:<(1) ‘32>.

2. Given that card {e’l, 6/2} =2 = dimR?, for e}, e, to be a basis, we need only show it is

it follows that

free (linearly independent). However, the vectors €, = e; = (1, 0) and ey = ey + ey =
(1, 1) are not proportional, i.e. they are linearly independent. Thus, {e’l, 6,2} s a basis
of R2.

3. To find the matriz of f with respect to the new basis {e’l, e;}, which we denote by B,

we compute f(e)) and f(ey) in terms of €] and e,. We have

fley) = fler) = (1,0) =€}

and
fley) = fler +e2) = fler) + flea) = (1, 0) + (=2, 3)
=(—1,3) = —e; + 3ey = —ell + 3(6'2 — ell)
— —4¢] + 3ey.
Thus,

1 —4
-
Exercise 105. Let f: R® — R3 be a linear map defined by :

flx,y, 2) = (=22, 2+ 2y + 2, £+ 32).

1. Find the matriz associated with f in the canonical basis of R, noted {ey, ey, e3}.
2. Let :

i i i
e, = —e1+e3, €y =e, e3=—2e +e+tes.
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Prove that {6/1, ey, e;} is another basis of R>.

3. Check that the matrixz associated with f with respect to the basis {e/l, ey, e;} is dia-
gonal.

Solution 105.
1. Let A be such a matriz. Then

f(el) - f(17 0, 0) = (07 L 1)7 f(€2) = f(07 L, O) = (07 2, O)

and
f(€3> = f(07 0, 1) = (_27 L, 3)
Thus
0 0 =2
A=1|1 2 1 |.
2 7)
2. As

det A = —2det G (2)> =4+#0

{ell, 6/2, eé} forms a linearly independent set, proves that it is a basis of R3 .
3. To find the matrix of f with respect to the new basis {6/1, 6/2,6/3}, which we denote by

B, we compute f(e}), f(ey) and f(es) in terms of e, €, and e,. We have

fler) = f(—e1 +es) = —flex) + fles) = —(0, 1, 1) + (=2, 1, 3)
=(-2,0,2) =2[(~1,0, 1) + (=1, 0, 0)]

=2(e; + e3)
!
= Qel1
fley) = flez) = (0,2, 0) =2(0, 2, 0)
———
!
= Qe;

fles) = f(—2e1 +ex +e3) = —2f(e1) + f(e2) + f(e3)
=-2(0,1,1)+(0,2,0)+ (-2, 1, 3)
=(—2,1,1)=—2(1,0,0) 4+ 1(0, 1, 0) + 1(0, 0, 1) = —2¢; + 5 + €3

B(

Exercise 106. Consider the matriz :

Thus

[ev BN av il \V)
o N O
— o O

) . which is obviously diagonal.
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Let T : R® — R? be the linear map associated with matriz A with respect to the stan-
dard bases (canonical bases) of R? and R?, denoted by B = {e1, ez, e3} and B' {f1, fo}

respectively. Let :

/
€, = e + €3,
/
ey = €1 + e3,

!
eq = €1 + €3,

1. Show that B' = {6/1, €y, eé} is a basis of R® and that D' = {f{, fé} is a basis of R2.

2. Give the matriz associated with T in this new basis.

Solution 106.

1. Readers may verify for themselves that {e’l, €y, eé} and {f{, fé} are bases of R3 and

R2, respectively

2. First method : To find the matriz of T with respect to the new bases {6/1, 6/2,6/3} an

’ ’ . . ’ / /
{fp f2} which we denote by B, we compute ey, es,e3 in terms of ey, e4,e5 and

f(e1), fley), fles) in terms of fy, fi.
— We get )
fi=sfi+ o), . {f1 = fi +f2:7
f§:§(f1—f2) fo=1—1
— Now we compute

ﬂé)ﬂwweaﬂahw(izllﬁ(

I

= (0, -1) = ~1fo = —(f; — f»)
=—fi+ 1

ﬂ¢>7wwewﬂL&U(§211§(

=(3,0) =3f1 =3(f; + f»)
=3f1+3f,

2 -1 1 !
T(63) = T(el + 62) = T(l, L, 0) = (3 ) _3) 1
0

=(1,5) = fi+5f=(fi + f) +5(f1 — f)

Therefore,
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Second method : The transition matrixz of B to B’ is given by :

01 1
[P]Bgl =1 01
1 10

Also, the transition matriz from D to D’ is given by :

vazi(}_ﬂ)

We also know that matriz [T)|pp in the new basis is given by the formula
[Tpp = Pop[T]58Psp.

From different ways to find [Plp g, here we choose to express the elements of the
basis B' in terms of the basis D', which allows us to determine [Plpg. We have

, 1
h=#ﬁ+m7::{ﬁ:ﬁ+ﬂ

f£:§(f1_f2) f2:f1_f2
So
) 11
[Plps = [Pl = (1 _1>
Thus,
0 1 1
1 1 2 -1 1
Top = Ppw|T|psPsp = (1 _1) (3 2 —3> Lo
1 10
Therefore,

-1 3 6
[T]D’D = PD’B’[T]B’BPBD = ( 1 3 _4> .

Exercise 107. Let E = Ry[x] and f: E — E be the linear map defined by
FIP(x)] = Pz +1).

1. Determine the matriz A associated with f with respect to the standard basis of Ry[x].
2. Prove that {1 z, 5(2? — x)} is a new basis of Ryx].
3. Determine the matriz B associated with f in the new basis.

Solution 107.

1. Since
f()=1=1x14+0xz+0x 2%
fr)=2+1=1x1+1xz+0x2?%
f@)=@+1)P=*+2r+1=1x1+2x2+1x2?
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it ensues that

2. Since

we know that {1, z, 5(2? — x)} is a basis of Ra[z] once its elements are linearly inde-

pendent.
Let o, B, v € R be such that

1
a+ﬁx+7§(x2—x):0.

Hence,

1 1
a+ (- §v)m + 7§7x2 = 0.

but a polynomial vanishes if all its coefficients vanish, i.e., when « = f = v = 0
Therefore, {1, z, S(r? — w)} is a basis of Ro[z].

) 2
3. Since
1=1x14+0xax+0x a?
r=0x1+1x2+0x2?%
1 1 1
5(1’2—13):0X1—§XQ}'+§X$2.

1

the transition matriz from {1, x, %} to {1, x, 5(x® — x)} is given by :

10 O
P=[(0 1 —-1/2
00 1/2
while its inverse is given by :
100
Pt=[011
0 0 2
Consequently,
1 10
B=P'"AP=10 11
0 01

rom R? to R with a matrixz repre-

=

Exercise 108. 1. Let f be a linear transformation
sentation in the canonical basis given by :

3 -1 1
A=10 2 0
1 -1 3
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Give the expression of the matrix B, which represents the matrixz A in the new basis
of R3, formed by the vectors :

6/1 =e; — ez, 6/2 = ey +e3, and 6;’2614‘63.
2. Let n € N. Find B,, and then deduce A,,.
3. Now, consider three sequences (x,), (yn), and (z,) defined by :
To=yo =1, 20 =2,
Tp+1 = 3z, — Yn + Zn,

Ynt+1 = 2Yn,
Zntl = Tp — Yn + Zn.

Find the general terms of x,, yn, and z,.

Solution 108.
1. It is left to the readers to confirm that :

B=P AP =

S O N
- O O

0
2
0

where the transition matriz P and its inverse are given by :

1 01 (11 -1
P=10 10 and P*1:§ 0 2 0
-1 11 1 -1 1
respectively.
2. Since B is diagonal, we have for ¥n € N.
2" 0 0
B=[0 2" 0
0 0 47

Since A = PBP~!, we can write

A, = (PBPH)"
= (PBP ')(PBP™")---(PBP™)
= PB(P'P)B(P'P).--(P'P)BP™!
=PB---BP!

n times

= PB"P!.
After performing calculations, we find that :

1+2" 1-2" 2" -1
A, = 0 2 0
2n—1 1-=-2" 1427
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3. The given system is equivalent to

Xn+]_ - AXn, V?’L S N,

Tn
where X,, = | Yn |. By induction, we have
Z’n
Xn = AXn,1 = A(AXn,Q) = AQXH,Q == AnXO Vn € N.
Thus,
Tp 142" 1—-2" 2" —1\ [xg
X, =y | =271 0 2 0 Y% |,
Zn 2" —1 1-=2" 1+4+2") \ 2
which then yields
T, = 2°",
Yn = 2", stillVn € N

2y = 2"(1 4+ 27,
Exercise 109. Let {e™*, ze™®, x%e™"} be a set of functions from R to R. We set
E = span {e‘x, xe ", $26_x}

1. Find dim E.

2. DefineT : E — E by T(f) = f". Show that T is an endomorphism of E. Determine
its matriz A in the basis : {e™%, ve™%, % "}.

3. Let :

(a) Compute B™ for each n
(b) Deduce that :

4. Let n € N. Using the matriz A", find the n'* derivative of the function g : R — R
defined by :
g(z) = (3 — 22 + 8z%)e ™.

Solution 109.

1. As E is spanned by the functions e™*, xe™®, and x*e™%, its dimension will be 3 once
we establish the linear independence of its elements. Let a, b, ¢ € R be such that

x x

ae™" + bre ™ 4+ cxte ™ = 0,Vz € R,

which simplifies to
a+br+cx® =0, Vo €R.

Thus, a =b=c =0, and the set {e™*, xe™*, x%e "} is a basis of E, thereby dim E = 3.
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2. We can easily check that T is linear from E to E, which is then an endomorphism of
E. To find the matriz associated with T, we evaluate (for all x) :
T(e™) =—e"=—-1xe*+0re—xe®+ 0% ",
Txe ) =e®—xe*=1xe " =1xxe*+0x27,

T(x?e™) =2we ™ — 2% =0xe " +2xxe* —1x 2% ™.

Hence,

-1 1 0

A= 0 -1 2

0o 0 -1

3. (a) It is easy to see that
0 0 2 0 00
B?=10 0 0| and B*=10 0 0 So, B" = Opym) VR > 3.
0 00 0 00

(b) First, observe that A = —I + B. We have two possible approaches : Applying the
binomial formula for I and B or proving the result by induction, given that we
already know the expected form of An. However, we opt for an inductive proof. The
base case follows from the identity

A%’ =] —-2IB+ B>
which holds due to the commutativity of I and B. Now, assume the formula for An

holds. Then, and as B* = Opy(w),
AT = Am A
—1
— (—1)" (1 —nB+ "("2)32> (—I+ B)

n—1)

— (1) (—I—i—nB— n 5 B2+B—n32>

= (—1)"* (1 —(n+1)B+ ”(”;1)32>

, Thus, we have shown the formula for A™. The matriz A™ is then written for all n

as :
1 —n n(n—1)
A= (-D)" 10 1 —2"
0 0 1

4. First, we should refrain from using the Leibniz formula, even though it is applicable to
the functions x — e=® and x — 3—2x+8x%e%, since another method has been specified.
Now, we can write :

g =T(9), 9" =T(g)=(ToT)(g), -,

and
g(”) =(ToTo---0T)(g).

n times
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So, the matriz of T™ corresponds to A™. Thus, the matriz of g™ is given by :

1 —n n(n-—1) 3 8n? — 6n + 3
—n*lo 1 —on | |—2|=(-1"| —16n-2
0 0 1 8 8

Accordingly,
g™ (z) = (=1)"e *(8n% — 6n 43 — (16n + 2)x + 8z%) for n=1,2, -

Exercise 110. Use Cramer’s rule to solve for x in the system :

20 + 3y =8
dr —y =2
. 2 3
Solution 110. A = 4 1) det A =2(—1)—3(4) = —2—12 = —14. Replace first column

with b = (2) A = (2 _31> det A, = 8(—1) — 3(2) = —8 — 6 = —14. Then

_detAd, 14
T detA T —14

Exercise 111. Solve the linear system using Gaussian elimination :

=1.

r+2y—z=1
20 +3y+z2=2
3x+5y+0z=3

Solution 111. Write the augmented matriz :

Perform row operations :
Ry ¢« Ry — 2R, : (0 1 3 0)
Rs <+ Rs — 3R, : (o 1 3 o)

Now we have :

1 2 —-1]1
0 -1 3|0
0 -1 3|0

Subtract Ry from R3 : R3 < R3 — Ry gives zero row. So the system reduces to :
r+2y—z2z=1
—y+32=0

We get
y=3z and v =1-—5z.
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So solution :

(x,y,2) = (1 —5t, 3t, t) foranyt e R.

Exercise 112. Find the inverse of the matriz A = <i1’) i) if it exists.

Solution 112. Compute determinant : det A =1-4—-2-3 =4—-6 = —2 # 0, so inverse
exists. Using formula for 2 x 2 :

g L4 =2y _ 14 2\_ (-2 1
det A \—-3 1 —2\-3 1 :
Alternatively,

3/2 —1/2

N
L
I
/N
wies |
[\
(-
[
N———

Solution 113. FExpand along first row :

3 1 -1 1 -1 3
dethl-det(1 O>—0~det<2 O)—l—Q-det( )

2 1
= 1{(3)(0) = MM)] +2[(=1)(1) = B)(2)]

—142(-1-6)=—-142(-7)=—-1-14=-15
Exercise 114. Determine whether the set of matrices

S:{(Z Z) engz(R):a+d:0}

is a subspace of Maxo(R).
Solution 114. Check :

— Zero matrix has 0 +0=0, so 0 € S.
— IfA,B €S, then

(CLH + a22) =0

and
For A+ B, the sum of diagonal entries is

(b1 + ba2) = 0.

(@11 + b11) + (ae + bas) = (a11 + ag2) + (b1 + b22) =0+ 0 =0,
so A+ Be€S.
— For scalar ¢, diagonal entries of cA are cay; and cass,

cayy + cagy = c(aj; +agn) =c-0=0, so cA€S.
Thus S is a subspace.
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Exercise 115. Find the rank of the matrix

1 2 3
A=12 4 6
3 6 9

Solution 115. Observe that the second row is twice the first, and the third row is three times

the first. Thus all rows are multiples of the first, so the row space is one-dimensional. Hence
rank A = 1.

Exercise 116. Solve the system using matrix inversion :

20+y =25
r—3y==6

Solution 116. In matriz form : Ax = b with A = (2 1 >, b= (5>

Compute A~ : det A =2(-3) —

Then s .
 a-1p [55+ 2.6
x=A b-(fﬁ_%ﬁ)—

Exercises without Solutions

()-()-()

1 4
Exercise 117. Let A= 2 5| and T : R* — R® where Vv € R?, T(v) = Av
3 6
1 1 1
a) : Compute T <2> b) : Find v such that T(v) = | 2 c) : Is | 2| in the image
3 4

of T

Exercise 118. Let T : R — R? be a linear map such that
1 2
T|2] = G) and T |3| = (i)
3 4
8

a) : Compute T | 13 b) : Compute the dimension of T
18

Exercise 119. Let T : R? — R3 be a linear map defined as

. x + 2y
T(y) = |2z + 4y

T+ oy
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where o € R is a parameter
1. Find the matriz [T] associated to T with respect to the standard bases of R* and R3.
2. For which values of a is T one-to-one (injective) ?
3. For which values of o is T onto (surjective) ?

Exercise 120. Let T : R® — R3 be a linear map such that

0 2 0 6 1 10
T(0|=13], T|2]=]|8 and T|10| =114
1 4 0 10 0 18
1. Compute the dimensions of ker(T) and Im(T)
1
2. Compute T |1
1

Exercise 121. Let V be the real vector space Rylx|, whose elements are the polynomials
with real coefficients and degree less than or equal to two. Consider the linear map

L:V —V, Laz®+bx+c)= 3a+3b)r*+ (b+c)x + (a + b+ 2c).

1. Compute the dimensions of the kernel and the image of L

2. Decide if L is invertible and, if so, compute the image of the polynomial 4 +x + 1
through the inverse function.

Exercise 122. Let Qq[x] be the space of polynomials with rational coefficients and degree
less than or equal to 3 and let L : Qqo[z] —> Qs[z| be the linear map given by

L(ax® + b2 + cx +d) = (a + b+ c)z® + dz* + 2c.
Compute a basis of ker(L), a basis for Im(L), and a basis of Im(Lo Lo L).
Exercise 123. Let Ly : R* — R* be the linear map defined as La(v) = Av, where

1. Find a basis of kerLa and complete it to a basis of R*
2. Find a basis of Im(Ly).

1
3. Does the vector b = _83 belong to ImL ¢

-2

Exercise 124. Consider the linear map ¢ : My (R) — M (R) such that, for any matric
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A € M5 (R), we have ¢(A) = AB, where B is the matric

#=(:

1. Determine the dimension and a basis of ker(¢)
2. Determine the dimension and a basis of Im(¢)

Exercise 125. The standard matriz of T' is given below.

Is the linear map T One-to-one ? Onto ¢
Exercise 126. what value of x will make A and B commute ?
z 0 11
=) =)

T:R — R T(x,y, 2) = (v +2y — 2z, =2z — 4y + 22)

W N =
DN Ot W
w W

Exercise 127. Let

Are (3,—-2,—1) € ker(T), (1,1,2) € ker(T), (2,-6) € Im(T), (1,2) € Im(T)

Exercise 128.  Compute ker(T), Im(T), Nullity(T) and rank(T)
1.7y : R?—R3 Ty(z, y) = (z+y, v,0).
2.Ty: R — R Th(x,y, 2)=(x—y, y+20)
3. Ty : Rofz] — Ry[z], T3(a+bx + ca®) =a(x + 1) + cx +b.
4. Ty : Rylx] — R, Ty(P(x)) = P(2) — P(1).

a b

5. Ty : MQ(R) —)Rg[l‘], Ts (C d) =a-+ (b—c)x—l—a;L‘Q.

Exercise 129. Let T : R®> — R? T(x,y, 2) = 22 +y — 2, 3x — y + 22). Find the
standard matrixz for T

Exercise 130. Let T : R* — R?, T(x, y, 2, t) = G g 2 g)

+ e R

1. Find basis for Im(T)
2. Find basis for ker(T)
3. Find rank(T) and Nullity(T).

Exercise 131. Let a basis B = {(g) , <i>} If v]e = (185> find [v]|p, where € is a
standard basis of R?.
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Exercise 132. Let T; : R? — R?, where

Tz, y, 2)=(x+y, o—2), Th(z,y, 2)=(r+y— 2z x).
Compute Ty o Ty
Exercise 133.

0
2
0
(-6l
map such that T |0 ] = < >, T
2
0
1
Find T (2)
1

Exercise 134. Let f: R? — R3 be a linear map such that

. T+ 2y
f ( ) =| 2z+4+4y
y T+ oy
where o € R is a parameter

(a) Find the matriz [f] associated to f with respect to the standard bases of R?* and R3.
(b) For which values of a is f (one-to-one) injective ?
(c) For which values of a is f (onto) surjective ?

1 2 3
Exercise 135. Compute the inverse of A where A= 14 5 6
7 8 8

Exercise 136. Let A = <§ é) and b = (3) Use A~1 to find v where Av =1b

17 25
. . 0 8 4 7
Exercise 137. Find det(A) = 00 0 1
09 30

1 79 12 16 -1 2 3 1 -2

020 5 26 0 205 2

Exercise 138. Find : det [0 0 2 4 25|, det| O 0 2 4 7

00 0 3 50 0 00 3 5

000 0 5 —2 4 6 2 —4
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Exercise 139. Let A be the matriz

1
A=11
2

DO =
W N =
W N —

1. Determine if the system Ax = 0 has zero, one or infinitely many solutions, and
compute a basis of the space of solutions.

2. Is it true that the system Az = b has a solution for any b € R3 ? If so, prove the
statement, otherwise find a counterexample.

Exercise 140. Determine the number of solutions of the following system

r+2y—32=4
dr+y+22=6
r+2y+(a®>—19)2=a

depending on the parameter a € R.

Ta + 5b
Exercise 141. Find a matriz A where Col(A) = a—b |;a beR
2b
1 11
Exercise 142. Find a basis for Col(A) where A= |1 2 3
2 3 4

Exercise 143. Let T : Ry[x] — Ry[z], where T'(a+bx + cx?) = a+b(x +1). Determine
whether T' is linear or not

Exercise 144. Given A = (2 _1>, B = < 1 4), compute :

0 3 -2 5
1. A+B
2. 2A - 3B
3. AB and BA
4. AT + BT
1 2 3 T8
Exercise 145. Let A = <4 5 6) and B = 191 1(2) . Compute AB and BA if possible.

FExplain why one product might not be defined.
Exercise 146. Solve the system using Gaussian elimination :
r+2y+3z2=1

204+ 5y + 72 =2
3+ Ty +10z =3
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Solution 117. Write the augmented matriz :

1 2 3|1
25 712
3 7 103

Perform row operations :
Ry < Ry, — 2R, : (o 11 0)
Rs + Rs—3R;: 01 10

e
N—

Thus we have :
1 2 3|1

0110
0110

Subtract Ry from R3 : R3 <— R3 — Rs gives zero row. The system reduces to :

r+2y+3z2=1
y+z=0

From the second, y = —z. Substitute into first : x+2(—2)+3z=1=z+z=1=>2x=1-=2.
So the solution is (v,y,z) = (1 —t,—t,t) for any t € R.

Exercise 147. Solve each system by Gaussian elimination.

1.
20 +3y =5
4x 4+ 6y = 10
2.
rT—2y+z=4
2 +y—2z2=1
3r+3y —2z=2
3.

r+y+z2==0
20—y +32="7
r+2y—2=4

Exercise 148. For each system, determine if A is invertible and solve using the inverse
method.

1 3r+y=28

|2z -5y =11
rT4+2y+z2z=4

2.92x4+3y+2="7
T+y+22=95
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